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Abstract 
Local and global uniqueness theorems of solution s of the n on-linear differential equations 

X1a l(t) = f(t, xl. a E lE. , O < a ~ l 

ofnon-integer order have been obtained . Our method is an application of Gronwalrs and Bihari's inequali
tieso 
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Teoremas de unicidad de soluciones locales 

y globales de ecuaciones diferenciales no-lineales 


usando las desigualdades de Bihari y Gronwall 


Resumen 

Se obtuvieron teoremas de unicidad de soluciones locales y globales de ecuaciones diferenciales no
lineales 

XIUl (t) = f(t, x l, a E R O < a ~ I 

de orden n o-entero. Nuestro método es una aplicación de las desigualdades de Gronwall y Bihani. 

Palabras clave: Derivada fraccional . 

1. Introduction lE. n , where lE. n denotes the real n-dimensional 
Euclidean space, and Xc is a real constant. 

Consider the initial value n on 
In a recent paper, Hadid et al [1], used the 

homogeneous differential equations With frac
fixed point theorem and contraction mapping

tional derivative (i) subject to (ti) : 
principIe to obtain local existence and unique
n ess of solu tion of problem (1). Hadid [2J used 

(i) X1 al(t) = J (t, xl. a E lE.. O < a :5 l. Schauder's flxed-point theorem to obtain local 
existence. and Tychonov's fixed -point theorem to 

(1) obtain global existence of solution of (1). Bassam 
[3] proved local existence and uniqueness theo

where lE. is the set of r eal numbers . t E 1 = ¡O,oo) rem for (1), by uSin g fue Banach contraction 
mapping principIe.andfis a real-valued function on D = I x ]Rn ioto 
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67 Local and global uniqueness theorems on differential equations 

In this paper, we shall use Bihari 's inequal l.fi t,x) - .fi t, y ) I :S </J [Ix, y I), (3) 

ity [4] to obtain local uniqueness and Gronwall's 
inequality to obtain global uniqueness of s olu tion 
of problem (1) . We shall adopt the definitions and 
notations used in [5] and [3]. 

It ís worth mentiOning that it was shown by 
Hadid and Al-Shamaní 161 that the s olution of (1) 

is of the form 

1 
x(t) = x o(t - to)" -' + -(-) fi (t - S¡U-Lj(S, x(s)) ds, (2)r a u 

where O< to< t :S to+ a , and r is the Gamma func 
tiOrl, provided that the integral exis ts, in the 
Lebesgue sense. 

2. Local Uniqueness 

In this section , we shall prove a local 
uniqueness result by applyíng Bihari's inequal
ity. wh ich we state here in a suitab le formo 

Tbeorem (Bihari's inequality) 

Let 9 be a monotone continuous [unction in 
an interval 1. containing a point !lo, wrueh van
ishes nowhere in 1. Let u and le be eontin u ous 
funetions in an interval J = lto, to + el sueh that 
u(J) e r, and suppose that k is of fixed sign in J. 
Let a E 1. S uppose that 

u(t) :S a + f ,'u k (s)g(u(s))ds, t E J. 

Then 

u(t):S G-' [G(a) + f ,',k(s)ds]. tE J , 

1 dx 
where G(u) is a primitive of-(-) . Le. G(u) = fU -)'

u9 x g(xU 

uEI. 

Theorem (1): 

(Local uniqueness theorem) 


The initial value problem (1 ) has a u nique 
solution on the ínterval to < t ~ to + a, if the fune 
tion.fit,x) is con tinuous on the regíon 

where </J(u) is a contin uous non-decreasrng func
tion on O < u ~ A. with </J(ü) = ü and 

r du = +00. (4) 
o </J(u) 

Proaf: 

Assume that there exist two solutions x{t) 

and y(l) 0[(1 ). both defined in a neighbourhood at 
the right of too We h ave 

1 
x(t) = x o(t - to )"-' + -(-) fe' (t - s¡a-'j[s, x(sll ds. 

fa " 

y(t) = x o(t - to)"-' + -(
1
-) fr' (t - S)" - lj(S, y(sll ds,r a u 

which lead easily to 


Ix(t) - y(t)1 :S _(1 fe' (t - S)" -llr(S, x(s)) - j(s, y(sll!ds. 
r a) " 

It follows from (3) that 

where E > O. We can n ow apply Bihari's inequality 
to obtain 

Ix(t) - y(t)) < <1>- '[ <I>(E) + (ta~~~n, 
for tE [to' to+ a], (5) 

