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Abstract 

rn Iht:; pap 'r W(' sl.uJy lhe summabltJ y oP certaln s cqucnces o~ 'ourler-Young Co ·NIClenls 01 '1 
hmd on (J I' Wle ncr's dass by éirland mdhod. Frorn wh lch we ded uce undcr what cond iUons a fun clion 
o[ Wiencr's rlass Is conlin uous. 
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Sobre ciertas sucesiones de coeficientes de 
Fourier-Young de una Función de Clase Wiener 

Resumen 

En l'slc' trahalo estudIamos la Slllll,lhlliliac\ de clcrlas sucesiones de cocf!clcll tes de POllJ-ler-Yo u n.!.; 

tic una runclol1 llr' r lasl~ Wlelwr por ('Im(-todo 6rlanrl . 1\ pMllr de esto se deduce haJo qué' condl('iones 
uml lun('liJn dc d a sl' Wll'rll'r ('s conllnll<l 

Palabras claves: SlICf'S!ÓII , ('oc(I (' !cnj('s de p()urlcr-Young. d a s!' W¡nll'r, 

Wc noll ~ (51 Ihat Introduction 
v" e V. (1 ~ P S p , < 00)Le! 11 )(' ;1 rc¡d or compkx valw'd 2n-pt rlo<11<: 

fUI cllon <!c(¡ nccl on 10.2 n:) Hnd let 1'10: 0 = 10< 11 <, .. 
Is <1 slrl et Inclus lnn . Ilen<:e WI{'ner's c1 ass

<111 = 2n: he a P;l rl IUon o f 10.2rrl such lhal lh(~ 
VI' (1 < P < 00) Is a strlctJy larl,{f'r e1a1's I h"m thl' 

norm 
e1ass V I 01 funr.Uons 01 bounded vanaUon 111 

~( { PE ) = max I t ¡ - t - I < E , 	 ordlmlry scns(' , '¡he c1as 1' VI' was ftrst Introrlllccd 

by Wlener 101 . l11t'n YOlln~ 171 proved UH' 
Jollowlng Uworem In ('onneeUon WIUl Uw whcn' E ls ~m ,1rl>llrary po1'll!v(~ nUllll wr. [-'01' I ~ 
('xlslcnce 01' Rll'Ill ;\lln -SU(')!Jes In trgr" 1 (Ir rlJI < o' . wC 'define p- IJ 1 varia Uon orr by 
fu n 1'1 Ion ofVp , 

VI ( f) l im SlIp TheoremA 
1'-4 

Ir ,111 r E VI' rlncJ g E Vq when' p .q > o . 
whnc 111l' supr,' IllUIll has IJepn laken wllh 1 + 1. > 1, hm'c no ('ornrnon polnts 01 dlsClmllnu
r('slw cl lo ,1 11 parUUon1' 01' Ihv typ~ PE of IO.2rrl . p q 

nw wc ~ (!POnc Wlent'r's d;-¡s:-; slmply hy lIy . Ihelr SlIelljes Integral 

!Ir = l f : Vr ( f ) < ..,1 
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Slddiql 

r1t 

f dg, 

exlsls in the Rlemann sense. 

From Thcorem A. the sequcncc dcfined by 

- ¡¡ 

(2rrr lI e ~t df(t) ,(k = O,±l, ±2 , .. . ) 
" 

('xl~L-; for every f E Vp (1 <: p < <XI ) . We .hall 
call ( .JIl. (kll lhe sequence of !·ol.trlcr-Young 
t:cwff¡ c len ls a mi the series 

f (k ) 

wlll he ralled U1C F( urll'r-Young series (J[ f. 

