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Abstract 

x2 

This paper is devoted to the study of the modified moments of tbe weight functions x~e - 4 (lnxl, 

p= 1.2, on [0 ,00). with respect to the parabolic cylinder function Dv('x). A procedure for a numertcal 
compu tation is discussed. Special cases are mentioned . 
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Algunos resultados que involucran la función 
cilíndrica parabólica 

Resumen 

x2 

En este trabajo. s e estudian los momentos m odificados de las funciones de peso x~e-4 (lo x)P , 

p=1 .2. sobre [0. 00). con respecto a la función cilíndrica parabólica Dv(.x). Un procedimiento de cálculo y 
varios casos particulares son presentados . 

Palabras claves: Integrales . función cilíndrica parabólica . momentos m odificados. 

Introduction 
(1) 

Several authors have s tu died and solved in 
a series of papers the evaluation of integrals ~> -1, p= 1,2. 

involving Special Function s . Many of them Result s of Gatteschi [4J are special cases of 
obtained algortthms concem ing integrals of integral formulae of this papero 
orthogonal polynomials [2.4 .5 ,8.9.10.11.13]. Since (1) follows by differentiating with 
Jacob! functions [7J OT hypergeom etric functions 

respect t o the parameter ¡.t the integral
[1.1 4.15J . 

More recently Gonzales and Kalla [6J and 
Prieto and Galué [1 5J have evaluated the (2) 

moments ofthe weightfunctions x ""e-PX(ln x) / , p > 
that is

O. t = 1,2 on [0,00) with respect to the product of 
gen eralized Laguerre functions and 
hypergeometric functions respectively. 

Our object in the present n ote is to (3) 
compute the integrals 
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we will evaluate the sequence of integraIs (2) and 

(3) obtained by changing y into y + k, where 
k = 1,2,... . 

Integral lv(1) and related 
derivatives 

Using the following fonnula 

real 
(4)

rel+~-V) 

1t
Re(a) > 0, Iargc I <-. 

4 
(see 2 .11.3 .11 of [16)), the rnoment (2) reduces to 

J ( ¡.t) = J1t 2(v-¡¡.-I)/2 r(l + ¡.t) (5)rel + ¡¡.~v) 

To evaluate the integrals (ll. we compute 
the fus t and the second derivatives of (5) with 
respect to ¡.t. We have 

1SI) (fl) = ~ J v (fl) = J v (fl) [ - ..!..ln 2 +
ofl 2 

(6)1 y fl 

'V(l+ fl)- 2'1'(1- 2+ 2)] 


2a 1IS2)(fl) =	- 2 JvÜl.) = Jv(fl) {[--ln2 +\ji (1 + ¡¡.) 
afl 2 

I y fl ? , 	 (7)
-'V(l--+-)t + \jI (l+fl) 
2 2 2 

..!..\jI '(1- ~+l::.» )
4 2 2 . 

Recurrence relations 

Now we illustrate sorne recursive formulas 

to evaluate fue moments Jv+m(¡..t) and l~~~ (fl) , 

p = 1.2. wifu m integer positive number. 

From the recurrence formu la of the Ganuna 
function, it can be s hown that 

n n(v'-il) J (J v+ m(fl ) =2 (-1) -2- v' ¡¡.) (8) 
n 

where n=[f] and 

y , jf ro =2n
v'= 	 (9) {y +1, if ID = 2n + J. 

Consequentiy. by putting a~V') =J ' (¡..t) andv 

a~V') = J + (¡..t) , it is irnmeruate to verify the Simplev m 
relation 

(v ') _ 	 (V' -¡¡. ) (v')
a n +1 - -2 -2-+n a n ,n == 0.1 .... . (la) 

Then, for fue cornputation of (6) when v is 

s ubstituted by y + m with the aid of tbe 
Psi-fun ction recursive formula 

'V(z + 1) = 'V(z) + -
1 

, 	 (11) 
z 

, we may construct the followmg sequen ces 

R(v'+I)=Rn(V') - 1 n= O, l, ... , (12) 
f'n f-' 2( 2¡¡' +n) 

witb y' given by (9). Hence, taking Into a ccount 
(10), we have 

¡el) (11 ) == a(v' )p.( v' ) n = [!!!..] 	 (1 4) V+m r n tJn' 2· 

Similarly, by replacing in (7) y with v + m 
and rernembering that 

I 
'V' (1 + z) == 'V' (z) - ---o ' 	 (15) 

z

together with (9), (lO) and (12), we obtain the 
recurrence relationships 

(v') _ (v') I (16)rn+l-rn - v-¡¡. 2 ' 
4(-2-+ n) 

r~V') == 'V'O + ¡.t) - ..!..'V'(l- y' - fl), (17) 
4 2 

and finaliy the algOritbm 
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(18) 

Particular cases 

We m ention h ere sorne s pecial cases of the 
results establis hed in the previous sections. 

a) v=k . 

It is well known that Dv(x} reduces to 
Laguerre p olynOmials when v is an integer 
nurnber. More precisely 

(19) 

(20) 

Then, lf v = 2 m, by using (5) we have 

=J1t2m-~;1 r(l+ll) (21) 

r(l-m+ lf) 

and consequently 

• -1 1 (_l) ffi r (1::. + l)r(I1+I)
~ 2 -1T(-2)()d- 2 2 (22)Jo t e Lm t t - . 

mi r<lf-m+l) 

This result may be deduced from a 
Gatteschi formula [41. 

