
Rev. Téc. Ing. Un1v. ZulJa. Vol. 16, No. 3,247-251 .1993 
I 

Mikusinski's operational calculu5 for an 

operator containing a fractional derivative 

Jorge J. Betancor y Javier A. Barrios~ 
Departamento de Análisis Matemático. Universidad de La LagWla. La LagWJa-Tenerife 


Islas Canarias-España 


*Departamento de &onomía Aplicada. Universidad de La Laguna. Lq Laguna-Tenerife 
Islas Canarias-España 

Abstrae! 
In th1s paper we dcvelof1 an opcraUoDaI caIculus for the operalor !<P.li.= rCtDr- 1titO wtl.h p> 1 and 

a> -1 according to the Ideas of J . Mlkusln kl. Here Op- I represent~ the Rtemann-Llouvillr fracUona] 
derivaUvc of (p- l}-th order. 
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Cálculo operacional de Mikusinski para un 
operador que contiene una derivada fraccionaria 

Resumen 

En f!stc trabajo desarrollamos un cálculo operacional para el pemdor Kp.((= r(lO,,- ll((D cuando 
p> 1 Y OC> - 1 sIgUiendo las Ideas de J. Mlkuslnskl . DP-J r prcsel)ta aquí la derivada fraccionarIa de 
Rlema.nn-LtouVlllc de ordpn pol o 

Palabras claves: Cakulo ue MlkustnskJ. derivada fracciona], Integral de Riemann-Ltouvtlle. 

Introduction for f.g E c2 (O.",,) . Thls ca1culus reduces lo Dllk1n's 
calculus for OtD when I.J.= O. Rec 'nUy E.L. Koh 

The founda! lons of lhe operaUonal cakuJus [51. 161 and 171 has lmproveJ the results of N.A. 
were devcloped by J. Mlkuslnsk1111. V.A. OIlk1n Mell r removlng tlle restrlcUon ~l< 1 and 
and AP. Pmudnlkov 12) conslructcd an opcra obtalnlng an operallonal caJcuJus for BJi when 
llona] 'a1culus for the operator Oto. N.A. Mellcr 11>-1 . The study oC tlle operalor BII has beeo 
131 and 141 onsldercd the opemlor BJi= CII completed 'by J . Rodriguez [81 who extenued tlle 

1DllI+ wltll - 1 <!l. < l . She developed i he corre  operaUonaJ caJculus to vaIues of J.l:f-l. I.H . 
pondlng calculus tllrough tlle _onvoluUon ope DlmovskJ. In a erles of papers (see (9). 1101. 
raUon 1111 and 1121l . Investtgated operaUonal 


calcu)us for lhe generalized Bessel-type operator 

( t*g) (t) = f(1+1.J.~f(1-J.l) ddc (t-{,)-jI f' oDf' l .. . m!l" a10ng the Unes of J . M1ku~ lnsk1. 


The works 01" V.S. K.Iryakova 1131 , I.H. 

d 1dI!;Icff:,~d~ o u 1l1l(1-x)lIf(XlÜ g(l-X)(~-lÜ)dxdr¡d~ 	 Dlmovsk1 and V.S. K.lryakova 1141. 1151 and 1.11. 

DlmovskJ 116) are 1mportant In thJs arca. 
provtdlng further d velopmcnland new pOlnts of 
vlew. 
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In thJs paper we develop an operatJonal 
calculus for the operator Kp.CI. = (Cl.DP- ltuO when 

D>1 and 0.>- 1. Here op-I 18 undcrstood as the 

R1emann-L1ouville fracUonal dertvaOve {see B. 

Ross 1171J of (p - 1)-lb order. 'Ole operator Kp.CI. tor 
PE N, appears of Investtgatlons ofE. KraltzellI8) 
on a generallzaUon of fue Laplace integral 

uansforrn. Recently . J. Rodríguez 119) construc
red an operaUonaJ caJculu. for K2.2).l+1 wtth 
~ E R, through the field extenslon of a com
mutaUve rtng wtthout dtv1sors of zero. 

FurU1er. p> 1 and n>- J. We Introduce the 
sel oC funcUon . 

A, • ¡titl . ~a,t 'o, ~ ela,! e' and 

1
l.:.rn I.:Inl';" = 0
n~"" f 

By del1nlng on Ap me usual operatlons 
)1' addlUon and muJUpllc.aUon by complex num
crs, Ap I~ a Unear space over C. 