In Icm1S ofYoung 171 . <l scqU('l1n~ Iflll of Uw 

d ;-Iss VI' ('I)nver.!.tcs dl'nsely In IO.2nllo a func1lon 

1 IJ f,,(xl 1cnrls t.o f(xl for cé\ch x 01 an evcryhcre 

dense sl'l 1n 10.211:1
/\ncl a sequcnr.c Ifn(x) ) cortVt'rgcs lInlfomlly 

lo f(x) al. Xo . 1I glvcll 'ln E > O. lhen~ I~ ::\n ,) ' ;)nd él 

/) > O. such Iha1. lilf 11 > ') and for all x dlslant 

I('ss 1h;-1I1 ¡¡ rrolll Xl) , I fn (x) - I(xl I 

(lW W( ' are ablt, 10 stalc Ihe followlng lhe

on'lII dUt ' 1.0 YOlJng 171. 

Theorem B 

Ld l/;, ~ he a :-.t ·qw'n('c nI' lunrUons such 
11= 1 

1hal 	 V" U;,)¡" Is lInlforlllly lltlllnrkd In n and 
11 1 

I 1 
p ami h'1 ~ E Vq • wlU're p ,q > O. - + - > l . 

P (/ 

SUJlposc 1h;11 . /" - eonVt'rge-; dt 'n~dy In IO.2rrl
• rr~ l 

lo ;l 	funl'llr¡n 1 !lf VI > ;\nll /;, (x);- t'OIIV('IW'S
• 	 I 1 

unlfonllly ;lt ('<I('h polnt 01 dhc'onUn Illy urrrx) In 

IO,2rr l. 'rilen 

1 im 	 JIr f. dg = JIr [ dg 
,~ 

Thcrc Is a\so él wdl known theorcl11 due to 

Wh'IH'r I{;l · 

Theorem e 
If f E Vp{I ~ P < 00) Is conUnuous . thcn 

Vr¡1O =ofor all q > p. 

Let jp :0 be a sequence of n'al or romplex 

numb{'l'S suth lhat Pn =I ti 

Pk ~ O. A st'qucnr.e 
.l!.'::() 

JSnr Is salo lo be sUnlmahJe by orlunrJ
1 'n=l 

method of summablllty deflned by (PIII. or simply 
summabte (N, p) If 

limN'~ (s) = lim 

('xl::; ts . Tlw cond lUons for regtllélrlly a r e 

( i ) P 'L = O( P, ) (n4-) an 

( ii) 2,
/ . 

IPi I '" c~ P,.) (IH=), 
t""l 

of whlch lhe tal.ler Is élulolllaUcally sallsftec) 

when (he s('qU('J1( ' c~ .! p,f Is poslllvC' (el . Barl IIll 
rr=(J 

p. 12l. We wrlil' t.hrou ,~hout.: 

8p 	 = p¡.. - p,. 1 , ó ' h. - (.:\ ' p'. ) (r>l) 

wllh 	)lk == O lor k < O. 

Thc maln ;'llm 01 Ulls papa is !o study the 

sUOllllablllly o[ thc S('qU(' rH' C ~k) (,ikxl~ nI• \ o 
Pourln Ynlln~ ('o('lIkl('nls of ; 1 fllnl'llnl1 <11 

Wlcner's d<1SS hy iirlund nwl hot!. Thls wlll ('n 

ahle liS 1.0 o\IIélln a crllerlon, <lnsw('rlng 111;'11. 
lIn!l('r wha! rnndlllnns. <1 fundlon ( ¡r WI(' n('r's 
r1<1SS Is ('onllnUOIIS . Mo r<' pn'cls('\y . nrsl WI' provc 
t1w li)\Iowlnf.( Ih('on'llI 

Theorem 1 
Ir [ E VI' (1 < P < ""l. Ull'n U1I' 	 SC't¡\I('IH'I' 

IIi le) eik.~~o ls sUllllllahk (N ,p) lo n- D(x) = 
n- I lf(x+O) - f(x - II for ( ' V('ry x E ¡O.2m provlrkel 

lhal (N.p) b r('~ular <lml 

'1 
(n-k) lé\p, 1 = O (P.J ( n~c-o)(i) ~"'= 
" e 

(ii' 2, k 18P¡ 1 = O(FlI ) (n400 ) . 