Analogously , if v =2 m + 1 we get 

"' (_I)m[,(!:.+I)r(I1+1) (23)J~T-1L(2)()d- 2 2ot e ID t t- . 
mi r<lf-m++) 

b) v -11 = 2k, k ~ 1. 

Since the function r(x} and \jI(x} have 
singularities when x = 0 ,-1,-2 •.. . , results (6) and 

(7) are valid provided that v -¡.L is not a positive 
even number. 

In this case. to evaluate the moments (1) we 
take the limit and use the fonnula 

l · \lf(-r + E) (_ I)r-[ I
lID r. , (24) 

E...,O 1(-r+E) 

where r is an integer positive number. 

So. w e obtain 

(25) 

To evaluate the second derivative (7). we 
can write 

(2) e k-.c [1 1 (26)I)l+2k (11) = ,,1t2 2 ['(1 + 11) 4' A(Il) + B(Il) • 

where 

2 
A(Il)=Iirn \lf (J - k+E)-\lf'( I-k+E), (27) 

E...,O ['(1- k + E) 

and 

1 ] \jI(l-k+E)
B (¡.L)= -ln2-\jI(1 +11) lim . (28)[ 2 HO 1(l-k+e) 

Hence 

I~~2k (11) =(_I)k Jrr.2 k- i 1(1 + 1l)1(k) . 
(29) 

{\lf(k) + In 2 - 2\j1(l + Il)} . 

We note that. to obtain 

A(Il) = (_l)k 2 \lf(k)í(k) , (30) 

we have u sed the followin g series expansions 

(-1)' I ~ k 

['(x)=----+ I, ak(x+r) , 


r! x + r k=O 

(3 1) 

valid for Ix + r I <1. 

Rev. T éc. Ing. Unív. Zulia. Vol. 20. No. 2. 1997 



132 Pittaluga and S acrtpante 

Acknowledgement 

Work supported by the Consiglio Nazionale 
delle Ricerche of ltaIy and by the Ministero 
deU'Uruversitá. e della Ricerca Scientifica e 
Tecnologica of ItaIy . 

References 

1. 	 Aular de Durán J., Kalla S.L.: Relaciones 
funcionales con ftmciones hipergeométricas 
y digammas. Rev. Técn. Ing. Univ. del Zu lla . 
Vol. 14, No. 2 (1991 ). 147-152. 

2. 	 Blue J.L.: A Legendre polynomial integral. 
Math. Comp. 33 (1979).739-741. 

3. 	 Erdélyi A., Ba teman H.: Higher Trascenden
tal Functions. Vol l. McGraw-Hill, NewYork. 
1953. 

4. 	 Ga tteschi L.: 00 sorne orthogonal polyno 
rnials ln tegrals. Math. Comp.. 35 (1980). 
1291- 1298. 

5. 	 Ga utschi W.: On the preceding Paper "A Le
gendre PolynOmial Integral" by James L. 
Blue . Math. Comp., 33 (1979), 742-743. 

6 . 	 González B .. Kalla S .L.: Sorne resu lts invol 
ving generalized Laguerre functions . Ganita 
Sandesh. Vol. 6 , No. 2 (1992). 118-124. 

7 . 	 Kalla S.L.. Con de S. and Luke Y.L.: lntegrals 
ofJacobi Functions . Math. Comp .. 38 (1 982). 
207-2 14. 

8. 	 Kalla S.L.. Coode S.: On a Legendre Polyno
mial Integral. Tamkang J. Math., 13 (1982). 
49-52. 

9. 	 Kalla S .L .. Conde S.: Integral on gen eralized 
Laguerre Polynomials. Serdica, 9 (1983), 
230-234. 

10 . Ralla S.L.: S orne results on J acobi Polyno
mials. Tarn.kang J. Math., 15 (1984), 149
156. 

11. Kalla 	S.L.. Conde S.: Algunos resultados so
bre polinomiOs ortogon ales. Collección Pre
mio Andrés Bello. Edit. Universidad del Zu
lia. Maracaibo. 1984. 

12. 	 Lebedev N.N.; Spec1al Functions and Their 
Applications. Pren tice-Hall. EngIewood 
Cliffs , N.J ., 1965. 

13. Pittaluga G .. Sacrtpante L. : Sorne results on 
Laguerre polynornials. Tamkang J . Math., 19 
(1988), 67-74. 

14. Pittaluga G.: ln tegrals ofconfluent hypergeo 
rnetIic functions . Tamkang J. Math.. 2 1 
(1990). 131-135. 

15. Prieto A.l. . Galué L.: Sorne results involving 

the hypergeometric function ~. Rev. Técn. 
Ing. Univ. del Zulla. Vo1.l7. No. 3 (1 994). 
139- 143. 

16. 	Prudnikov A.P.. Brichkov Y.A. and Marichev 
O. : lntegrals and Series. Vol. 2. Gordon and 
Breach Science Publishers, New York. 1965. 

Recibido el 18 de Octubre d e 1995 

En forma revisada el 19 de Mayo de 1997 

Rev. Téc. Ing. Univ. Zulia. Vol. 20. No. 2, 1997 


