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Hamiltonian path of Mk - V 

Eduardo Montenegro and Reinaldo Salazar Espinoza 
Instituto de Matemáticas.UnÚJersidad Católica de Valparaiso. ValpaTaíso - Ch1le 

Abstraet 
Let Mk be a graph which ls obtained by successlve substitutlons (2) oC k vertices oC a complete 

graph Kn (k ~ n). by tsomorphlc copies oC tbe cycle en-l . We prove that "For eacb pair of distinct verlices 
x. y adJacent to a verta v. there la at least a x-y hamUtonlan path of Mrv". where v Js a verta In Mk. 
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Trayectoria Hamiltoniana de Mk - v 

Resumen 


Sea Mk un gráfico el cual se obtiene por sustitudones sucesivas (2) de k vértices de un gráfico 
completo Kn (k S n). por coplas lsomórt}cas del dclo en-l . Probamos que "para cada par de vértices 
distintos x. y adyacentes al vértice v. existe al menos una trayectoria bam1ltontana x-y de Mk - y". donde 
v es un vértice en Mk. 

Palabras claves: Trayclorla HamUtonlana. gráfico. 

1. Introductlon 
A graph G 18 a system (V.E) where V=V (G) 

18 a 6nite nonempty seto The elements of Vare 
called "vertlces" and E=E (G) (posslbly empty) Is 
a set oC palcs (x.y) . where x and y are different 
vertices in V: the members oC E are called "ed 
ges". For any verta x denote by Nx the set of 
netghbors oC x. 

To slmpl1fy lhe notatlon. an edge (x.y) ls 
wrttten as xy. A graph G 15 defined to be Hamil
tornan 1f It has a cycle conta1nlng all lhe vert1ces 
of G. A cycle o( a graph G contain every vertex of 
Gis called a HamJltonlan cycle: thus a HamUto
nian graph Is one that possesses a Ham1Itonlan 
cycle. A palh in a graph G containing every vertex 
of G Is called HamUtonian palli. Other concepts 
used In th1s papel' and not de6ned expUciUy can 
be found m 11). 

An operatlon. introduced in [2J . called 
substltution In performed by replactng a vertex 
with a graph: a more precise descr1ptlon Is the 
followmg: Assume that G and K are two graphs 
with no common vert1ces. For a vertex y In G and 
a functJon s : Nv ~ V(K). we define fue .ubstitu
tion of lhe vertex v by fue grapb K. as the 
graph M= G (v.s) K such lliat: 

V(M) =lV(G) U V(K)J - Ivl (1) 

E(M) = [ E(G) U E(K) U (xs(x)/ x E Nv l1 (2) 

- I VX / x E Nvl. 

Note llial the vertex v Is the vertex substl
tuted by Km G. under the substttutloD functlon 
s . 
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28 Montenegro and Salazar 

Figure 1 shows a diagram of the graph Figure 2 shows a diagram oC fue graph 

K(l,5)(v,s)Ks. where thevertexvofK(1.5) ls subs G(V,8)ft where the vertex v of G 18 8ubstituted by 

tituted by Ks through the biJective functlon K.. through the functlori s : Nv -+ V(K): note lhal 

s:Nv -+ V(K). the ftmction s Is nol necessarly bijecUve. 
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Remark : In thls paperwe w1ll assume that 

the 8ubstltutlon functlons are bljective, 

Now let Vl .....Vp be the vert1ces ofa graph G 
and H), .. ,Hp• a eequence of graphs With no com
mon vert1ces between themeelves andWith G, We 

wlll denote by Mk =Mk-) (V'k.sk;)Hk. 1 :s; k ~ p. tbe 

graph which 18 obtalned by substitutlon of p 

vertJces ofGby Pgraphs Ht.l ~1~ p. where Mo=G, 
In other words, MI denotes a graph obtatned by 

substltutlon of only one vertex oC G. M2 denotes 
a graph obtatned by substitutton of on1y one 
verta of MI. and 80 on; thus recurstvely we get 
Ms..... Mp. Note that every vertex substltuted 
must belong to V{G). 

In (51 Sabtdussllntroduced a grapb opern
tlon by the followtng constructlon: 

Glven a grapb G, the graph O' ts de.flned by 

l. V(O')= !lx.e) E V(G, x E(G)/ x Is Inctdent wUh el 

n. E(O') =(x.e) (x'.e' , E E(G') lff x= X' and e"# e' or 
X-F- X and e=e' 

The graph O· may be seen to be fue result 
of substttutlng eachvertex v of O by the complete 

graph Kdeg(vl through biJectíve subatltutlon func

Hons, Figura 3 shows a dJagram of a grapb M¡J , 
where the súbstltution functlons SI. 1 ~ 1~ 4. are 

blJectlve and tbe graphs HI are lsomorphic to C3. 
Note tbat M4 la tsomorphlc to CK4l'. 

In tbe foUow1ng we wt1l assume that tbe 

substitutions to be considered are formed by 

replactng the vertices of Kn by tsomorph!c coptes 
ofCn-}; lfHla a isomorphic copy of Cn-l, we wrlte 

Kn{H) to denote a graph obtalned by substltutlng 
each verta of the complete graph Kn by H, by 
means oC a biJectlve substltuUon and we ca1l Mk 
a graph obtamed by successive substltutlons of 
K vertlces of Kn, k S n . We say tbat s(vd Is lhe 
proJectlon ofvl under s. when VIs{V~ ls an edge of 
Mk and VI ls a vertex not substltuted in Mk. 

