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In thls paper the autbors derive certaln flnl te 
ezpansJon formulae assoclated wlth a baslc analoaue of 
Ueljer's G-functfon. lbe results preved In thIs paper 
are tbe extensions of tbe resuits ¡!Yen earUer by R. P. 
Agarwal (1) and N. AgarwaJ (2). 

En me trabajo los autores derivan ciertos 
desarrollos finItos uocladoll con una análoga básica de 
la funcl6n G de Meljer. Los resultados probados en este 
trabajo &00 las extensiones de los resultados dados 
anteriormente por R.P. A¡a.rwal (1) Y N. AgarwaJ (2). 

1N11l0DUcnON ANO PIlEl..IlONARlE 

Recently. Saxena. WodI and KaUa (12) deflned the 
basle analo¡ue of the G-functlon In the followln¡ 
manner: 

() ) 

wbere O :S mi :S B. and O :s ni ::5 A. 

CERTAIN nNlTE EXPANSIONS ASSOClATED WITH A BASle 


ANALOGUE or mE G-FUNCTlON 


a a.n - 1 { '" } (2 ) G(q ) = n~ (l - q 1 ; 

Tbe conventional ootatlo05 (a) and (a)+m w11l be 
employed to represent tbe foUowlng sequences of A 
parameters as mentloned beJow: 

Here tbe contour ' C' Is a Une paraUel 
O wlth Identatlons. If necessary. In such 

b -f; 
tbat a1J the peles of G(q J ) for j=I•. . .• ml 

I-a~ 
rl.¡/lt and tbose of G(q J 1 for j"I, .. . • nl 

of It. 

Tbe Integral converges. ir 

RI (f;lo¡(z) - log sin .(1 < O 

to R1(w() : 
a manner. 

are to the 

to the left 

ror large values or 1(1 on tbe contour. tbat Is. lf 

-(W .. IW )' W. W • W'l are deflnlte quantltles, W and 
I z I I 

W belng real . 
2 

... O-aqJ) 
I...et (a· q) '"' II - -- rOl' arbltrary ¡L and a. 

• " j-o O-ae/'-J) 

so that 

l . for n = o 
(3) 

(a;q) - n-I{" !l-a)(l-aq) . . . (I- aq ); 'r/ n e {l.2. 3 ... . } 

and 

-lU-

Rev. Tb:. IN!. Unlv. Zulia, Vol . 13. No. 2. 1990 



and 

(c/a; q)n 

(c;q) 
n 

tbe well poised ~'5 ' Slater [IJI 

b , e, q-H 

q, aq I·N/bc 
a, crIa. -J;. 1"'6' [ la.-la. aq/b, 

laq; q)" (aq/bc; q)N 
(18)

~ (aq/b; q)N (aq/c; qJN 

Bnd tbe q-analogue of Dlxon's theorem, namely, 

a, -qla, b, q-n , la I·n 1•'3 q , a q lb
[ ¡---' l+n 

-o{ a •aq/b. aq ; 

(aq; q l (~ q/b ; q)
n n (19) 

SPECIAL CASES 

(1) Ir we set B = mI = r; DI = O; A = s and replace 

z by -1 In (10) tbrough (14) , and apply tbe 
x( l_q)·+I - r 

relation 

wbere y = X(I_ql··I-r. wblcb follows from the Integral 
alveo by Watson 1141, we obtain tbe follow(ng results. 

; (q-n;q) lb -b~ -no q) . lb ;ql . . . (b ;q)
L mI. m3m rm 

bl-n+m, b +0 . b +m, ... .b +m; 
2 3 r.,

r • [ 8,+m, a. +m : 

(2.1l 

where y '" x(1-ql·+I .... 

n (q-n;q) (b ;q) Ib~;q)m
\ m 1 m ~ 

L. (q; q a ; q . . . 
m-o m 1 m 

b +m, b +n. b +m.... ,b +m;
I 2:1 r .,

r • [ a +m , ... , a +m ;
I • 

1 (22) 

.~ 
r • 

(20 ) 

where y = x(1 _ q)..I-r 
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n (q-n ; q) (b ,qJ ... (b ;q) (yqn¡m (ii) On the other hand If we take mi ,. B =r, ni = O and 
\ m 2 m r m 