TI úrder lo dcvelop an operaUonaI ca1culus 
'or }{p.a. we deftne a convoJuUon operaUon • on 
1 '1' as follows 

f *g = T 1 (Tf#Tg) , for f, g E Ap 

where: 

(E#g) (ti 

n(o/p)+l) t~-PDtp-aD(1+1r ru(1(t_u)(1f(uvvp) 
pf(tt+l) o o 

g« t-u)(l-v) '/p)dvdu 

for f,g E Ap; 

(Tf) (t) 

for f (t) = ¿,an t pn E Ap 

n=O 

and Da.+ 1 denotes th Rlemann-Llouvtlle 
fracUonal derlvattve of (a+ 1)-Lb order. 

It ls not dÚlcult to prove that 

f(o/p}±1) f(pk+a.+l)r(pmta+l)f(k+l) 
f(a1-1)f(p.(k+m)+a+ l)r(k+mt-1) 

r(mtl)r(k+m+1+(o/p» xP(Jr+m) 

í(k+1+(o/p»f(m+ 1 +(o/p» 

for every m,k E N. Hence. In Vlrtue 01 the SUrllng 
~onnula. * 1, a closed opcraUon in Ap . 

Moreover. from (1) we can ea lly derive 
the followtng properUes for *. 


Proposition 1 : Lel f. g and h he in Ap ami a E C. 

Then. 


1) f*(g*h) = (f*g}*h. 

11) ~g = g"'h. 

UJ) a*f =ar. 
Iv) f*(g+h) = f*g+f*h, 

v) f*g=O lf, and onJy lf. f=O or g=O. 

In virtue of ProposlUon 1, Ap endowed wUh 
fue operatlons + and * ls a domaJn of Inte
grtty. Therefore, we can define the quoUent 
fleld Mp=Apx(Ap-IO))/-. where - denote as usual 
me eqwvalence relation 

(f. g) - (F . G) ~ f*G=g*F. for f, FE. Ap 

and g. G E Ap.- ( O) . 

In the sequel, for s1.mpl1clty's sake we shall 
denole by flg the member of Mp corre ponding 
lo (f,g) E Apx{Ap-{O». lf fE Ap. we will wrtte f aJso 
to denote fue element f/ 1 of Mp. Moreover. lf 
o; and ~ E Mp. th~n aJ~ wt1l represent o;*W 1, where 
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• 19 now undergtood !lg the mu]UpltmUon in 
Mp. FtnaJlyo If a E Mp and k E N, we wlll 
denote ak=a*. . k. *el. 

On the othcr hando we have 

. lfn~O 

f(pnta)pn , lfnEN -¡ O)
r(p(n-l}+CX+1) 

(2) 

[ben Kpou 15 RO homomorphlsm [rom Ap onto 
Ilself. 

We now Introduce lhe operalorWp.u defLned 
by 

f· u- a I p-l uUf ( u)du, forW1l,U E(t) 
o 

f E Ar , 

whcre IP I denoles lhe R1emann-Llouvllle inlegral 
uf (1"-1)-111 order (see B. Ross 117)). )lls casy lo 
Sf'C lhal 

r(pn+<X+1) 
r(p(n+1)-Hl} p(n+l) , 

for cvery n E N, (~~) 

Hence Wp ,lJ Is one lo one homomorph.Jsm 
[rom I\p Inlo ltsc1f. Moreover from (2) and (3) 
onl' deduces 

Wpo(l Kf\,U f{t):f ( t )- f(O) (4) 

and Kp,oWp,uf(t) = [(t) o for every f Ap. 

In Vlrlue of (1) and (3) we can obtaln l11al' 

kWpollj{t) = 

f (t) * (l+(o/p»f(U+l) tP*,~* (l+(o/p»f(a+l) tP 
r(p+a+1) f(p+Cl+l) 

(5) 

for every fE Ap and k E N. 

By comblnJng (4) and (5) we gel 

K~,tlf(t) = V~,tt'(f(t)-f((l)). for f e Ap, (6) 
Pp+<x+l)where Vpn: ----'\=----'-

, (1+{o/p»f(el+l) t! 

Also, for every f E Ap and k E None ha 

k-l 

k k {1 1'-1 1 IKpouf(t) = Vp ,a*f(t) - LVi> nKp nf(t) t=o. 