'::::;:' , 
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255 ~quences of li'ourter·Young coefficlents 

where O means capitalorder O In ordlnary sense. 

Proof: 

Conslder 

whcre 

hIt ) = f( l ) - n 1 L D( x ¡) g( t-x ¡) , (1 ) 
F\l 

X(I . X l • X2 • . .. are polnL' o f dlsrnnUnulty 0 1 r In 

10.211"1 ane! • 

.;J( t) ~ i or O < t < 2n 
2 

g(O) = g(2rr) =Oallll oulslde orl0.2 rrl, g{l) ls ckflnc(\ 

by )1<' liad1C'lly. (t Is evlclt'n L LhM h E Vp ¡mc\ ls 
("onlJn IIOUS ('verywhen' In (0.21\1 D (x) = f(x+O) 

f(x O) dcnoks Lhe lump 01 r ;.,1. X . (\en('c W(' can 

wlile 

ti,,' [ [ (k) e ¡ " [ n- I J \ ,,( X - t) ¡h( t )+ n I D(x) ( 2 ) 

" 

wh('n ' 

11 Is sufllcicnl. lo show U1al 111(' Inl('gm( Oll Lhc 
rl~h 1 h;lIld sl(Jt, 01 (2) lcllds I() z('ro ¡IS n-)(>Q. 

Conslder 

' 11: 

1J' K" X · t) elh (t) -= J + J + 1 
: 	 ' .'. 1 ISI) 1. -;-' 1;1i 

Bul. Lhe Inl('gra! 

J K (x-t l dh( 
1.,,-1. . -': b 

.\ 

= sup L KI1 (x-t ) (h(t¡ ) - hI t , 1 )) 
i= 

where U1C supn'mum has Iwen lakcn wllh 
rcspecl lo al! p;'lrUlIons P:x - b = lo < I1 < lo¿ ...< 

(11 = x+o 01' lx-/) . x+bj. But we. can wrlle 

N

L Kn (x - t i ) {h ( t i) - h ( t : ) } 
1=1 

L ~:'~ l (K ) Ó¡(h) + 
U<J ' <N 

Kn (x-/i) [h (x+/i ) - h (x-&) 1 

whcre 

6 , (h) = h ( t ¡ ) - h (t ¡. · ) and~: ( Kr,) 

K" ( 1) - KI' (t r . ) . 

ow uslng Hólder's lnequallly ( ' f. Young 171 
p.2541. we ohtaln for p,q > O . ·a ll slyln~ 

1.+1.> 1 p q , 

NIL K,, (x-t il (h(t ¡ l - hIt ) ] [ .$ 
J=1 

11+L .~ 

n- ( -;; 
1 

1- -; l) 
n= ! 

Sln('e h Is I'OnUI1UOlls. V'I(h) = O ('m m Tht' tm:1H e 
ílIHI VI'(K,J Is houl1c1ed . 1l!'11('I' hy t h(' (kflnlllons 

of Vp(K,J anu Vq(hl, we o)¡lrlln 

1 , = [n J K,, (x - L) c1h ( ) I < E 
1.-:- : le. ¡, 

ror a glvC'n arhlLrmy S lila 11 poslt Iv(' E. NI)W \Vt' 

proc('ee! In shnw lhal lVp(K1J I Is unlfonllly 
hounckd In n . ln('(' . ror O = lo < ... 1" = 2rr. 

