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A f e w  years  ago. t h e  author suMxtded in extending 
lhe  maln law of laminar flows t o  certain more general 
l o rms  of hoop cross sections, namely by using 
j:eometrlcal and analytical considerations of new type. 
" h e  present paper deals with the  case  of elliptical 
!;ections f o r  which the  theory of elliptic integrals 
;illows of a quite simple integral respresentation and 
8;eries expansion f o r  t he  so-called volume stream. 

RESUMEN 

Hace unos pocos allos e l  autor logró extender la  ley 
lirincipal del f l u jo  laminar a una c ier ta  forma mds 
:general de  secciones transversales circulares, a saber 
isando consideraciones geométricas y analltlcas de un 
iuevo tipo. El presente t r aba jo  t r a t a  e l  caso de  
jecciones elipticas pa ra  las cuales la  teor la  de  
integralea ellpticas permite una representación integral 
:ompletamente simple y un desarrollo en serie para  e l  
asl llamado f lu jo  de  volumen. 

As i t  i s  well-known. the  Hagen-Polseullle law on 
laminar flow of Newtonian fluids (1839-40) which has  
become famil iar  shortly a f t e r  i t s  finding on varuous 
f i lds  of physics, chemistry and biology. recently was  
built a lso  into the  engineering. (Cf. e.g. 131. 161, 
1131). However i t s  application possibilites a r e  very 
limited by ?he f a c t  t ha t  th is  relation holds, strictly 

speaiting, oniy in the  case  o1 circular o r  annular cross  
sections. In any other case, t he  classical deduction of 
the  law (establishing the  condition of equilibrium f o r  
the  totality of forces  acting t o  an  infinitesimal 
streamllne. and hence conclusion by integration t o  the  
corresponding speed distribution and volume stream. 
respectively cf.  e.g. [ lo])  yields merel) 
approximative results.  The situation remains the  same if 
we start f rom and "analogy of Greenhill" (1881) and 
assume tha t  t he  velocity v satisfies everywhere in the  
flow domain the  Poisson equation Av = constant with the  
boundary condition v = O. (See e.g. 121, 179-182; 131. 
95-98; 1101. 660-663; 1111, 62-63.) 

ON THE EXTENSION OF THE BASIC LAW OF LAMINAR nows BY 
MEANS OF n L l m l c  I ~ G R A L S  

In the  practice. i t  has been used until recent past 
another idea: t o  t r y  the  reduction of flows with more 
complicated cross  sections t o  the  case of circular ones 
on the  basis of t he  so-called hydraulic diameter. 
Unfortunately, some investigations in the  seventies 
showed hat  t h i s  way may result  essential e r ro r s  when the  
occurring pressure drop is calculated. (Cf. 1151). So 
since then cer ta in  approximate analytic methods have 
been preferred again on the  research field a t  issue. 
(E.g. 151 and 1161.) 

In t h i s  article.  a method of such type which arose 
during the  mathematical foundation of a new engine 
insulation technology (see 1121) is developed fur ther  
f o r  t he  important particular case  of elliptic ducts. 

11. A SPEED DI!XRIBUTION FORMULA 

FOR ELLIPTICAL DUGTS 

Let us  study a cylindrical pipe of length 1. 
containing so-called Newtonian fluid which flows 
stationarily with (scalar  1 velocity v. Suppose that  the  
cross  section of t he  pipe is limited by two concentric 
wllipses whose common centre lies on the  axis of the  
duct and such tha t  the  inner ellipse r ises  from the 
outer  one by a contraction in the  ra t io  1: c;  denote the  
half longer ax i s  of the  outer ellipse by a, t he  half 
shor ter  ax i s  of t he  same ellipse by b. If we assume 
stil l  t ha t  t he  s t ream lines a r e  parallel with the axis  
f o  t he  duct. then Newton's law yields the  shearing 
tension T along some "fluid stratum" a t  a disctance r 
f rom the  ax i s  i n  t he  form 

where the  f ac to r  of proportionality q i s  called "dynamic 
viscosity" of the  fluid. 
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Take on the  lnitial cross section of the pipe a 
Cartesian rectangular coordinate system xy such that  i t s  
origin O lies on the axis  fo r  the duct; let us facten to  
the  system a third axis  z. namely in the direction of 
the  flow. If the  system xy i s  supplemented also to  a 
planar polar system r p  with the same origin O, then the 
equation of the  outer ellipse of the cross section in 
the system r(p will be: 