1
where <I>(u) is a p rimitive of the function -, and

</J(u) 

<1>-1 denotes the ínverse of 4> . 
We sh all prove that the right-h and side of 

(5) tends toward zero as E ~ O. In asmuch as 
Ix(t) - y (t)! is independent of E, it follows that xtt) == 

y(tl, which we need. Let us remark that condition 
(4) implíes 4>(e) ~ - 00 for E ~ O, no matter howwe 

1 
choose the p rimitive of q,(u)' Thus 4>-J (u) ~ O as u 

and su eh that 
~ - oo. Consequently, when E ~ O in the inequal-
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68 	 Mornani 

ity (5), the right-hand side tends toward zero (for 
all finite t ). 

Therefore , x{t) = y(tl, for t E [to,to + al, and 
the theorem is proved. 

Remark: 

The Lipschitz condition corresponds to 
</>(u) = Lu. for s orne positive constant L. Another 
possible choice for </>(u) is . for instance. 
</>(u) = Lu ¡In ul. 

3. Global Uniqueness 

We shall next discuss a global uniqueness 
result for the initial-valu e problem (1) using 
Gronwall 's inequality . which we state in the fol
lowing formo 

Theorem (GroDwall's inequality) 

Let a (tl. b{ t) . and u(t) be continuou s func
tions in J = [too to + el. and let b(t) be nonnega tive in 
J . Suppose 

u(t) :$ a(t) + Ji b(s)u(s)ds . t E J. Then 
" 

u(t) :$ a(t) + J,'" a (s}b(s) exr{J~ b(-rld T]ds . tE J. 

Tbeorem (2): 

(Global uniqueness Theorem) 


Assume that 

(i) 	 fi t.xl is continuous in the regíon 

where n is an open (t,x) - set in JRn+l. 

(ti) 	 fit. x ) satisfies a local Lipschitz condition. 
with respect to x. 

Ilt(t, x) - J(t, y)11 :$ L llx - yl!. 

for sorne positive constant L. 

(iii) 	 x{ t) and x(t) are s olutions of (1). such that 
their intervals of definition have common 
points and ..0u 

-
lI (t ) = xrU-1)(t ) ' in such ao O

point. 

Then x (t) = x(t) on the cornmon interval of 

defm ition . 


Proof: 

Assume that (t ¡ , t2) is the interval where 
both solutions are defined. Then to E (t l •tz) . jt 
suffices to prove tha t x(t) = x(t) for to :$ t < t2' 

Consider now a number T. s uch that to < T< 

t2 . It will be fixed in the first step of the proof. bu t 
we want to point out tha t it can be ch osen arbi
trarily close to t2' Let K e Q be a compact set s uch 
tha t 

(t, x(t)), (t, x(t)) E K, for t E [tooTJ. 

The existence of the set K, with the preced 
ing property. is the consequence of the fact that 
both s ets (( t ,x{t)) ; tE [to,T Il and {(t.x(t)) ; tE [to,T]} 
are compacto which follows easily from the conti 
nuity of x{t) and x(t) . 

Denote by Xo the common value ofthe so!u
tions x{t) and x (t) at t = too 

For tE lto.11 we sh all h ave 

1 
x(t) = 	x o(t - tor' + - (- Ji (t - s)'" - 'J(s, x(s)) ds,r a ) 	 o 

1 
x(t) = x o(t - tor' + na) Ji" (t - sr1J(s, x(s)) ds. 

from which we get 

lIx(t) -	 X(t)'I :!S _1_ J,' (t - s)'"- I IV(s, x(s)) - f(s, X(s) ~lds, 
, [(a ) " 	 ~ 

:$ _ 1_ J' (t - s)"- ' ijx(s) - X(s)lIds. 
[(a) 	 'o 

< é + -
L Ji (t - st-1 1lx(s) - X(s~lds. (6)

n a ) 	 o 

for any E < O and tE [to. 11. 
lnequ ality (6) is of Gronwall type , therefore , 

the appllcation of Gronwall's Theorem yields 

EL a " xr{(t - lo)"]
IIx(t) - x(t)11 < E + - - e --, 

anal a 

La" 	~(t- to)")]<é 1+ - - - - [ anal a ' 

tE [to ,11. 	 (7) 

Since E is arbitrary, inequality (7) implies 
that x{t) = X(t) on lto ,TI. On the other harld , T can 
b e chosen arbitrarily close to t2' which proves 
tha t x( t) = x(t) on [to.t2 1. 

Hence the theorem is proved . 
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