1=0 

The aboye results can be sununartzed lO the 
folloWlOg 

PropOSitiOD 2 : Let f E /\p. Then, for every k E N 

and 
¡,

v/ex* f( e) - L V ~~~ ,J exf( t) I t=Cí 

,=(1 

We now con tder Ihe dUJcrenUal equaUon 

Kp,ft f I tJ = af (t) (7) 

wll11 a E R. It Is not dlfücult to see Ihat thc 
funcUon 

_ n 

_ '" nOr(P(J-l)+a+l) PA 
ep ,a,,,(t) - ~a r(pj+a)pj t 

n= .1=1 

o 
where n Is understood as l. 18 a soluUon of 

}<1 

(7) on /\p. as a speclal case ofthe hyper-Bessel 
funcUons of Oe!erue (see 1141). Moreover, lf 
fE Ap solves (7). lhen 1'(t)=f(O)ep ex , a( t) , 

Thereforc by InvokJng (6) It follows 

aep , \l , a( t) = Vp , a*(ep, a, a( t)- l) 

and 
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~ el' (t, d(t) = (8) 
Vp ,rc a 

By proccedrng as In [51. p.296, we can 

oblAtn new opcraUonal ru les Invovl ng C~ .a.a and 
Vp,a.. 

AppHcatlofts 
In thls ::¡ccUon wc analyze 50IllC i:lvpllca-

Uans of lhc oprraUonal ralculus dcvelopccl In 
lht' prevlous paragraph. Wr 'olvc some fun e
lIanal cquaUons Involvlng lhe opcréltor Kr.a vla 

I1w nbovc opcraUonal crucutus . 

whc re 

él u * O. a l ;é a j' for 1..1 = 1,2 , .. . ,k and i *j. a ncl rTl< E 

N-fOI, for i= ) .2 .... ,k. We Wlsh lo nnd fllne Uon s 
y In Ap suc'h thal 

(~)P ( K!' .u. ) Y = f 

wlwn' f E A,. Is ~1Vl'n amll'(Kp.,J Is unc1t' rslnod m; 
(Isual by 

At't'tlrcllng lo (H) WC' can wrlle 

do ( Vp , Ct a )" (Kp , (J. -a )",:-1. (Kp , Ct -a. )(fr . 

. . . . (X" ,(L -ad 'o'y{t) = t ( t ) .j Hl, oVr , Cto 

where H 1,1 = a l ( Kr,fI a -a )m,

• (Kp, CJ. -a )ro, _", ' (Kp. (Cd¡Jmky{t) I r=o , 

Oy n'pe<1UJl~ the ar~um{'nt WC ~cl 

d" TI (Vp, Ct - d ¡)"" *y{t) = 

k J- m, 

f( t) + L n( Vp , Ct-a/ "t*I, H J , .1 Vil, Cl . Vp, Ct- d 1) ,-1 

¡= f = I 
w1th 

H" i = a o(Kp , oc-.a f ' -l -(KIl,Ct-al+I )"' 

(Kp,U-ak )m'y{ t ) 1 /.=11 

o 

for 1=1. ,.. , rnJ and J=l. 2, k"lIere I1 
p,.:! 

undcrslood as l . 

Therefore 

1 1 
Yl ~) = - *'(~J1,a l 

TI (Vp . ce a, )no 

-: 1 

¡. m, 
H1 , ' Ve u 

+ I I ~ d i mI.
7=. ,1= ' 

(Vp,cc al)"' -,+1 *TI (11:r , ' al) 
f= , t i 

k 

1 (¡>rc n 18 also unuerslood as l. 
f=k.¡. l 

Wc can fine! slllt"ble cons lants Cw •t: for 
w= I , ... ,m~ <1nd i=I ., .. ,k. amI CW.j.l , Cor 
w = I ... . ,lllrl+ l. 1= 1 , ... ,I11i élndJ= I .... . k , such th~1 

1 

k oli m.- /+ 
C"l, ¿ CIY, " ' 

+I I al) ~' L d ¡)'"(Vp, a- (VI' , a.l = 7+1 l',e: 1 t..c:l 

k 

Nuw L Is understood <1::' O . 

f=k.¡.1 


Hent~e lhe gt'ncral soluUon of (9) on !Ir Is 

k m. [ 
, ri )~lf( ) . I ~ (l+(%» )f(CX+l ) r ( ) 
.n t - t* L.JC , ¡ r L*eptt/, t 

d o ' (p+<X.+ l ) ' . 
i-l h.t=l 

k m, 

+I ~BW, l [ e p,a. ,a, ( t )r , 
1= 1 .0.= , 

where Bw.j, for W=l, ... ,I11¡ and .1= 1,.. ,k. are 
arbltrary constants . 
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251 MlkuslnskJ's operallonaJ calcuJus 

We can Employ él similar procedurc lo 
solve (he systems of equaUons 

P (Kp,ex) y f 

where n E N. P(I{p.cJ=(J'¡./Kp.u))f:t= 1 and Pi.j , 

l,j= 1, ... ,n, denotr. 

JI 

polynomlals. f= . wlth glven f¡ E Ap , 1= 1.... ,n, 

y= WJUl unknown 11 E Ap,1=1.. .. ,n. 

lJ" 
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