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Abstract

In the present paper, transformations for basic analogue of the Fox’s H-function of one and two vari-
ables have been derived by the application of the q-Leibniz rule for the product of two basic functions.
Some special cases involving a basic analogue of Meijer’s G-function are also derived.
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Transformaciones de la función hipergeométrica
básica generalizada de dos variables

Resumen

En el presente trabajo han sido derivadas transformaciones para la análoga básica de la función H
de Fox de una y dos variables, aplicando la regla de Leibniz-q para el producto de dos funciones básicas.
Algunos casos especiales que incluyen una análoga básica de la función G de Meijer son también deriva-
dos.

Palabras clave: Operador derivada-q fraccional, regla de Leibniz-q, análoga básica de la función H
de Fox y la función G de Meijer básca.

1. Introduction

Recently in a couple of papers Yadav and
Purohit [1, 2] have used the q-Leibniz rule for the
fractional q-derivatives of the product of various
basic hypergeometric function full stop. This has
resulted in deduction of several transformations
and expansion formulae involving the basic
hypergeometric functions. Earlier Denis [3] and
Shukla [4] have used the q-Leibniz rule to derive
certain transformations for basic hypergeometric
functions.

Recently Yadav et al. [5] have investigated
the fractional q-calculus operators involving the

basic analogue of Fox’s H-function and basic an-
alogue of Meijer’s G-function of two variables.

Motivated by the aforementioned work, we
investigate the applications of the q-Leibniz rule
to a product involving the basic analogue of Fox’s
H-function of two variables. This shall further be
used to derive transformations involving the
above mentioned functions.

The fractional q-differential operator of ar-
bitrary order µ, cf. Al-Salam [6], is defined as:
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where x and y are complex numbers with x � 0.
The basic integration cf. Gasper and

Rahman [7] is defined as:
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provided that the series converges.
By virtue of the equation (3), the equation

(1) can be expressed as:
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where Re( )� � 0 and the q-gamma function cf.
Gasper and Rahman [7], in various forms is given
by
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Further, for real or complex � and0 1� �q ,

the q-shifted factorial is defined as:
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In view of Agarwal [8], we have the q-exten-
sion of the Leibniz rule for the fractional q-deriva-
tives for a product of two basic functions in terms

of a series involving the fractional q-derivatives of
the function, in the following manner:
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whereU x( ) and V x( ) are two regular functions.
Following Saxena, Modi and Kalla [9], the

basic analogue of the H-function of two variables
is defined as:
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The coefficients � j and  � j, ( )1( (j C ; ! j

and  ! j, ( )1( (j D ; � j ( )1 1( (j P ,  � j ( )1 2( (j P ,
" j ( )1 1( (j Q ,  " j ( )1 2( (j Q are positive num-
bers, A, C, D, P1, P2, Q1, Q2, M1, M2, N1 and N 2 are
non negative integers, satisfying the inequalities
0 ( (A C, 0 ( (M Qi i , 0 ( (N Pi i , D ) 0;
* �i { , }12 .

The contours C1
* and C2

* are lines parallel to

Re( )w si � 0 ( , )i �12 , with indentations, if neces-
sary, in such a manner that all the poles of

G qb sj j( )�" for j M� { , , }1 1� and G qb tj j( ) �  " for

j M� { , , }1 2� , lie to the right and those of

G q c s tj j j( )1� � �  � � for j A� { , , }1 � , G q a sj j( )1� �� for

j N� { , , }1 1� and G q a sj j( )1�  �  � for j N� { , , }1 2� lie

to the left of the contours. An empty product is in-
terpreted as unity. The poles of the integrand are
assumed to be simple. The integral converges if
Re[ log( ) log sin ]s z s1 0� �# and Re[ log( )t z2 �
log sin ]#t � 0 for large values of s and t on the

contours i.e. if � �arg( ) logz w w zi i� ��
2 1

1 # for

i �12, . Where 0 1� �q such that log q w� � �

� �( )w iw1 2 , w1 and w2 being real numbers.

