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Abstraet 
The effects of Hall currents on the Raylelgh-Taylor lnstabllity of an lncompresslble, ftnltely 

conducting vlscoelastic fluid were lovestlgated. Jt 15 as5umed that the fluid 15 permeated by a u nlform 
two-dlmenslonal horizontal magnetlc fteld . It Is s hown that the soIutlon Is characterlzed by a variatlonaJ 
plinclple. Proper solutlons were obtained for a semHnftnlte fl uid lo whlch the denslty va ries 
exponentlally In the vertical dlrectlon. The dlsper510n relatlon was derived a nd solved numerica11y. It 
was found that Hall currents and fin1le conductlvity have a deMablllzlng lnf)uence, whIle vlscoslty and 
elastlclty have a stabillzlng Lnfiuence on the growth rale of the uns table mode of dls turbances. 

Key words: Hall currents, s tabWty , ftnJte conductlvlty, viscoslty, elastlclty. 

Estabilidad de una capa del fluido oldroydiano en 
un campo magnético horizontal 

Resumen 

En el presente trabajo se lnvestlgaron los efectos de las corrientes de HalJ sobre la InestabUldad 
Raylelgh-Taylor de un fluido conductor ftn1to, Incompresible y viscoelástJco. Se asumIó que el fluido 
está penneado por un campo magnético unlfonne bIdimensional y hortzontal . Se demostró que la 
solución está caraclertzada por un principio varlaclonal. Se obtuvieron soluciones apropiadas para un 
fluido semHnfinJto en el cual la densidad varia exponencialmente en la dirección vertical. La relación 
de dispersión se derivó y se solucionó numérIcamente. Se halló que las comentes de Hall y la 
conductividad flnJta tlenen una lnfluencla desestabilizadora , mJentras que la viscosidad y la elasticIdad 
tienen una influencia estabIlizadora en la tasa de crecimiento del modo Inestable de las perturbaciones. 

Palabras claves: Comentes de Hall , estabIlidad, conductivIdad finita . viscosidad , elasticidad . 

Introduction Several authors (e.g~ Kruskal and Scbwar
zschlld 141. Hlde (5)) have polnted out the stabl 

The study of the equHlbrium of an Incom Ilzlng characler of the magnetlc fleld on thls 
presslble Invlscld fluid of valiable denslty was stabLll ty problem. The effects of Hall currents are 
first undertaken by Raylelgh D]. TayJor 121 stud of consIderable tmportance In the dynamlcs of 
led the stabllity problem ofa heterogeneous fluid Interstellar matter and severa! other physlca1 
accelerated In the dlrectlon perpendicular to the sltuatlons . Several authors (e.g. Hosklng [61. 
plane of strattflcation . Slnce then several Slngb and Tandon 171. Artel [81. Bhowmlk [9). 
authors have Investlgated the Raylelgh-Taylor Bhatla (] O]) have studled the effects of Hall 
InstablJlty problem under various physlca1 as currents on the Raylelgh-Taylor InstablJlty prob
sumptions. A comprehenslve account of these lem In hydromagnetlc and found In general that 
Investigatlons carned out under valious as the Hall effect Is destablllzlng and glves rise to 
sumptJons ofhydrodynamJes and hydromagnet news unstable modes. 
les has been gtven by Chandrasekhar 131. 
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The effects of vtscoslty are also of consId

erable tmportance in astrophyslcal sltuatlons. 
Vest and Arpad [11] have considered tbe stabll
ity of a horizontal layer of a viscoeIastlc fluid 
heated from below and obtatned the condltlons 
under whlch a thermally induced overstability 

occurn ln aMaxwelllan flUid. Bathla and Btelner 
(12J have studled the thermal Instablllty of a 
MaxweU fluid lo hydro-magnetlc. Sharma [13] 
studted the Rayletgh-Taylor lnstabtlity of a vls
coelastic fluid through a porous med1um. More 
recently, Samrla. Reddy and Prasad (14) have 
Investigated the MHD flow of an elastovlscous 
fluid past a porous flat plate. 