Proof. lansider  a region A B O  In the  p i d e  Xy. 
which 1s bounded by the  elllpses r = 6R ( e  < 6 (11, r + 
Ar = (0 + A6)R and the  stralght llnes characterized by 
the  polar angles p. p + Ap. Let fa11 perpendlculars t o  
the  boundary points of ABCD, and cut the  bundle of these 
perpendlculars by two planes going through the polnts 
with coordinates 2, z + Az of the duct axis. fur ther  
b e i d  parallel wlth the  plane xy. (Cf. Figures 1.-2.) 
The condltlon of equllibrium f o r  a volume elemnt of the  
type just mentioned In the  coordlnate system xyz may be 
written: 

while the  inner ellipse in characterized by Ap. ( a rea  of ABCD) AZ . 
Llength of a). T ( ~ + ~ ~ ) ~  (7) 

r = c.ab(a%in% + b % ~ s \ ) - ' / ~  , (3) 

with O < e < 1. We remark a t  the same time: lf the duct Here pR' (p+Dp) denote the  value of the shearlng 

of the  flow 1s crossed by a plane through the z-axis, tension on those pa r t s  of the  volume element which a r e  
belonging t o  a polar angle p. then - R denoting the perpendicular t o  a and a , respect ively .  (Observe that  
right-hand expression in (2) - we obtaln a rectangle of these tensions are approxlmately constant whenever the 
breadth (1 - c)R and of length l. For the sake of volume element i s  "small"; fur ther  the concept of 
brevity, we want to  use in the seque1 not only the  shearlng tension implles tha t  I t  does not effect on the 
notation se t  of boundary points correspondlng t o  and BC.) 

The measures occurrlng in the  above formula can be 

R = R(p) = ab / Ja2s in2p  + b2cos2p , (4) obtalned by well-known propositlons of dlfferentlal 
geometry; we have namely 

but also we wri te  throughout RI fo r  dR/dq 
length of a = 6 A s .  length of O = (6  + A6)As. 

Now. our setting of objective is t o  deduce a new 
a rea  0f ABCD = A6(26 + A6)AI. 

expression f o r  the  shearing tension r and hence a where 
representation f o r  the velocity u, a s  functions of r and 
p. To tha t  end, we have t o  start wlth the stationarity 
condition of the flow in case of an arbi t rary volume 
element inside the  steam duct. As usual. we take the 
restrictions that  the  pressure p is constant on each 

A s  ='p l R ( t ) 1 2  + [ ~ l ( t ) 1 ~ d t .  (8) 

cross section of the duct. furthermore that  i t  is a 
linearly decreasing function of z. Note that  the second 
specification implies fo r  the difference Ap = p(z + Az) 
- p(z) ((0) the  formula: 

9 + A @  

Thus (7) 1s equivalent t o  the  formual (A6 0): 
where p ,, pz mean the  initial (maximall and the las t  

(minimal) pressure value, respectively. 
(~6)- ' [ (6+ A6)r(6+A6,a - OT +R 1 ( 6  + ~ 6 1 %  . E A1 , 

Theorem l .  On the above condltlons, the veloclty o f  
the f low ln elllptlcal duct sa t l s f l es  the followlng (10) 
dtstrtbutlon law: 

which by (51 fo r  A6 + O, Ap + O, As + 0 Implies 

where R has the neanlng (4) .  O < c < 1 and CR < r < R. 1.e. owing t o  (8)-(9) the dlfferentlal relation 
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I i tegrat ing with respect t o  6 and writing simply T =T, 

vre get  therefore 

tvhere f o r  al1 values of <p 

i i m M  = O  (13) 
e-o+ 

Iioids. But on the  basis of (1). (12) takes the form: 

