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Abstract 

Paulsen has proved that a unltal homomorphJsm from an operator algebra contalned in a C· 
algebra 1s slmllar to a completely contractive homomorphlsm If and only If lt Is completely bounded. [n 
the present note we obtain a different charactertzatlon when the operator algebra Is separable. 
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Homomorfismos similares a homomorfismos 
completamente contractivos 

Resumen 

Paulsen ha probado que un homomorllsmo unltal de un álgebra de operadores conlenJda en una 
álgebra-C" es similar a un homomorfismo completamente contractivo 51 y sólo 51 es completamente 
acotado. En la presente nota damos una caractertzaclón distinta cuando el á lgebra de operadores es 
separable. 
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Introduction 

Let t!l be a C·-algebra, A e t!l an operator 
algebra and Ha HUbert space. [n [1I It ls proved 
that every unltaJ homomorphlsm p: A ~ L(B) 1 

similar to a completely contracUve homomor
phlsm If, and only íf. p Is completely bounded. 
Moreover. when pis completely bounded It Is weU 
known that there exlst a Hilbert space K , opera
tors A.B E l(H,K) and a representatlon It:t!l ~ UKJ 
such that 

PÍa) = A "ma}B. V a E A (1) 

The purpose of the present note Is to prove 
the followlng generallzatlon of the aboye result. 
and gtve an answer to the problem of sirnJlaJity 
for completely contractlve homomorphJsms, 
when A Is separable. 

Tbeorcm 1.- Let B be a c' -algebra, A e t!l 

a separable operator algebra and H a Hilbert 
space. p:A L(H) a uniJ.al homomorphism Then 

p is similar to a completely contracüve homomor
phism lj: and only if. there exi.st a Hilberi space K. 
operators A,B E UH,K) and one representa1ion 
n::?l~ UKJ such that 

2inJ{~II p (a; ) - A·1t (aJB11 } < 00 (2) 

where the infunum. is taken over alL counLable 
families linear generators {al } ofA. 

Let H be a HUbert space. l.(H) the algebra 
of aU bounded operators over H, t!l a C"-algebra 
wtth untt and Aa subalgebra of?l that contaJns 
the unlt of t!l. Sueh subalgebras are called Op
erator Algebras. An operator algebra 15 sepan-
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ble lf lt possesses a countable famlJy of linear 
generators. Thus, the closure of the spanned 
subspace by the fam1ly 18 the whole subaJgebra. 

In the sequel, M w1l1 denote the nxn matrtxn 
ayer e and we set Mn~ = Mn~ (Mn~ can be 
thaught of as subspace of the C*-algebra M(~). 
We wiU denote by If1 the dlrect sum of n copies 

of ll, with t\e N. If 11 . 11 ls tbe nonn of ll, then the 
norrn 11 • II n ofthe Hilbert space lf1ls gtven by 

(3) 

where h = ( h¡,h" . . . ,lJ,n) 

Glven a linear map, p : ,!'I ~ l.(H} for every 
n E N the mapplng Pn : MntA' ) ~ UJIl) Is deftned 
as foJlows: 

(4) 

lt 15 known that the sequence (lp"ITI ; n E N } 

Is Increaslng. The map p \s called completely 
bounded If 

sup I 1I pnlln : 11 E N } <00: (5) 

In that case, we w1l1 wrtte IIpllcb ro denote thls 

supremum. Then 11 . IIcú \s a nonn on the space 

ofalI completely bounded maps, Ifllpllcb $. l. then 

we say that p \5 completely contractive . 

To prov our theorem we glve the followlng 
lemmas. The nonn glven In lernma 3 \s a modl
flcallon of that gtven In fue proof of theorem 8.1 
of [31 . 

Let us recurslvely define the matrices 
Rm e Mn(C) wlth n = 2m by Ro = (1) and 

R (6) 
m 

Rmi"1 = ( 

Rm 

for m=O, \ ,2 , .. . 

R J 2- m RLemma 1.- (1) Rm is invertib/.e. .. = H' 

and therefore II Rmll: = r 
(U) IrH is a Hilbert space and 

h= (h¡.h2 , ••• • h ) e It'andn 

k = (k j ,k2 , .•. ,kn )=Rn,(h) , then 

(7) 

Proof: (1) Obvtous, by usJng Inducttvety. 

