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Over the years several authors have obtained 
rarious properties of the Laplace transformation with 
:he integration restricted to a finite interval. We 
iiscuss the operational properties and illustrate their 
~pplications t o  a boundary value problem for each an 
~rdinary and a partial differential equation problem. 
Ihe compatibility conditions which arise from the 
~roperty that the transform 1s an entire function play a 
tey r8le in applications t o  these boundary value 
3roblems. 

RESUMEN 

A travbs de los años diversos autores han obtenido 
;arias propiedades de la transformada de Laplace con la 
Integración restringida a un intervalo finito. Nosotros 
iiscutiremos las propiedades operacionales e 
;lustraremos sus aplicaciones a un problema de valor de 
mntorno en el caso que se tenga una ecuación 
iiferencial ordinaria 6 en drivadas parciales. Las 
:ondiciones de compatibilidad las cuales surgen de la 
ropiedad de que la transformada es una función entera 
juega un papel decisivo en las aplicaciones a estos 
>roblemas de valores de contorno. 

gives us the connection between the finite Laplace 
transformation and the ordlnary Laplace transformation. 
Many. but not all, of the properties for the finite' case 
are thus inherited from the infinite case. 

Nmssary  and suf f icient conditions that a Laplace 
transform correspond t o  an original function f ( t )  which 
is zero for t>L were given by Doetsch (21. Further 
results in regard to the cut-off point were developed by 
Doetsch (4, pp. 225-2321. Titchmarsh (111 obtained 
information on the number of zeros of f (S). The result 

that f (S) is an mtire function setms to be due to 

Pincherle (91; the proof by Landau (81 can also be found 
in (3, p.1451. 

Some of the operational properties have been 
developed by Dunn [SI. and similarly by Debnath and 
Thomas (11. Applications to problems in dif f erential 
equations were given by Doetsch 14, pp. 261-21, Dunn 
(51. and Debnath and Thomas (11. Ghizetti 171 introduced 
a more general format for the definition in connection 
with an application t o  partial differential equations. 
He uses 

1. rmTRODUCIlON where the variable limits were used in mder to study 
Laplace's equation on the region O < x < 1, a(x) S y S 

p(x). Useful tables mtries can be found in Roberts and 
Scattered over the past 50 years there has been Kaufman [101, especially section 33 which is devoted to 

xcasional work which has appeared in the literature in "window functions". As will be explained later, 
. regard to the f ini te  Laplace transformation. For our inversion tables for  the ordinary Laplace transformation 

purposes we take are sufficient for  boundary value problems on I0,LI. 

The transform f (S) is an entire function. This 
O 

- 
property, the use of which is essential for 
applications, may be what has stood in the way of wider 

for the ddining integral and nOtation. If we denote the .se of this finite case. Complex analysis is usually 
unit step function by u(u(t) if tm, u(t) O if avoided in the elementary texts and few users, from 
t<O), other areas especially. a re  consequently exposed to the 

deeper properties of the transforms. 'A little knowledge 
of analytic functions d a s  go a long way, however. as  

LL{f(t)) = L(f(t)u(L-t)) w l l  be illustrated in the exarnples. 
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2. PROPERTIES Some simple examples of transform palrs are 

LL(t) = - e-L9 LS-1 + 62)  , 
A cheap. but useful. existente result fo r  the 

transform results from the obsetvation that the kemel 
i s  mntinuous on [O.L]. Consequently. if f 1s lntegrable 

on [O.L1. fL(s) exlsts. Not only 1s fL(s) an entlre 

functlon, but Its derlvatlves satisfy the simple S O < a < L  
relatlon 

.The transform of the derlvatlve of a functlon readilg 
follows from Integration by -s. 

Here 6 represents the Dlrac á-functlon; the theory can 
be genwallzed In varlous ways so as to include It. 