If we set � � " " � � ! !�  � �  � �  � �  �1
then the definition (10) reduces to a basic ana-
logue of Meijer’s G-function of two variables as
under:
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Further, we observe that for A C D� � � 0
the basic analogue of Fox’s H-function of two
variables given by (10) reduces to a product of two
basic Fox’s H-functions of one variables cf.
Saxena, Modi and Kalla [9], as under:
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where the basic analogue of Fox’s H-function of
one variable due to Saxena, Modi and Kalla [10],
is given by
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where 0 1 1( (M Q , 0 1 1( (N P , � j‘s and " j’s all
positive integers. The contour C is a line parallel
to Re( )+s � 0 with indentations if necessary, in

such a manner that all the poles of G qb sj j( )�" ,

1 1( (j M are to the right, and those of

G q a sj j( )1� �� ,1 1( (j N to the left of C. The integral

converges if Re[ log( ) log sin ]s x s� �# 0 for large
values of s on the contour C i.e. if

� �arg( ) logx w w x� ��
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log ( )q w w iw� � � � �1 2 , w, w1, w2 are definite
quantities, w1 and w2 being real.

Further, if we set � "i j� �1, * i and j in the
equation (20), we obtain the basic analogue of
Meijer’s G-function, due to Saxena, Modi and
Kalla [10], namely
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where 0 1 1( (M Q , 0 1 1( (N P and Re[ log( )s x �
log sin ]#s � 0.

2. Transformations involving
a basic analogue of Fox’s

H-function of two variables

In this section, we shall establish certain
theorems involving some transformations asso-
ciated with the basic analogue of the Fox’s
H-function and Meijer’s G-function of two vari-
ables.

If Re( )� � 0, Re[ log( ) log sin ]s z s1 0� �# ,
Re[ log( ) log sin ]t z t2 0� �# ,- and . being any
positive integers, then for / � � �0 1 2, , , ,� the fol-
lowing theorems holds:
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Following the recent communication of au-
thors [5] we have:
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where Re[ log( ) log sin ]s z s1 0� �# and
Re[ log( ) log sin ]t z t2 0� �# .

If we set / �1in the above result (25), we ob-
tain the following transformation involving Fox’s
H-function of two variables:
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where Re[ log( ) log sin ]s z s1 0� �# and
Re[ log( ) log sin ]t z t2 0� �# .

On using the relation (26) and a fundamen-
tal result of fractional q-calculus, namely
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we arrive at the Theorem 1 after some simplifica-
tions.

Proof of (23): On setting
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In view of the known results due to Yadav,
Purohit and Vyas [5], namely
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by assigning A C D� � � 0, in the above equa-
tions (29), (30) and using the result (19) we obtain
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the following fractional q-derivative formulae in-
volving Fox’s H-function:
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and
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On substituting (29), (31) and (32) in (28) we
arrive at the Theorem 2 after some simplifica-
tions.

Proof of (24): The proof of Theorem 3 is simi-
lar to that of the Theorem 1; for sake of brevity we
omit the proof.

3. Applications

The q-extension of the H-function of two
variables defined by (10) in terms of the Mellin-
Barnes type of basic contour integrals, possess
the advantage that a number of q-special func-
tions (including Fox’s H-function of one variable)
happen to be the particular cases of this func-
tion. The transformations deduced in the previ-
ous section can find many applications giving
rise to the transformations for various q-special
functions, which are special cases of the Fox’s
H-function.

For example, if we set � � " "�  � �  �
� � ! ! - .�  � �  � � �1 in the Theorem 1 and
Theorem 2, we respectively obtain the following
results involving Meijer’s G-function of two vari-
ables:
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On putting A C D� � � 0, - �1 and z1 1�
in the Theorem 3, we obtain a known result due
to Yadav and Purohit [2, p.323, eq. (2.1)].

We conclude with an observation that the
method used here can be employed to yield a va-
riety of interesting results involving the expan-
sions and transformations for the generalized ba-
sic hypergeometric functions of two variables.

Acknowledgement

The authors are thankful to the referees for
their valuable comments, which have helped in
improvement of the paper

References

1. Yadav, R.K. and Purohit, S.D.: Fractional
q-derivatives and certain basic hyper-
geometric transformations. South-East
Asian J. Math. & Math. Sc., 2(2) (2004),
37-46.

2. Yadav, R.K. and Purohit, S.D.: On fractional
q-derivatives and transformations of the
generalized basic hypergeometric function.
J. Indian Acad. Math., 2 (2006), 321-326.

Rev. Téc. Ing. Univ. Zulia. Vol. 33, No. 2, 2010

On transformations involving generalized basic hypergeometric function of two variables 181



3. Denis, R.Y.: On certain special transforma-
tions of poly-basic hypergeometric func-
tions. The Math. Student, 51(1-4) (1983),
121-125.

4. Shukla, H. L.: Certain results involving basic
hypergeometric functions and fractional
q-derivative. The Math. Student, 61(1-4)
(1992), 107-112.