(il) lf, k=Rm (h), then 

~iq2 " I~: "lfm 1ii( < 
(8) 

IIRm i~II~I: = 2 
mt llhtl 

t=1 


Now, 2mi! = Rm { k ), therefo re. 


22mll~l~ = 112 m ~: = IIRm(klll: ~ 
(9) 

IIRmll~II~1: = 2m ll~l: 
So. dlv1dlng by 2m we conclude that 

(lO) 

By (8) and (10) the equallty holds.• 

Lemma 2.-Under the hypothesis oJ Theo

rem 1, /.el a. e R. a ~ 1 and set I . I defined by 

where /.he injimwn is taken over a1l counLab/.e 
JamiUes oJ Linear generators {al} oJA andoover a1l 
sequences ¡htl oJjinite support (tlUs means thal 
oniy afinite nwnber oJelements oJ the sequence 

is non nul/). Then ( H, I . nis a Hilbert pace and 

I . I is equival.ent to 11 . 11 

Proof: Clearly Izhj2 = Izj2 Ihj:l , for all z e C. 
Thus. 

Izhj = ¡Zllh¡ , (12) 

Ir/¡=! p(a,)h¡ and k= !. p(a,)k¡ where 
~J rJ 

{al) 15 any countable famlly of Unear generators 

of,!'l, then 11+ k = !. p(a¡)( h¡ + k¡ ). Therefore 

111 +kl ::; ¡nf {J~1< (a~)~(h, + k f+el ~Ih, +k,I12} 1/2 
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lf2 

a,~h +k,¡Z l 

+,~lr "/2(" +k,f) 
1/2 

¡ 2 ]l/2 
~ Inf ~JZ"(ai )Bh¡ + a 1~11h¡ f 

where the last lnequality la due lo the triangular 
lnequallty for L2. So. we get 

Ih + k! ::; 1111 + Ikl (13) 

By (12) and (13) . It foUowa that l ' I la a 
sernlnorm In H. 

As p Is unItal, It y1elds that 

11= p( 1)h+ L p( a¡ )0 . where {al} Is any 
count

able famlly of linear generators of A. 

So , 

Thus, 

(11812 
+1)1 /21Ihll 

Ihl ~ ~1~12 +1)1/21Ihll (14) 

On the other hand, tf h"" 1 p(a¡Jh¡. 
bJthen 

lJIl
Ilhll = Lp(at) h¡ 

t ~ 1 

+t~nlal)B'+ 
f llp(a¡) - A·7r (ai. )~h~ 
i =1 

S [[lA-r + ,~Ipla, ) -A·<la,)~' J] 

[[I.~nla,)B~r + ,~i~i2lf [bY S'hW,: ,:'""""'Y] 

s [[~·r + ~~Pla,) -A"n(a,)~2 l] 

[[t~n(a,)B{ +a~hI2lr 
slnce C( ~ 1. Taklng lnftmum over al! sequences 
{~l of finite aupport and all countable famUles 
01' linear geneTators {al) of A sueh lhal, 

h~ f. p(a, )/l,we gets by (2) and the deflnltlon 
... 1 

I hl that 

Ilhll ~ klhl (15) 

where k=(IIA'11 2 +inf{~llp(a , ) -A '11: (3,)BII"}r 
where the Inftmum Is taken over all eountabJe 
famUles of numbering linear generalors (a¡) of /1. 
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By (12), (13) and (15) we conclude that ' . I 
18 a nonn on H. Then (14) and (15) show that 
I • I Is equlvalent to 11 . 11· As In (2] li suffices to 

15how that I . I BatlBtleB the parallelogram law ¡ to 
prove that the paJr (H, I • nIs a Hilbert space. 
Indeed, 

Let h= ! p(aj)~ and H= I,. p(b¡ )It¡ , 
~ 1 ~ l 

where ¡a¡] and (b j ) are any countable fam1lles of 
linear generators of A. 