3. A BOUNDARY VALUE PROBLEM 

L ~ B I  (t)) = 8 i ~ ( s )  + e 4 f ( ~ - )  .-f(0*) , A simple example for  the illustratlon of the rnethod 1s 
the boundary value problern 

~rovided f i s  continuous on (0.L) and the Interior 
iimits a t  the endpoints exlst. Whenever f haa a 
discontlnuity - a t  the win t  a wlth O < a < L, the y"(x) + b2y(x) - O , y(O) = y(L) = O. b>O. 

expression eds(f(a-)-f(á+)) muat. be addad, however. 
The trandormed problem Incorporates four boundary 

Two useful forms for  thc transforms of Integrals condltlons, only two of which are gfven, 
can also be obtalned simply from Integration by parts. 

-1 - 
LL{ 

f(v)dv } = -S ,S) + S-' +O) , 

Iteratlons of the formulas for  the transforms of 

Somehow We must evaluate yl(L-1 and y!(&). The 
algebraic equatlon can be solved. 

the derivative w the Integral dlrectly produce the 
higher arder pmpertles. If the functions in the original psoblem are assumed to 

be bounded and Intemable. then n ( s )  must be an entire 

rescallna propertles not as thls functlon. Hence the numerator must be zero a t  S - *lb. 

finite m, since they aiter the intervai. i ñ e  Thetwo*conditions 
exponentlal shlft property 

however, foliows dlnctly from the deflnltion. e 'bLyl(~-)  - y1 (o+) = O 

The mnvolution for the ordinary Laplace 
transfomatlon for  O < t < L uses only Input fmm the 
functions f o r  O < t < L. Consequently. for that intewal 
we have 

(The Laplace convolutlon for  funetlons which satisfy 
f(v)  = gív) = O for v < O and for v > L reduces to 
integration over the Intervai Imax(t - L.0). min(t.LI1. 
However, for  O < t < L thls colncldes with [O.tl.) 

must be satlsfled. We refer to such condltlons a s  
compatlblllty condltlons. It 1s from such conditlons 
that the extra boundary conditiens can be studied. If 
bL - e, tiien yl(L-1 = (-1) y1(0+) and there are an 
infinite nurnber of solutions, 

where y1(0+) 1s arbitrary. The exponential shift for the 
ordlnary Laplace transforrnation has the propcrty 
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Consequently, terms multiplied by e-L' can be 
disregarded in the  inversion. since we a r e  interested 
only in the  interval IO.LI. As a consequence. ordinary 
inversion tables, such a s  Roberts and Kaufman 1101, can 
be used f o r  the  inversion of the  remaining terms . 

Hence 

In the  other case, if bL # km, then the  cornpatlbllity 
conditions cannot be satisfied, except by the  trivial 
solution y(L-) = y(O+) = O. Hence only the trivial 
solution y(x) E O exists.  

An initial value problem could be handled similarly. In 
f ac t ,  we could just a s  well consider the  general linear 
homogeneous boundary conditions 

These could be used to  eliminate two of the four 
boundary values. then the  compatibility conditions can 
be used t o  re la te  the  remaining two values. As with the 
ordinary Lapiace transformation, if the  boundary 
conditions a r e  non-homogeneous. the general method is 
not altered. merely the  computational details a re  more 
complicated.If b = O the problem is only slightly 
altered by the, appearance of a double root of the  
denominator of p i s ) .  Hence a t  s = O both the numerator 
and i t s  derivative rnust be set  t o  zero to  obtain the  
compatibility conditions 

These lead only to  the  trivial solution y(x) i O. Al1 of 
the  ideas of this paragraph carry  over to  the case of 
the  non-homogeneous differential equation. Cornplications 
occur only in the  details of the  computations. 

Were the  differential equation non-homogeneous. 

the  compatibility conditions wouid read, 

IbL e yl (L-)  - y1(0+) = f (-ibl , 

which a r e  non-homogeneous. Eiimination of y'(L-) results 
in 

Here we see  tha t  if bL = h. then there i s  no solution 
f o r  y1(0+) unless the  right hand slde of the  equation is 
aiso zero; tha t  is, unless 

In tha t  case yi(O+) is arbitrary. Similarly, there  is no 
solution f o r  y1(L-1 unless 

On the other hand if bL * kn there is a unique solution 
f o r  the  previously unassigned boundary values 

1 )  = s in (bv)  
o sino f (v)dv , 

Inversion i s  now easy. we ignore the terms which have 
the  factor  e-Ls and we use the ordinary Laplace 
convolution to  obtain, fo r  bL + kn, 

