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Absbact 

In thls paper we derive new (llnear and bilateral) generatlng functlons InvolVlng certaJn fam1lJes of 
hypergeometrlc functlons and the R1emann zeta functlon (or the generallzed zeta functlon). A connectlon 
wlth the Lambert transform Is gtven, and a generallzed Lambert transfonn 18 Introduced. An inverslon 
formula of thJs transfornl Is obtaJned and Its relatlonshlp wlth "he generalJzed zeta functJon Is also 
deplcted . 

Key words: 	RJernann zeta functlon. generat ing functlon. Hurwitz zeta function, Lambert 
transform , Laguerre polynornlals. Gauss hypergeornetrtc functlon , Mellln transform, 
generaUzed hypergeometrtc functlon , Mellln inversion theorem. 

Ciertos resultados asociados con las funciones 
zeta de Riemann 

Resumen 

En este trabajo dertvamos funciones generatrices nuevas (lineales y bUaterales) que Involucran 
ciertas famUlas de funciones hipergeométrlcas y la función zeta de R1emann (o la función zeta 
generalizada). Se presenta una conexión con la transformada de Lambert y se Introduce una 
t ransformada generalizada de Lambert. Se obtJene una fórnmJa de Inversió n de esta transfonnada y 
también se describe su relación con la función zeta generalizada. 

Palabras claves: 	Función zeta de RJemann, función generatriz. función zeta de Hurwltz, 
transfomlada de Larub ert, polinomios de Laguerre, función hlpergeométrlca de 
Gauss, transfonnada de Metiln. función hlpergeométrlca generalizada, teorema 
de Invers ión de Mellln. 

Introduction 
ses, 1) = ¿ n-s = ses), (1.2) 

The generallzed (Hurwitz's) zeta functlon Is n=l 

deflned by [1, p. 241: 

where ses) Is the Riemann zeta functJon. The 
function q¡(z,s.a) extends ( 1.1) furthe r, and Is 

s(s,a) = L. (a + nfs (1. 1) deflned by [1, p. 27, Equatlon (1)] 
r...o 


(9\ (s) > 1; a * 0,- 1.-2 ,), 


q¡(z ,s,a) = L (a + nf " Z' (9\ (a ) > O; 121 < 1). (1.3) 
so that, ev1dently, 

n=O 
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EqutvaJenUy, the function <l>(z,s,a) has the lnte

graJ representatlon: 

1 f- 1 --al 1 - t-l dt,<I>(z,s,a) = f(s) O t e ( - ze ) (1 .4) 

provlded that !n (a) > O (and elther 121 ~ 1, Z '" 1, 
and !n (s) O, or z = 1 and !n (s) > 1). 

Our obJect in the present paper Is to obta1n 
certaJn types of linear as well as bLlateraJ gener
aUng functions lnvolvlng the functlon <l>(z,s,a) 

deflnecl by (1.3). A generallzed Lambert. lrans
fonn Is Introduced and Its Inverslon Is obtalned, 
and further expresslons In tenns ofthe functlon 
<l>(z,s,a) are derlved frorn the Lambert transfonn 
of a general system of polynomlals. 

Generating Functions 

From th deflnltion (1.3). and the btnomJal 
expanslon 

~ ().)n " -A.L.--;;¡z =(l - Z) (I~<l), (2.1) 
r..O 

we readlly llave the generatlng functlon: 

~ (TI 

IP")ntl>(xJ. + n,a) nl = tI>(x.A.,a - t ) (2.2) 
11=0 

(lq < laj: A;t 1). 

where. and In what follows, (1..)/1 = r(A. + n)/r(A). 

The generatlng functlon (2.2) can be ex
tended further. Incleed , In temlS of Gauss's hy
pergeoOletrlc functlon LI, p. 56). It follows from 
(1. 3) that 

~ (A)n(~l)" lit 
.L. --- tI>{X,A + p - v + n,a) I = 

(v)" ro 
rt=O 

, x "(n + a)V-A~' . F [ A..P; t ] (2.3).L. 2 I v; n + a ' 
rr-{) 

proVlded that It / aj < 1 and 9\ (A + p) > 9{ (v) > O. 
More generally. (2.3) may be extended ln the 
fOrol : 

p 

~ TI (a;>/I 
~I f.L q <l>(x,w + n,a) ni 

n=O n(b}/1 
j=l 

- ~ .Il -<U [ (a,): t 1 
- L. x (n + a) I'q (b ' ; n + a ' (2.4) 

n=O f/' 

provlded lhat p $ q. f~ < faj , and 9( (ro) > O. Here 

(ap) abbrev1ates the array of p parameters 

al· ··· .~. 

w1th slmllar lnterpretatlons for (bql elcelera. 
p Fq belng a generaltzed hypergeometric functlon 

wlth p numerator and qdenomlnator parameter 
[l . Chapter 4]. 

FonnuJas (2.3) and (2.4) may be vlewed (tor 
exampJe) as generatlng functions for the famUles 
of hypergeometric functlons occurring on thelr 
right-hand sldes. 