Then 

b 1 i 1 

and 

(17) 
t=/ .. 1 

Now, we have 

Ilh + h11
2 

l' Ih -h12 
s: 

i;Jr(3;lBh; + fJT (b¡lBh1J+ 
t e: l i 1 II

1-= 1 í :: l 

= 2[1,~'(', (B~r+ I.~: lb, (B/, r+1 
(a i~y~~2 - a i~lh;fl 

In the last lnequallty we used the parallelo
gr IHI law In K Taking Inflrnum first over the 
seqllences {h¡ } and aU countable familles of ILn
ear generators (al) of A, for which, 

h= f p(a, )h" and, then over the sequences {h;} 
,. / 

and all countable famllles ofUnear generators (al) 

of A, tor whlch, 11 = L p(b¡ )11; , we get 
.. 1 

(l8) 

Let us note that replaclng h by h+ 11' and 11: 
by h-h' In (18) one gets the reclprocal tnequal

tty.• 
Proof of Theorem 1 

Ir p:A ----7 UHJ ls similar to a completely 

contractlve homomorph1sm \p:.ri --t UH). then by 
Corollruy 6.7 In [3], there e.x1sts a representation 
cp:z ----7 L(K}. where K Is sorne Hilbert space that 

contalns B , such ibat, <p(a) =Prr(a)i, for all a E ,l. 

where P denotes the orthogonal proJectlon of K 
onto H and i Is the Incluslon from H to K As 

p(ll) • 5-1q¡(¡l)5, for allll Elfand for BOrne lnvertJble 
operator S E I..(B), It yields, 

pea) = S-lP7t(a)iS, v a E A (19) 

Taklng A = (s-lpf, B = iS, the repre
sentation 1t and the space K , we obtain for all 
countable families of linear generators (aJ of ft 
that, 

f Ip(a,)- A'7t(a,JBf =O (20) 
... 1 

Therefore, the lnt1mum over such famUles 
ls flnite . 

Conversely, let I . I be the noml of H as 
deflned In Lernma 2 , with a = 1. Wee w1.Il show 
that wtth respect to such a nonn p Is a compJetely 

contractlve map. lndeed. lf 
and a E Awtth lIall= 1, then 

p( a )h = ! p( aa, )/~ (21) 
ro l 

If (aaV Is not a countable fam11y of linear 
generators of ,l. Then th1s can aJways be ex
tended to a countable family of linear generators 
of A , slnce, tor {BJli} u {al}, we have 

p(a)h= :t p(aa¡ )h,+ :t p(a, )O (22) 
I=- ) 1= 1 

Therefore, 

Ip(a)~2 ~ I! 1t ( aa¡ )Bh,ll! + ! IlhJ 
r=. l t;;;;. J 
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_ 2 M (23) 

~ 11t(a.JBh, +I Ilhf 
.. f r=-' 

where the last Inequallty 18 due to the fact that 

!tea) 18 a contraction. Taking the Infimum over the 
sequences (h¡l and the countable famWes of Un 
ear generators (a,) of 1'1, such that, one gets 

(24) 

Thu pea) Is a contractlon In UHJ with 

rmfcct to the oorm l' I 00 HI Thürüforü r15 

contractlve. 

Now. we must prove that I PnlD ~ 1 for a1J 
n E N. Slnce the sequence ( 1 Pnlnl Is lncreaslng 
on Hit suffices lo prove that the Inequallty holds 
ror all n=2m with m E N. 

Flrst. note that If (al) 18 a countable famJly 
of linear generators of A. such that. 

00! Il r(3 r )- A' 1t (a¡)Blr < , then the famtly 
1= I 

llatEjkl:l= 1.2.. .. , andJ,k = 1,2, .. . ,o}. (where ~k Is 
the nxn matrixwlth fue unll ofAln the O.k)-entry 
and zero e1sewhere) generates MnVí'). Moreover, 

where A = A®I and = B 1, 

We define the tollowtng norm I . 11, tor all 

h E H . 

l íil~ = inr~lt1( n (a ¡) ÜJ~1 2 + nÍ~q: : ! Pn (a¡ )h; =ii}
ll .=1 Iln j I 1",, 1 ) 

(26) 

where the Inftmum Is ta.ken as In Lemma 2. over 
all countable familles of linear generators (at) of 