M M E = p1-p2 r R  + ~ . < p  + c.9  R 
ar 2.1 i )  rl r m 

3r a f t e r  another integration with respect to  r: 

If we realize stili  the boundary conditions 

the  dependence of the integration parameters M. R on c 
and p can be specified easiiy. In fact ,  the suitabie 
substitutions in (14) show tha t  

Putting these expressions into (14). the asser-tion (6) 
follows irnrnediatly. 

I t  is t o  be streesed that  our result br,.omes in 
case of an annulus i.e. fo r  R = R = constant. iR = R = 

constant a well-known exact formula of flow icf. e.g. 
[lil. p.63): 

where O < R 2 <  r < R I  

111. GENERALIZATION OF THE HACEIÚ-POISEUILLE LAW 

Let us  denote by V the  so-calied valurne steam, ¡.e. 
the  valume of the  fluid flowing through some cross 
section of the  duct during the  unit of time. According 
t o  a s  ciassical formula of vector anaiysis. we have the  
double integral representation: 

v = 1 1 v dx dy, 

where u is t he  cross  section of the  duct and v = v(x,y) 
means the  velocity of flow. Appiying the  polar 
transformation x = rcoc(p, y = r sin9 and using the  above 
notations. the  integral (17) becomes 

Consequently, on the basis of (4) and ( 6 )  we get: 

The ia t ter  integral may aiso be written in the  
form: 

where c = (a2- b2)1/2 denotes the  linear ercentr lc i ty  of 
the outer boundary eilipse of the cross section a1 
issue, furthermore 

We remark tha t  (19) belongs by terms of the theory o j  
e l l ip t l c  funct ions  and integrals  (cf.  e.g. [41 o r  I141 
and 191, section 21.6) t o  the  class of complete eiliptic 
integrals of the  third kind, because it  can be 
transformed by the  substitution x = t g  <p into the type 

const. J x Z  + ' dx. (20) 

o ( a 2 x 2 + b 2 ) J  (aZx2+b2)2+c2x2 



In mch a way. one has the posslbllity o i  estimating 
(19) means of a r t a l n  elemmtary Integrals of ratlonal 
functlons. 

Nwerthelerr. thas 1s uiothcr. ?re elegant and 

advantageous method for  the rtudy of V, nunely the use 
of the mmection of ' ihe integral (19) wlth 

1.e. the so-called comp<ete e l l t p t k  Lntepal of the 
f l r s t  k M .  We mfer primarlly t o  i#c f a p  that for  
arbitrary real numbers k. A wlth k + A = l. the 
fransfamatlon formula 

Thus am)ylng t o  (19) the substltution p - - $ 
S and puttlng in (22) A = b2/a2. F~ = (a4-b4)/a . we 

obtaln 

and hsna by the a b m  i t  f o l l o m  

Theorem 2. Wlth notatlons of Theorem 1, the volume sream 
of a Newtonlan fluld in case of an elllptlcal duct can 
be expresscd as a simple elllptic integral, ~ m l y  

It 1s apparent that (24) reduces for  a=&R,= 

mnstant: d (1.e. ln case of an annulus), wlth 
notatlon CR =R t o  a formula lmown from the literature: 

1 2  

In particular for  R2+ O* (case of a ful l  clrcle), wlth 

notatlon R1 - p, (25) becomes 

wNch 1s the classlcal Iaw of Hagen and Polseullle. (Cf. 
e.g. IlOl. 662-663 and 1111. 63.1 

Finally Let us notlce that the method presented 
h m  for  extenslon of (25)-(26) could be developed 
further qulte n n n t l y  by the author also to a wide 
class of centrally symmetrlcal cross sectlons. 
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