-1-= p., '" p e,~I,= 
L., ;.=I ,r-' 

os k , +iP~ L P"- . sin kt ,1-, 

c;ln he wrlUcn Inlo [('al and Imaglllilly parts .)1 
KII (I .) . ny uslng 1\1)('l's lmJ1sfo m¡¡lUOn nn r('al p¡¡rl 

of K,, (I¡) , we t'an w rll(' 

" -,.1 '" [JI¡-¡' r-QS kt ,L., 	 = 
io;;=[ J 

n- I 


P~ L ~I " D,;( t,) + P ; ¡ D¡¡( t . ) 

-:= 

whrr(' Dn(tJ L	11 

('OS 1\1., (\l'nol('s LJlrjeh1cl's 
k=l> 

kprne1. Il wtIJ he sufflej('nl lo show that Uw real 
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266 Slddlql 

parl 01" Kn(t) belongs to Vp unll"onnly In n. SLncc 
lhc real parl 01' 

[K1¡( t 1) - Kr¡( t i ) 1 = 

+ p~ Pi [D" (L,) + D" (t 1 . 1) 1 

And by uslng Mean Valuc Theof('Ill , we can wr lte 

¡he real par! uf KlI(t) - Ku{4- ¡} Is r.c¡ual lo 

11- 1 

p~ I ÓPl.,D ',(E,¡)(l-l¡)+
,=' 

P-;-: Pi D ' . I~ 1 l (t-	 (3 ) 

whl' re r)' k{~I) deno tes delivaUvc of Dk(t) at th e 

polnl t,¡ E ((i · [,tJ . Jlenee (~l ) Is ,n;.lJOIiscd by 

IM :S M( -t i 1 ) 

wht'rt' M Is an rlbSll lutc consl<llll. l lenc(' , for 1 :s 
(l < ' ,oO , UlP. real p,ul uf 

(I ( L ) - )I J :s 2 n:K 	 [\. ( t - H, 

,1Ild , I.herefof(! , Ihe n'al prlrl of}{n(1) bclongs Lo Vp 

unJfümlly In n . Slmllarly, we I'an show lhat. the 
Imaglnary pan of KlI(t) bdongs In VI' unlforl1l ly 

lI\ n . lknce (VI'(K,J I 1:-; unlfonnly bounued Ln n 
and 

llm K,,( 	 . ) = O for all ' . ~ O (mad 2n: ) 

FUI1.her h(i) ls conUnuous parl of r. henC't~ uslng 
Young convergencc Ulcorem B , we oblRln , 

lim J KII (x- t) 
-,>,. "-1 l.' 8 

whlch Impl1e~ 12 -) °as 11 ->00. '1111s compleles t.he 
proof O[ Uworem l . 

A ürlllnu melhou of SlI m 111;'1 hll Ity (N.p) 
wh lch Is rcgllUlr ,lOd saUsfles thc conulUons I 
: IJld 11of Thcofem ) will Le called éln admtsslble 
n\(~ lhou. [Ient'l' we c1f'dur.c Ule followlng !heorern 
from Theof('m l. 

Theorem 2 
l . 

For every fE Vp (1::;: P< 2), the lollOWlng:; 
are equlvalenL 

(1) f Is conUnuous 

(11) 11 Jh 
(k)/

'2lis slImmablc (N,P) lo zero byan 

admlsslble mcthod. 

h •
(11 1) U.I (k) lJ ls sll lllm a h lc (N.P) lo zero hy an 

acLmlss lble mcthod. 

Proof: 

S u pposc that f Is contlnuolls In [O,2rrll . 
Hcn ce D(x) = O rorall x E [O.2rrl. Slncc the convo

luUon nf f E VI' ' d d lned by 

1 ;Ut 

f'(x l = 	 - f f (x+t) dF(t) , 
2 n: . ' 1 

exls!." only tor I ~ Jl < 2 by ThcorcllI A [or evcry x 
whlch cines 1101. bdong lo .1 countah lf' set [) 01 
numhr.rs Ix¡l . wh('rc {x]1 are (.he polnL" of 
uls('onUnuIUes of 1. Wf'. tk ft nc fm x ' In D . 

f ' (x ') = Um f' ( x ) . 
_..~.~- ¡ + , 

11. 15 e<l s !Jy SCell I h;-lI. 1* E VI' ( 1 :s p < 2) fmlll 

Theorelll A ;.¡nd lLo.; Fourlcr-Young s('rl(~s b 

L Ij ' (k ) I '2eikx, SlfI('e (d. Zygmund IRI p .R JO) . 