A s m (10) and (13 ) and use the ldentlty./... (q;q) (a ;q) . • . (a ; q) 
m~o ro 1 m . _ m Saxena. el a l [121 

b +n. b +m•.. .• b +m;
I 2 r 1' . 0 

z ) l26}G 

[ a +m, ... , 8 +m ; s.r 


.41, . 
I • 

We arrive a t t he resu lts given earlier by N. 
Agarwal. [11. 

b ' r q.y/q" 1 (23)
r~. (iH) Next. Ir we lake mI '" B = 2 and o, = O = A io 

a.' 
(lOJ . Il g ive · a result due to R.P. Agar wal , 121. 
Ir We f urther take 0=1, (10) then red uces to 
anot her resu lt given by Agarwal [21. 

where y" xU - q)• • I-r ¡¡vJ Fina lly. If we take n = 1, mI = B =- r; nI = O and 

A = s In (lO) and (li J. t he known r ecurreoce rela lions 
proved by Agarwal 11 1 are obtalned. 

n 

L ACKNOWLEDGEMENT 
m=o 

The authors are graterui to the referee for ¡¡iving 
severa! valuable suggestlons in the improvement of the 
papel' . 

l+a-b+m. I+a+o+m.b +m .... . b +m 
. ; I r REF"ERENCES 
.... 2 ••2 a +m, . . "fa +m , l+a-b+n+m.l+a+2m i( I . • 

[1J AGARWAL, N. : "A q-analogue of MacRobert's 
(24) generallzed E-functioo". Ganita. 11. 1960. 49-63. 

(2] ACARWAL, R.P.: "A basic analogue of MacRobert 's 
E-fuoction". Proc. Clasgow Matb. Assoc.• 5. 1961. 4-7. 

[3] AGARWAL. R. P.: "Generalized bypergeometrlc series". 
Asia Publlcatloos House, Lendon, 1963. 

(4) ASKEY. R. : ''llle q- garnma and q- beta functlons" .a • •• ('1'.,'1 ) (.;q ) (-1 - ,,:'1) ( b , '11 .. . l b ,ql • t"'.II.',..... . ,.. l. ,.. (-,1 q Appl!cable Anal, 8(1978). 125- 141. 
(q . q) ( -0/2:'1) l . ¡q l . .. la ;'1 1 u..:q)....l It.' . • l lb 

1 
[S) BAlLEY, W.N. : "Generalized hypergeometric series". 
Cambridge University Press. 1935. 

l+a+n+m, bl+m•.. . • b, +m; 
• q . y (6 ) ERDELYI. A. ET AL. "Higher transcendental 

r+l ..' ( a +m, .. ' Ia +m.l+a+2m ; fuoctions" . Vol. l. McGraw Hlll • New York. 1953. 
I • 

(7) EXTON. H.: "Q-hypergeometric functions and 
applicatioos". Halsted Press. Ell is Horwood. Chichester. 
Jobo Wlley and Sons. New York. 1'}83. 

j(25) .. . (8] GASPER. G. and RAHMAN, M.: "Basic hypergeometr ic ,,+1 ••1 
series". Cambridge University Pr.,ss (to aopearJ. 

[9J LlJKE. Y.L. : "Tbe spec ial functloos and their 
where y" x(1 - qJ'+I-r approxlmations". Academ!c Press. New York. 1969. 

- 115 -

Rev. Téc. Ing. Unlv. Zulia . Vol. 13, No. 2 . 1990 



[ 1•• [ q-n ,q,xqI+«.n ]
(<<) q n 

where L Ix Iq) = --,--::,- , 
n ' Iql 1 1 [ 1+« 

n q 

(1.6) 

are lbe q-Laguerre polynomlals of Habn (tI satlsfylng 
the orlbogonality condition (see Moak 12)) 

0 .7) 

where « > -1 and ,sm Is lbe familiar Kroneeker delta. 
n 

2 . ORTHOGONALlTY 

Using (1.7), in ylrtue of 0.4) and 
readlly obt ains the following orthogonallty 
for the polynomials H (x):

n,q 

3. SOME PROPERTIES 

(1.5), one 
condition 

F:-om the explieit representation (1. 2), we can 
obtaln by usual series technlques; in view of q-blnomia! 
theorem 13, p.348, eq. (274)1 and lhe elementary ident ity 

the followlng generaling funetlon : 

'" 1el 1ext 1 o,e, cq;q:, - l/x 
2 

]

[rqf- H (xlt
n 

- '" 
[n,q -~ <Xl 

32 
n-O 1'\ q/xt, q / xt'" 

(3 . ¡) 