4. A PARTIAL DIFFERENTIAL EQUATION PROBLEM 

A more complicated example is provided by the  one 
dimensional heat equation with a source term 

- 4 3  - 
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We assume a n  initial temperature profile of f íx) ,  
insulation a t  x = L, and tha t  the  temperature a t  x = O L-' {e-y1B ] = *(L.tl = e x p l U ( 4 t ) )  , 
i s  described by g(t). An expression fo r  the  temperature 
at x = L 1s desired; tha t  is. we want a formula f o r  
u(L.t). Thus the  initiai and boundary conditions can be 
wri t ten 

u(x.0) = f(x).  O<x<L. 

u=(L.~) = O . t>o, L-' ( i n )  S W ~  ( L . ' ~ ) }  = - (2~)- '  ae1(v/2 1 WL')/L~V 1 

u(0.t) = g(t)  . t>O 

t 
*m 

The application of the  finite Laplace 
= 2-' 1 (-1)" #((n - I/z)L.~) = kit). 

n=-m 
transformation converts the  pmblem into 

I t  i s  convenient next t o  apply the  Laplace 
transformation s o  tha t  an  aigebraic equation i s  
obtained. This equation can be solved for  

i ( z )  + ze-LzU(~,s)-zP(z)-uxí~.s) + ;íz.s) 
u(z.s) = 2 

s-z  

Since u (z,s) must be an entire function of z ,  the  
numerator must be zero a t  ~ = f s ' / ~ .  This produces two 
compatibiiity conditions 

For the  inversion of f(sln) we need and Ef ros  formula 
f o r  the  finite transformation. Various cases ' o f  such 
formulas appear in the  tables I101; the f i r s t  general 
result is due t o  Efros 161. Assuming absolutely 
convergent integrals. the  desired formula can be derived 
directly f rom the definition of the  tansform a s  foilows. 

1/2 .. The result f o r  ; (-S'") i s  an  analog; hence we have 
;(S1/2) + s1/2 eL* u(L,s) - si/= ;(S, - u15> - u (0,s) 

L-' { -;(S1") + ;(-s1'2~ (@(-w,t) - *(w,t))f(w)dw. + 0 (s1/2.s) = o , 

;(-s1/2) - e-Li  
1/2 , 

In a similar manner we obtain 

+ 0 (-sl/',s) = o. 
1/2 

s 2 )  = e-ws -m #(w.v)dvdw 

These eauations can be soived fo r  the transforms of the  
unhown boundarv conditions: we have 

- 1/2 -; (s'/2)+; (-s"2)+2s1/2;(s)-;(5"2)+#(-s , S )  
u(L,s) = 

2 cosh ( L S " ~ )  

which yet needs to  be inverted. 

In order t o  carry  out the  Inversion sorne formulas which 
involve heat kernels a r e  required. From Roberts and 
Kaufman 1101 Consequently, 

Rev. Téc. (ng. Unív. Zulia, Vol. 14, No. 1. Edici6n Especial, 1991 



We can now ' m i t e  u(L,t) ln terms of convolutlons 
with t h e  function k(t). 

Because the  heat kernels sa t is fy  the convólution 
identities, 

x (a , t )  * @(b,t) = x(a  + b.t) , 

#(a , t )  #(b.t) = Ji(a+b,t), 

which a r e  easy t o  obtain from the  Laplace transfnrms, we 
can rewri te  the  convolutions. 

Hence our temperature result  can be expressed a s  

Several points should be noted. First. both of the 
heat kernels decay rapidly with 11-11; in fact ,  they 
behave something like exp(-cn2). Second, the Efros 
formulas f o r  the  f in i te  interval correspond to  those for  
t he  infinite interval, suitably chopped. Third. we did 
not need t o  compute the full solution u (x , t )  for  
a rb i t r a ry  x, and then evaluate u(L,t). Fourth, the flux 
a t  x = O can similarly be obtained. Fifth, u (x , t )  could 
also be obtained, we simply use of the compatibility 

conditions t o  eliminate u(L,s) and ux(O.s), and then we 

invert t ha t  result  
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