Gupta and Bhatla 1151 have studled the 
InestabLlJty of supel]Josed, partla1ly lonlzed plas
mas In a two-dimenslonal horizontal magnetlc 
Beld. It 15, therefore, of lmportance to examine 
the effects of Hall currents and magnetlc resls
tlvtty on the Raylelgh-Taylor lnstablllty of a vts
coelastlc fluId. Thls aspect fonns the basls ofthls 
papero Por an Ideally conductJng viscoelastlc 
tlu1d, lhis probJem was recentJy studled by AH 
116) . 

PerturbatioD Equations 

We conslder the motlon of an Incompress
Ible, ftnltely conductlng, vlscoelastlc fluJd In the 
presence of a unlfonn magnetlc tleld. 

The essenUal dJfference between Newto
nJan fluid and non-NewtonJan flulds Is that whJle 
NewtonJan 01' Stokeslan fluJd are characterlzed 
by a Unear relatlon between the stress tensor and 
the mte of straln tensor, the non-NewtonJan 
fluids are characterized by a non-Hnear relatlon
shlp between the stress tensor and the rate of 
straln tensor. Broadly speak1ng non-NewtonJan 
tluids can b dJvtded Into vlscolnelasUc flulds, 
vlscoelastlc flulds, polar fluJds. dJpolar flulds. 
anlsotroplc fluJds, flUlds Wlth m1crostructure, 
and heat conductlng nematlc llquJd crystals. Por 
a Newtonlan fluid the problem of the stablllty of 
a semHnftnlte layer In a horizontal one-dlmen
slonal magnetlc fleld (lncludlng aJso the effects 
of neutral gas frtctlon was studled earlier by the 
flrst author Bathla 110)) . The aIm ofth18 paper Is 
to study the problem of stabUlty of a horizontal 
layer of a non-Newtonlan fluid of variable den
slty. We 8tudy here thls problem for an Oldroy

dJan vlscoelastlc fluid for whlch the costltutlve 
equatlon Is 

where 'tlj 15 the V1500U5 5trtA55 ten50f, IL 15 ooef
tlclent of vlscoslty, A. and Áo(Áo < A) are respecti
vely the stress. relaxatlon and strain retardatlon 
tlme, and 

(2) 

ls the rate of straln tensor, Here LIt 18 veJoclty. 

The vtscous stress tensor 'ty ls related to the total 

stress tensor Tg througb 

(3) 

where ay Is kronecker tensor and p 18 the scaJar 
pressure. 

The equation of motlon of an electr1caUy 
conductlng fluid movlng In a unlform magnetJc 
fteld. 

(4) 

where 

Is the moblle operator. H¡ Is magnetlc fleld, p ls 

denslty of the fluid, gis gravlty and ~ = (0,0,1) ls 
a unJt vector a10ng the vertical. For an Oldroy
dJan vlscoelastlc fluid, the hydromagnettc equa
Uon of motlon (4) becomes, on uslng the consU
tuttve equation (3) In conJunctJon w1th (I). 

ar5i1 a -. ~ 
p(l +Aat) Di = O+Aat) I- Vp+ ~..(VxH X H +lfP) 

+ (l + A. :t) I~ v 2 it+ (V m . VJ.I. + (V~) . V lt] , (51 

where lf = (O ,O.-g). The relavant equatlons of 
motion ofan Incompresslble vlscoelastic Oldroy-
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dlan fluld In the presence of the effects of Hall 
currents and rnagnetlc reslstlv1ty are, therefore, 
equatlon(5)and 

aH 
~ 

--+. ~ 1 --+ --+Ti =V x Citx H ) + ,,2H - NeVx I(V x H ) x Hl . (6) 

ata 
+ (u · V) p = o . (7) 

.,4 -7 
V ·u = O . V- H = O . (B) 

In equatlon (6) e Is the electron charge. N Is 
the number denslty of the partlcIes of the me