In (3.11 reptacing t by tic and taking IImi t as c_ 
an<! changing again t by -tq, we gel lbe generat ing 
functlon 

-

QI 

2í qntn+1I12 Hn,q(x) ~ " I-xtq).. / [_t ;q\, 
ft~O n 

In (3.2) replaelng x by xy and in the 
sIde of resulUng IdenUty expandlng 

~ Z 2 2 2
(-y t ;q )../(-t ;q)aI by q-binomia! theorem 

equating the eoefflelents of tft on both sides, 
tnultipUcation formula 

H (xy) 
n.q 

.. 
~ (_11" n(n- Un X 

n 

Slnce (xl " 
al L. q rqr ' 

n-O n 

(3.2) 

rigbt hand 
the term 

and then 

we get a 

from (3.2) , by r outine method, we have expansIon of xn 
in lbe form 

In/ZI 
[q In qr(3r-2n-Z) H (x). 
2 2 n-2r .q 

(q ;q )r[q)n-2r 

Agaln, from the generatlng functlon (3. 2) 

.. [_n x tq 2 1 
(1 ~ nln+ UI2 H (1 t t .. (3.3)

L. q
n~O 

so that 

.. 
tq r

L. 
n~O 

whlch yie lds (1 HO,q(xl 

ó H 
n.q . n- I.q 

or, more generally, 


<'1m H (x) [n- m- I¡ mlm- n) H (xqm¡, O 

n.q q m q n-m.q n !: m '" • 

Alternatively. we mal write (J .3 ) as 

118 

n,q X lV = q 2 2 ' 
n (-t ;q )aI 

t n 

nln+I)/2 H ( ) 
Q n .q XQ lV ' 

n 

= O, and for n !: \ , 

(X) = O- q") l-n H (xq) (3.4) 
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followlng Moak !2,p.341, on account of (3.8), it is 
not hard to establish 

u(xq) = O,'" n n 
.. tq \ n(n_Un H (x) t q ,

L q n,q TQí
n=O n 

whlch readHy ylelds, 

Letting t»O in the q-extenslon of Euler's 
transformlltlon (3,p.348, eq.I281J), we obtaln 

ll-qn)H 1 (x). 
n- .q 

It Is easy to verify that 
[ : ,a;q,z ] (3.9) 

t {I-xtql.. J { I-xtq l", }
Ix - - )6 2 z - t 2 2 " O , 6 l 

q ( - t ; q ) (- t ;q ) '" 
whieh is a q-extenslon of Kummer's first formula 
!3.p.322,eq. (183) 1. 

whlch, in conjuntion wlth (3.2), gives 

" 
xn we haveSlnee rxt- = [ TCiT ' 

CI) n~O n 

(3. 5 ) 

(_ llr 2rqUslng (3.4) In (3 . 5) , we have ___ xzr-zn ! Zt'-Zn+ I ¡ 
2 Z q Zn' 

(q ;q )r 

q"H (x) - x qH (xq) + ql -n(l_qn-l )H (xq) = o. 


n ,q n-l .q n- 2,q 

(3 .6) whicli on replllc ing r by M I' and do ing sorne 
straightforward manipulations reduce t<l 

frorn (3 . 4 ). in view of definit ion (Ul, we get 

qn H (x ) = q"H (xq) + xq(l_qn) H (xq l. (3 .7) 
n.q n,q n-t,q 

Not lce, however , that by e liminat ing the term qOH (x)
n.q (3.10) 

between (3 .6) and (3. 7) , and lh"n changing x to x/q, we 

at once obtain the pur " recurrence relatlon 


Now, by apply ing (3.9) to (3.10) and then using 
(1.4 ) and (1.6), we fi nd lhat 

Furt her, in (3. 5) rep lac ing x by xq and appealing to 
(3 .4 ), we get a q-difference equatioll fol' q-Hermite 
polynomials In the f ormo 

(3.11) 

Slmilarly, we can obtain 

- U9 -
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H (xl '" 
2n+I,q whlch, for pI, reduces to a recurrence relatlon 

1 }
2 <1 2

(-X q ¡q 1... 

(3.12) Orle notes that al! the propertle5 for the 

Comblnlng (3. U) and (3.12), we get a Rodrigues 
type representatlon for the polynomial5 H (x) as 

n,q 

polynom.Jals H (xl reduce,
D,q 

oorrespondlng propertles for 

H (x). 

In 

the 

vlew of 

Hennite 

U.31, to 

polynomlal.s 

n 
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