An operntlon called r~&tllutlon (4) 18 perfor
med by replactng a graph by a vertex: a more 
preclse descrtptlon in the foUowtng: Assumé that 
G and K are two graphswithno commonvertices. 
For a vertex v in G and a biJecUve functlon s: 
Nv -} V(K) . we define fue resUtutlon of lhe vertex 

I 

I 
Figure 3 
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v. by the grapb Kas tbe graph M-I =K (s,v)M such 
thal: 

l. V(M- J)= (V(M) - s(Nvn U /vi 
11. E(M-I)= [E(M)-. (E(K) U !xs(x)/ X E Nv})1 

U Ivx/x E Nvl and 

lli. M = G (v.s) K. 

Note that the vertex v La the vertex restored 
by K in G, under the restorlng ftmction s-l ; 

Figure 4. shows a diagram of the graph MI. 
where lhe vertex. v oC M-l le restored by K e M 
through a bljective functlons s: Nv ~ V{K). 

Note that V(Mk):2 WII;. 

Let uv be an edge of Mil:. We 88.y that UV 18 

an intemal edge [2) JI uv e E (H~ for any 1 e J n• 

1f UV E E (Hd Cor every I E Jo we will ca1led by 
external edge 12). Note that by no means an 
internal edge te external and conversely. 

Lemma 2. A graph Mil: doee nol bave 
Internal and extmutl edges 
at tbe same ~e. 

Proof: By deflnltlon of the extemal 
and tbe lntemaJ edg~. 
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Figure 4 

2. Resolution of the problem 
Lemma S Fo.- every palr fue adJacent

The foUowtng Lemma. can be easlly proved. 
edge In M). there 1& at least a 
bam1ltonian cycle In whlch 

Lemma 1: MI= Kn(v.s} Cn-l te bamiJ are contalned. 
tonfan-connected. Proof: See (4) 


Theorem 1: For each palr of dlstlnct ver


Now. we wtll denote by: 	 tices u. v proJect1on& ol Ul. VI 

(UI ~ vil ,In WII; respectlvely. 
there 18 a u-v path In Mil 

J n = I 1.2......nl. WIF; = V (HJ)U .... U V(HIJ. wh1ch contalns aJJ vert1ces oC 
where HI = en-l. n ~ 4 and I E J n and Rk = Mk  WIl. and no othera vcrttces oC 
Wk (1). Mk. 
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Proof: See (3) 
Corollary: 1. The grapbs Mk are hamU

toman 
2. Kn (en. }) are hamIltonlan. 

Theorem 2: For each palr of di8tinct ver
tices x. y adjacent lo the ver
tex: v in Mk. there 18 a hamtl

toman path x-y of Mrv (n ~ 4 
andn~k+3) 

Proof: In the proof of the theorem we must 

dlstlngulsh two cases. In the first one we use 
induction aruI the other case we use Theorem 1. 

Wlthout 1088 ofgenerallty. we may focus the 
anaIysis in the cycle H 1 or cycle Hk of Mk. in all 
fue cases. 

We will prove that for each of dlstlnct verti
ces x.y adjacent to v in Mk. tbere 15 a hamiltonian 
path.x-y ofMk -v. 

CASE l. (by inductlon on k. 1 ~ k ~ n) 

1f k =1 fue result le true (by the precedlng 
Lemma 1). 

Let v be an arbttrary vertex in fue cycle Hk. 
therefore Nv ={x,y.zl. where x. y are in Hk and z 
18 in another cycle HI or z ls a vertex not subatl

tuted in Mk (see Figure 5.a or S.b.). 

Assume now tbat the Theorem la true for 

MI, ... ·, Mk-l . 

Let x: be a vertex adJacent lo x belongtng to 

By restitution ofavertexVk In Mk, we obtain 
a graph Mk.l, note that x' and z are adJacent to 
Vk in Mk.}. By tbe lnductlon hypothesia. fuere 19 

a hamiltonian path P' oC Mk-l - Vk of extremes 
x'- Z. 

Now in Mk - v. tbls patb P' • together tbe 
edge xx' and path x - y of length n-3 whlch 
contains n-3 edges of Hk. form a hamiltonian 
path P ofMlt-v ofextremes z-y. The paths x-z and 
x-y are obtained respectlvely In a si.mJlar way. 

I 

I l' -•. " 

1,..._- ~_~., 

~ 
H 

Figure 5.a Figure 5.b 
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CASE 2. 
Let v be a vertex not substltuted In MIL Jt 

and Ybe vertices adjacent to v; we must distin

gu1sh three subcases. hut it Is necessary to 
conslder only one ol them. since by restltutlon 
tbe other subcases are similar. 

The three subcases that we distinguish are 
the foUowing (see Figure 6) 

Proof of subease 1. 
Notlce that for any vertex z (z *- v) adjacent 

to x we have lhat Nz:: fu. Zl. x). so that u Is not 
In. HIl. then lhe roUowln.gsltuations can occur: 

1. u Is a vertex not substituted in Mk. 

By restltutlon ofavertex Vk in Mk. we obtatn 
a graph Mk-l: note that the vertex y is fue proJec
tlon or fue vertex v In H 1: now conslder another 
vertex w. proJection of some vertex VI. such that 
v¡is different from u,v and Yk by theorem 2. 

there 18 ay-w path, which coIitains all vertice8 oC 
cycles HJ. 1 ~j ~ k-J (Figure 7.a). 

Now In Mk (Figure 7.b). fue patb y-w. also 
edgewvl. v,-u patb wlúch contains aD vertlces Jlol 
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Figura 7.a 
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substltuted exceptlngv. edge uz and the x-zpath 
of length n-2 whlch cont.aJns n -2 edges oC Hk. 
Conn a hamJltonian path oC a Mil: - v wtth extre
mes x-y. 

U. u belongs to HI, Cor sorne l. i * k. 

In thJs sltuaUon we apply fue fonner proce
dure to Nu , until we get subcase 1.. after an 
approprtate nll.ll1ber of restituUons. 
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