1
dJum and '11 =- Is ftnlte constant magnetlc

Ol1e 
reslstJvlty. \J belng the electrlcaJ cond uctlvtty. Let 

04
Op. op and h = (h", hy.h..J denote the perturbatlon 
respectlvely In denslty p. pressure p and the 

--+ 
magnetl c fleld H due to small dJsturbance gtven 
to the system whlch produce the veloclty flelds 
u = (u .v.w) In the fluid . RetaJnlng only the Unear 
term In lhe perturbed quantltles. we obtatn the 
IIneartzed perturbatlon equatlons. 

a a¡¿ a 04 --+ 
(1 +"a[) ~ = (l+"at) [-Vop + ~ + J.leCV x h ) x H) 

+ (1+1...0 ;2 l~l v2 i1+(V i1) . Vil + (Vil) . V it) . (9) 

a .,4
aL Op + (u - V) P = o • (ll) 

(I2) 

Analyzlng the dlsturbance Into normal 
modes. we assume that the perturbed quantltles 
have a dependence on l he space coordinates 
(x.y.z) and time t ofthe forro 

F(z)exp(ilyc+ ikyy + nt) • (13) 

where Al) ls Borne functlon of z, kx and ky 

(JéZ =,¿ +~) and wave nurnber In x- and y
dJrectlons and n denotes the rate at whlch a 

system departs from equUtbrtum. 
--+ 

Jt 15 assumed that H = (H»Hy.O) Ls unlform. 

Maklng use of expresslon (13) in equatlons (9) 
(12) and elJmInating sorne of the variables. we 
finally obtaln four equatlons for the four vart
ables w, h.¿, ~ and S: 

nlpklw - IXpDw») - g,( (!:V)w 
11 

+ (ik"Hx + ikyHy) (rr - Jl-)h.¿ 

1 + A 11 ...:l • 2 ...:l ,2
+ { [~u- - K-iw+ 2D~u- - K ,Dw

1 + R 

+ (IY + Jl-) (d~)wJ = O • (14) 

In - t¡ (rr- Jl-)J~ - (ik)-lx+ ~Hy) ~e (Ir- 0)hz 

= (lk,!Ix+ ik¡-¡y)~ . (16) 

(17) 

d
where D = dz amI 

s= ik,.v - ikyu and ; =¡kA - ikyhx ' (lB) 

are the z-components of the vector V x u and 

V x h
04 

, respectlveJy. 

Boundary Conditions 

In the present paper It Is assumed that the 
fluid Is bounded between two rtgld planes at 
z = O and z = el.. whlch are both assumed to be 
Ideal conductors . Evtdently , the f1uJd cannot 
have a nonual veloclty on the boundarles. and 
because ofVlscoSlty It cannot slip relatlve to the 
boundartes. It . therefore. foJlows that 

w = O. s = O. (19) 
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At the rlgid boundarles, slnce the boundlng 
surface Is assumed to be ldeally conductlng, no 
dJsturbances wlth1n It can change the electro

magnetic quantities outslde. The nonnal compo
nent of the disturbance in the magnetlc fleld 
must vanlsh at a rlgtd boundary. We ~ust, 
therefore, have 

~=O at z=O and z= d. (20) 

Ftnally. equatlon (J 7) In conJuctlon wtth 
equatlon (19) and (20). yields 

~ = o at z = o and z = d . (21) 

Variational PrincipIe 

Dropptngthe sufl:lx zon h, we suppose that 
the solutlons belonglng to the charactertstlc 
value l1t are W¡. ht,t;¡. ~¡ • and the solution belong
Ing to the charactertstlc value ~ are tv.¡. ~. 