Next we conslder a polynomlal set 

( s,.:n)(Z)}~ deftned by (e] [3, p. 1, Eq . (lID 

In/mi 
Snm)(z) =L (-;rr¡¡ S i (2.5) 

,r=(J 

Cm e ; n e No '" N u lO) ). 

where, and In what follows. 1C{~ó Is a sultably 

bounded sequence of complex numbers. Then, 
by simple series rearrangement technlque and 
the appllcatlon of (2.2). we arrive at lhe followlng 
bilateral generatlng functlon: 

- (A.)" rJm)L --;;¡ cj)(x.A + n,a) ~~ (y) (' 

rt=O 

.; (A)nvt m n 
= .L. ~ C" tI>(X,A + mn.a - i ) IV(- i) 1, (2.6) 

,..o 

provtded that 1.xI ~ 1, Iq < laj, and A;t l. 

~mple . By speclallzlng the sequence 
¡C~ as follows: 
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p 

n (a}n 
}=len = q (m E N; n E No), (2.7)----"- -

mmT\ n(b} n 
jol 

we find from (2.6) that 

]=1 

(2.8) 

where 6 (m; A) denotes the array of m parameters 

1..+ m - 1 
(mE N).,n' m m 

In particular, In tenns of the elasslcaJ 

Laguerre polynomlals 4~)( z). for p =O. q =m = 1. 

and b¡ = ] + 0:. (2.8) ylelds 

'" (A)" (n) " L.. 1 c1>(x,A + n,a) 1)/1 (y ) t
( + a)n 

=O 

~ O.)" (-yl)" 
= L.. 1 <fl(x,A + n,a - i) ni . (2.9)

( + a )"
",,{) 

Our fOnllUla (2.2) Ineludes sorne recent 
results dIJe to Srtvastava ((4, p. 48. Equation 
(2 .2)1: see aJso 151) and MUler 12, p. 99, EquatJon 
(3.20)) . 

The Lambert Transform 

Let .f L) (L ~ O) be a contlnuous functlon. 
Abo Id 

Then the Lambert transform of j{Q Is deflned by 

stJ (s) =IM{J(t)f =J
oo 

- t - fl t) dt, (3. )) 
O eS - 1 

and It converges for a1J s such that 9\ (s - K) > O 

It fol1ows easUy from (3. J) and (J .1) that 

IM{r-1e-vS1= na + 1) ~(~ t L y t 1) (3.2) 
s C1. 

(9i (a) )-1: y ~ - 1. -2. -3, ... ; 9i ((y t l)s) >O), 

Also, In V1ew of (3.1) and (2. 5). we have 

LM!e-1 e-vs r EJ.:!, (xt)j 
/m/q/ (-m) . . 

= L :::...:.:.2.9J. r(O: +J + 1) ~(o:+j+ 1, v + 1) c¡x{3.3) 
JI sC1.+J 

j=O 

A speclaJ case of (3.3) of Interest Is the one 
whlch occurs when 

1 
c¡ =(a. + 1) UE 1'Io} 

J 

and q = ]. Thus, In tenlls of the Laguern: poly 
nomlaJ . (3.3) glves 

1M jt'J.-l e- " ~) (xi) ) 

m 

r(m + a + 1) '" (-m)} r( . 1 = L.. ~ ",a+J+ , v~ 1) (~l (3.4)
m1 su. ]=0 J. 

where<.X (a.) > -m - l (mE Ho). 9{ «v + 1)S) > O. al1(l 
v *- -1 , -2, -3, 

The Generalized Lambert 
Transform 

We conslder the followlng generaJLzalloll 01' 
the Larnbert tranSfOnll (3. ]): 

., sL 
p(s) =GLM lJ{Ll) = f -- fil ) de (4. 1) 

lJ e<;¡ - x 

provlded that 9{ (s) > O, 1.-\1 ~ l . .RL) n, ami 
9{ (y) > -2, where n denotes Ule c1ass offuncUons 
,J{t) whlch are ontlnuous for L> Oand satlsfY the 
order eslImates: 
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j{t) =JCXt~ (t -40+) (4.2) 
lQf) (l ~ (0). 

'Jl¡e parameter &occurrlng in the order estlmates 

(4.2) ls unrestrtcted, in general, since 9t (s) > O. 
Obviously, for x= 1, (4.1) reduces to the Lambert 

transform (3.1). lfj{t) =r-1e-v rt then we tlnd from 
(1.4) and (4.1) that 

Inversión of the GeneraJJzed Lam.bert 
Transform (4.1). 

On applytng the Mellln trans forrn (6 , p. 46). 
(4.1) y1elds 

4l (k) o; ( s-k-l F(s) ds 
o 

=r s-k- l (r ~ .f(t) cliJdssto lo e - x 

== r.f(t) (r ~ s-k-l dsJdi (4.4)o lo est _ x 

=f 
o 

.f(t) · ro 
[ 
~ k) <b(x,1 - k.l) di. 

where. Ln addJtlon to the exlstence and conver
gence condltlons stated wtth the defi nJtlon (4 .1), 
we requlre that 9{ ( I(¡ < 1 for the convergence of 
th Inner s -Integral In (4 .4). Now, by the Mellln 
Inverslon theorem, we get the fo llowlng Inverslon 
fonnula for the generallzed Lambert transform 
(4. 1): 

1 	 1 r-C 1fnt
== -2 · /r(l - ~) 4>(x.1 - ~.1)I- [ '41(~) dJ:, (1: > -2)' 

1tI 	 ~-t~ 

(4.5) 

provtded that ~-l j(t) E L(0,00) andj{O Js ofboun
ded vartatJon In the nelghbourhood of the polnt 

L$(() belng glven by (4.4) . The constra1nt 't >'2 
has been lmposed wlth a view to avoldlng zeros 
of the zeta functJon InvoJved In (4.5) . 
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