M (..9), etc. By (26) and Lemma 2 I . 11 makes ~ n 

Into a Hllbert space. Moreover I . 1115 equJvaJent 

to 11 . IIn' and by the argument used In the case 

of H. It follows that Pn Is contractlve with respect 
to thls nonu. To conclude. we will prove 
that 

H nIi/L = Ii/I ií E (see(3))
I 

Let ií = (h¡,h2 .... ,h ) and flx E > O. Letn 

¡¡ k =( 3Vk ) and hJe = (h ile ' ~k" '" hrú')' be surh that. 

ji ::: f p(ak )hk and 
k=f 

(27)líll;+E ~ I\~ ¡( n( at )Ü~[+ n~ ~íik[ 

As h¡= LL
n 

p( ay! )h jk ' onehas 

Therefore. 

(28) 

On the 
and 

h¡= 	 L p ( 3 ¡f )11", (29) 
I I 2 

be such that, 111,12+ ~ ~ 11 f. 7t ( a J )811) + f. ~hJ 11 : 
n 	 1_' l . f 

As n 	= 2k , let us conslder the matrtx Cí, glven 

below: 

rr¡ ,31/ r¡,a ll 

'2,3 11 ' Íl 3 u 

l..,..,'. 23 ./ 

'i. a'l 

rUral! 

'nn 3 rtl 

(30) 

where (rlJ) = ~ Is the malrix gtven In Lemma l. 


Lel h,= ( hll.hu, .. ·.h.J) and 


k , = ( k )/ ,k 2/,· .. . k,, / ) = Rm (h, ) 


Let ~ = n -1; by Lemma 2 one has that 

. ~ = Rm (~kl )' Th1s means that 
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n 

hu = 	 ¿ 'i, ~ kJI' (31) 
pi 

and 

" ~ n 

h,= L p(a¡/)L r9~kfl = L L p(r9aJ )~ kjl (32) 
t~ J ¡ I J.., J J~ I 

Therefore, 

(33)h = 1 P.(C¡ )B~ k, 
, I 

Moreover. 

líll; ~ 	II~ 1t"(CI)Ü~kI Il~ ¡¡q:= 
2:t ~f. ! 1(( ';,a,})8~ k;l ll ' + f ~ f 11 k jl l1 = , I1, I }=I 	 ~ I / I 

2 	 (34) 

~ ~~ tin(a,¡)Bh ,, ~ + t: ~ ¡¡ hA' s lí{+é . 

where we made use 01' (7) and the fad that 13= 2·k 

Thus. the reverse Inequallty ls proved and 
we conclude the proof of lhe theorem.• 

As an appllcatlon 01' the aboye result to lhe 
Operator Theory. we wlll charactertze those op~ 
erators that are similar to contractlons. rt Is 
known that T E UHJ 15 similar to a contractlon If. 
and only If. the homomorphlsm p:P(D) -4 L(H) to 
deflned by 

p(fl =J!T) 	 (35) 

is f'ompletely bounded. where P(D) denotes the 
space of the polynomials on the unlt dLsc(see 
theorem 8 . 1) of(3D.Then by the result ofPaulsen 
mentloned In the IntroducUon. tt sufflces to 
prove that p Is compl tely contractlve homomor~ 
phlsm. But. In vlrtue ofthe Theorem ), It reduce 
to find a HLlbert space K. a contracUon e E L(K). 

operators A,B E UH,KJ, and a countable famJJy 
W of linear generators of P(D) such that 

Pacheco 

1! Il fJ T)- A" fJC)BI1 < oo . (36) 
r- l 

slnce the homomorphlsm 1t:C(T) -¿ UKJ defined 
by lt:UJ =j{Clls completely bounded. In particu
lar. lf the family of generators 1s.ft = ) . wlth 
1= 0,1,2,... , we obtalns the following coroUary. 

Os,sUm 1.-(UAl~,u IJ1k brem [On Qup
pose T E L(H). Then T is similar to a conLracüon if. 
and only if. there exisL a Hilberi space K. a 

contraction e E L(K} and operalors A.B E UH.KJ. 
such that. 

(37) 
,=U 

From lhls corollary. one can obtaln the 
results ofRota 141and the Sz-Nagy and Folas [5) 
about stmilarlty to contractlons by more dlrect 
procedures than those used In the proof by 
Paulsen In 111. See Holbro':lk (2) . 
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