~ . fv· Multlplytng equatlon (14) foc i by ~ and 
lntegrating over the thlckness ofthe fluid layer, 
we get 

l1t J (p'¿w¡ - .Q:pDwJltv.¡ dz - g'¿ J (Lp)w¡tv.¡ dz 
o n o 

+ (i.kfix+ ikj1y) r(rr- kl)~wJ dz 
o 

Integrating by parts once or repeatedJy and 
uslng the boundary condltJons (19) -(21), we ob
taJn after settlng i =J 

(23) 

where 

I1 = ( p(Dw)2 + Il-ul) dz , (24) 
o 

= J(Dp)ul dz (25) 
o 

13 = rI(Dh)2 +~h2] dz , (26) 
o 

(27) 

(28) 

16 =r~ll(lj +,()uf +4k? (Dw)2] dz , (29) 
o 

17 = ( III (IXi + kleJ dz , (30) 
o 

rd 2 .22
18 = J [(~) + Ir~ 1dz , (3I) 

o 

19 = ( 1(rrh)2 + 2kl(Dh)2 + k4h21dz • (32) 
o 

Conslder a varlatJon Sn In n consequent to 
the vartatJons Sw, Sil, se, SI; reJated to It through 
perturbed fonn of equatlon (15)-{l7) 10 w. h, s. 
~ respectlvely compatible wlth the boundary con
dJtJons. By proceedlng along the usual Unes we 
can show tbat, to flrst. order, Sn =O. 

Fluid Layer of Varying Density 

Súppose that the denslty 10 tbe OldroydJan 
fluid layer ls conttnuously stratified exponen
!lally along the vertical I.e. 

(z) =PI exp(~z) . (33) 

where PI and ~ are constants. PI belng the 
denslty at the lower boundary. 

We assume that the coefflclent ofk1nematic 
v1scoslty Vo Is constant, so that 

u(z) =Vo PI exp(~z) (34) 

For mathematical slmpUclty, It 16 also as
sumed that 

IIkil « 1 , (35) 
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whJch ImpUes that the dlfference between the 

densltles at two nelghbourtng polnts ls much 
less than the average denslty of the fluid (l9) 

(21), conslstent with the condltlons to be satls 

fied at the boundartes (19)-(21). the tria! solu 

tlons for w(z} , h(z) , ~(z) and ~(z) are taken as 

U\Z) =Al stn Iz ~(z) =A3 stn Iz] 
[h(z) =~ sin lz S(z) = A4 sin lz (36) 

where Al, A2, A3 and A1 are constant and 
T1l1t 

1 = d ' m belng an lnteger. 

Substltulng these t:r1al solutlons 10 equa
tlon (22), uslng Equatlons (33) -(36) and elJm1nat
Lng the constants Al. A2' A3 and Ai by uslng 
equatlons (5)-(17), we flnally obtaln the dlsper
slon relatlon 

2 ~ 1 + A.on :2.2 
n - r + ,¿. + 1 + A.n . rNo(r + Ir) 

+ n{k V )2 [In + 11(12 + ¡(2)) 

where 

.,-7-7 
kxHx + kyHy and k · H = k;!lx + kyHy 

{PJ Ne Ne 

(38) 

On wrttlng 

v = (VI cos e + V2 sin 6)2, 

L = (Lj COS 9 + 0. sin 9)2 

we obtatn the non-dimensional fonn of the dJs

perslon relatlon as 

T-y7 + 2y6T[1 + (1 +}) (MT + NI)]o 

+ y5 [1 +2fv} t (1 t J)
¡1Ü +2Mf+ Nt MT (2 t MfJ)o

t (1 + })2 j7W + MNI'o(l + 47)} - Dt?] 

1 +K 


t y4 [1Y(4Vf - MTo - 2Nl) +(l t i ) 

(2M t N t MN(3Tot 4T) t 21x2(MT (V+L) + NV+ L)) o

'fXl ]+ 2(1 + 2i (MTo(M + N( TIV + MTJ}t 'TI'l}- ~H~ 

+ y3 [2 (2V+ 'f0 - M(T + TJ + 41N) 

+ N(l+x1(N +To +21) + ; (J+; )(rf + NV( l +41) 

- TIV(TIV + 2MTJ - 'TY(V - L) + L2 ) + MN(l + 2l 
(5 + 2To(l+VIY) + (l +XZ )(3Mro + 2N(T+TJ + NrvP 
+ TaMN(l+2)~ + MI.2(l + 2l 

{~(l + 2- + 2(T + TJI- ] :2-] 
4+ y2 [22-(VI' - N) _x ¡TL+ NV(2 + r ) + 2(1 -1 Xl) 