5. Yadav, R.K., Purohit, S.D. and Vyas, V.K.: On
fractional q-calculus operators involving the
basic hypergeometric function of two vari-
ables. Raj. Acad. Phy. Sci. 9(2) (2010), (In
press).

6. Al-Salam, W.A.: Some fractional q-integral
and q-derivatives. Proc. Edin. Math. Soc., 15
(1966), 135-140.

7. Gasper, G. and Rahman, M.: Basic Hyper-
geometric Series. Cambridge University
Press, Cambridge, 1990.

8. Agarwal, R.P.: Fractional q-derivatives and
q-integral and certain hypergeometric trans-
formations. Ganita, 27 (1976), 25-32.

9. Saxena, R.K., Modi, G.C. and Kalla, S.L.: A
basic analogue of H-function of two vari-
ables. Rev. Tec. Ing. Univ. Zulia, 10(2) (1987),
35-39.

10. Saxena, R.K., Modi, G.C. and Kalla, S.L.: A
basic analogue of Fox’s H-function. Rev. Tec.
Ing. Univ. Zulia, 6 (1983), 139-143.

Recibido el 27 de Julio de 2009

En forma revisada el 12 de Abril de 2010

Rev. Téc. Ing. Univ. Zulia. Vol. 33, No. 2, 2010

182 Yadav y col.


	New Table of Contents
	97 Application of GPS satellite technique for studying Gral. Rafael Urdaneta bridge dynamic behavior
	Víctor Cioce*, Dameli Camarillo, Melvin Hoyer, Eugen Wildermann,Giovanni Royero
	Aplicación de la técnica satelital GPS para el estudio del comportamiento dinámico del puenteGral. Rafael Urdaneta

	108 New focal mechanism solutions for Venezuelaand neighbouring areas 2005-2008:importance of the National Seismological Network’s density and distribution
	Miguel Palma1, Franck Audemard2, Gloria Romero1
	Nuevos mecanismos focales para Venezuela y áreas vecinas 2005-2008: importancia de la densificacióny distribución de la Red Sismológica Nacional

	122 Heavy metals distribution in superficial sediments of Maracaibo Lake (Venezuela)
	Hendrik Ávila1, Edixon Gutiérrez2, Hilda Ledo3, María Araujo2,Miriam Sánquiz1
	Distribución de metales pesados en sedimentos superficiales del Lago de Maracaibo (Venezuela)

	130 Optimization of shrimp waste fermentationby Kocuria rosea to obtain a protein hydrolysate
	Annalisse Bertsch1*, Isabel Díaz2, Nereida Coello1
	Optimización de la fermentación medianteKocuria rosea de los desechos del procesamientode camarones para la obtención de un hidrolizado proteico

	138 Effect of temperature on the rheological behavior of zapote pulp (Calocarpum sapota Merr)
	Ricardo David Andrade Pizarro, Ramiro Torres Gallo,Everaldo Joaquín Montes Montes, Omar Andrés Pérez Sierra,Cindy Elena Bustamante Vargas, Bettyna Beatriz Mora Vargas
	Efecto de la temperatura en el comportamiento reológico de la pulpa de zapote(Calocarpum sapota Merr)

	145 Removal of nutrients and organic matterin a constructed wetland, in functionof the development of the macrophyteTypha dominguensis Pers
	Alexandra Vera1, Charity Andrade2, Eddymar Flores3, Marisel Núñez4, Carmen Cárdenas3, Ever Morales2*
	Remoción de nutrientes y materia orgánicaen un humedal construido en función del desarrollo de la macrófita Typha dominguensis Pers

	153 Aspects that affect the shear bands in numerical simulations of strain plane test using finite elements in a hypoplastic constitutive model
	Alfonso Mariano Ramos Cañón*, Arcesio Lizcano Peláez
	Aspectos que afectan las bandas de corteen simulaciones numéricas con elementos finitosde ensayos de deformación plana con un modelo constitutivo hipoplástico

	164 The application of mathematical and statistical methods in industry
	Carlos Alciaturi1,2, Marcos Escobar2,3, Iván Esteves1, Zoilabet Duque1
	Aplicación de métodos matemáticos y estadísticosen la industria

	169 A gamma type distribution involving a confluent hypergeometric function of the second kind*
	Johan Fereira1, Susana Salinas2
	Una distribución generalizada tipo gammaque involucra la función hipergeométrica confluente de segunda clase

	176 On transformations involving generalized basic hypergeometric function of two variables*
	R.K. Yadav1, S.D. Purohit2, V.K. Vyas1
	Transformaciones de la función hipergeométrica básica generalizada de dos variables