1 . ' It 

f" (x) = - f f IX i dh ( l + 
2n " 

Il follows Olal 

1 
f ' (+O) - f (-O ) 2n I 

M 

)=1 ' ID (x) I' 

where summalJon ls takcn aver ",11 Ilw polnls al' 
dlsconUnlll1y oC I In IO,2n:[ ami h Is eonUnuous 

parl of f ueflnccl ln (1 ). Applylng Lheon:m 1 on ( 
al x = O. we oblam thal ¡¡} (kJ/2 1 ls summabk 

(N ,p) lo 
1 ~ 

-2 ~ 
n: L p u 

;¿ 
ID (Xi) I whlch ls zero hy 

hypot.hcsIS. 

"ience (1) ~ (11) 
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267 Sequences of Fourler-Young coefficlents 

IfUJ(klI2J 18 summable (N,p) to zero lhcn by 
Schwarz's Inequal.1ty. we obtaJn that nJ(klll Is 

Slm1mablt' (N,p) lo zero and hence (11) =} (1ti). 

Furlher. Ir HJ(kllJ Is summ~b¡'f (N,p) lo zero 

then D(x) =o v X E 10,21'(1 by applYlng lheorem 1. 
Ilcnce f I~ contlnuaus In fO,2nl . Thls completes 

thc proof orTheorem 2. 

Thcorem 2 extend~ lo varlous t.heorcms on 
conUnully to Wlener's c1ass Vp .tndudlng those 
given by Wlencr /61. LozlnskIJI31. Malveev 141 (er. 
Ban/ J1pa~e 256) ~nd Golubov 121· 

Wc also Ilke lo remark !hal r!teo &Hl QI~ ~n 
lfinfP lrup for r¿ 2. flor Wf h;wr. Ihe' followtnl 
funcUons : 

(4) 

11 ls t'asy to verily (el. Zy,gmunu 181 p .241 -243) 
tJm II 101 h s('rles In (4) converges fa \' all x. We also 
nole IR] lhal f(xl Is .1 dlsC'onUnues funcUon 
Ilf'longlng to V I :1m 1 g(x) h('lonl!s lo Llp I/i ami 
henre lJclongs tn V'l.. Wc c:an compul<' thc 
Fourkr-Young cOl'fflclenG.I(k) = g(k) = I for k = 

) .2.3 ....and "I (O) = 9" (01 = O. Ileorc we nhtalo Iwn 
(unC'Uons r <lnd f!. !wlonglng lo VI'(2 _ P < 00); nne 
Is rlls(:onl1nues <l od olhel' is conUnuous such 

1\ 1\
lhal..f (k) = 9 (k) f()r k = 0 . 1.2 ... .. Ilt'nce 1'11('or cl11 
2 mnnol he (~xl('nd('d lor p 2: 2 In '('nns of 
Fourler-Young t'oeflklcnls. 

J\pplylll~ Theorem I and Thcorem 2. we C<l n 
prove thl' lollowing UH'orem . 

Tbeorem 3 
I..el (N,p) 1)(' ;m :otdmlsslhlc orlunu mel.hod 

of ::;umm<lhlltty 

(1) 'f L~ (l < 2 . U1f'11 lhe condlUon thalll.l (k)!l 
ls sumlllélbk (N.p) lo zero . Is necessary and 
sumetenl for rof Vp t.o he ('onUnuolls. 

(11) 11' P ~ 2. lhen lhe condlUon lhal ¡¡-,(kllJ 
ts summahle (N, p) lo zero. remalos ~ufflclenl bul 
Is no longer ne/~cssary ror fo fVI' lo be conUnuous. 
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