¡MN(2T+ TJ + M(2V+ rrp- 2!'?¡+ W(l + Xl)2 
12NV(T + TJ +241 + MTJ - ITo!'?) 
+ 2MN(l + 2 )3 IN + M(N(l + 2) + 1)IJ 

+ Y[M2(1 + Xl)::! l!'? + 2(!'? + L)f+ ¿ (l + 2 ) 
¡M ¡2N + L>l + N( ] + 2 )(2V + N(T + To))j - Vl¡ 

4 
- x (L+ 2TIVV + 1 ~Xl )] 

-Xl[MN(l + 2 )2 + Xl(NV + ML)J = O (40) 

where 9 Is the angle between the wave vector k' 
-7 

and H. and VI and V2 are A1fven velocltles. 

Conclusions 

The dlsperslon reJation (40) Is quJte com
plex and a dlrect solutlon Is obViously quJt 
dlfflcult to obtaln. As we are Interested In Imow
lng the growth rate of the unstable modes . we 
have performed numerical caJculations of equa
tlon (40) to locate the roots of Y agaLnst x for 
sev raJ vaJues of fue parameters M. LI. 0.. V1• 

V2 , To, T, N and the angle e. Thes calculatlons 
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TabIe 1 


Values of growth rate (posJtive real value of Y) against wave numer x, To =0:1,0.3, 0.5, 


(here VI = V2 = 0.25. Ll =Ú2 = l.0. N =1.0. T=0.6. M =0.1 and 9 =45°) 


x 
To =0.1 

0.0 0.0000 
0.2 0.3465 

0.4 1.0199 
0.6 1.5890 

0.8 1.9442 

1.0 2.0910 

1.2 2.0859 

1.4 1.9878 

1.6 1.8418 

1.8 1.6781 

2.0 1.5144 

Values of growth rate 

To = 0.3 


0.0000 

0.3454 


l.OlM 
1.5915 

1.9483 

2.0923 

2.0823 

1.9796 

1.8306 

1.6655 

1.5017 

To = 0.5 

0.0000 

0.3441 

],0107 
1.5936 

1.9514 

2.0918 

2.0763 

1.9689 

1.8171 

1.65JO 

1.4876 
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dlfferent vaiues of M, To, L1, Úl, V1, V2, Nand 6. 
From Table 1 It lB seen that the growth cate Y 
decreases for the same x (wave number) on 

lnereaslng the parameter To eharaetertz1ng the 

e\asticlty on the fluid when the other parameters 
are kept fixed. The effects of elasticlty Is, there
fore , stabU1zlng. Also by elastlclty for larges val 
ues of wave number x slnce the growth cate Is 

seen to decrease wlth lncreasing x. From Fig

ure 1 we see that as M(vtscoslty) lncreases, Y 
(the growtb rate) decreases for the same x (wave 
number) indicating that the 1nt1uence of viscos

Ity Is stabillzing. Jt can also be seen from Figure 1 
that viseoslty can also stabll1ze the system eom
pletely for large wave numbers for the growth 

mte Ig geen to deür~ge for I~rgé Al. Ji'ul'thér It is 
seen that the more the fluid ls viseous the 
smaUer 1s thewave number forwhleh the system 
can be eompletely stabll1zed. From Figure 2 tt Is 
seen that Y (growth rate) Inereases as L (Hall 
eurrent) lnereases for the sarue x. thus lndlcat
lng lhe destablllzlng haracter of the Hall eur
renL Figure 2 shows that Y Inereases as N (flnlte 
eonduetlvlty Inereases for the same x The Influ
enee of f1nlte eondueUvlty Is thus also destabl
Ilzlng. 

We may thus eondude that the vlscoslty 
has a stabUIzLng effeets whlle Hall eurrents and 
ftnlte eondueUvlty have a destabll1zlng Influenee 
on the stabUlty of a vlscoelasUc fluid . In that 
respect the results are the same as obtaJned 
earJler for Newtonlan fluid. 
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