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AIISTRACT 

In chis papel" we stablish aome thco r ems ana 
logues to Rusev' s resul t s. We also study the eha 
racter of r he correspondence between the f unctional 
space LO,o ) .. nd Co.o ) provided by the Hankel trans 
form o 

RESUMEN 

En este trabaj o se dan a lguno t eor emas aniHo 
go a los resultados de Rllsev. Además se estudia 
l a corr espondencia entre el espacio funcional L( AO ) 
y ce o) generado flo r la transformada de Hankel. 

1. INTROOUCTION 

Le[ (3 }'" n- O be a sequence of complex numbers n
r- -1

such t hat - limsup (hn) !n lan l= AO(O<\~ + 00) . It 

i5 well kno~~I J I[hat in this Case the r eg ion oE 

eonver gence of a ser i es i n Laguerre polynomia ls 

'" r L (a) (z) (1) 
n n

n=O 

is Lhe i n terior 11 ( \ ) o E the pa r a bol s p(A ) def ined 
o 1/2 o 

by t he equali t y Re{ (-z ) }= ''o. More pre cisely, 

the ser 1es (1) converges a bsolu te~y aod uni fo rmly 

on eve r y compa ct s ubset oE 6("0) and henee defi nes 

an holomorphic fu necion fez ) the r e. 

rhe prob lem 01 representing analytic fLlnetions 

by seri s in Hermite pol ynomials (H ( z ) }oo was 
n n:.o 

so lved by Hi l l e [2] i n 1940. I n 1947 ~ol la rd [3] 

published a paper in which , using Jlil le's resu l ts, 

he so l ved the problem of represent ing an alyt ic 

f unctions by series in Lag uer re po lynomials 

-

HANKEL TRANSFORM ANO SERIES REPRESENTATION 
IN LAGUERRE POLYNOMIALS 

l «(l ) (z) ) 00 fo r a=O. Pollard ' s result was ge
n n= o 

n r a l iz ed by Rusev [4] . We me ntion here Rusev's re 

sult which wi ll be used in our ana lysis. Let's de
fi ne t( Ao ) (O < "o :; + "') o be the vector space o [ 

all eomplex functio ns r , holomo rphi c i n the region 

0. 0 ) and having the f o11o",ing prop rt:y: fo r very 

O ; A < Ao rhere exis es ¡¡ constant D = D( f,A ) s uc:h 

that if z = 1< + iy ~(A): Re ( - ;;) I /2} ~ A, then 

the inequali ty 1[ ( z ) 1 ~ D exp (~ ( A;X,y) } hoh,where 

-f'22 2+ 2 )1/2
<1>( ..\ -~~ -~~). ¡ X,y ) - 4 

2 

j (2) 

We have the f ollowing resull duc to Rus v [4]: 

TREOREM l. Let aF -1,-2 , ... be rea l a nd O<A 
O 

~ ~ . 

A camplex fune t io n f holomorphie in the reg i an ~ (Ao) 

has a series rep r esen t a Cíon thc r e in Las"err e pol y

nomia l s (L (a) (z) ¡"" Hf f 1< L( A ) . 
n n=o o 

The i ntegral represen t ation of Laguer ce poly

nomials [6 , v. II , 10.12 , (2 1) ] a llows us to consid er 

he l ' ( . Z0./ 2 ( - ) z ",hieht ana yt1C unet l.on exp z Ln«l )( ) is 

holomorp~ie in the reg i on e-( - oo, O)J , as a Hankel 
type in teg r al 

(n:) -l z n+a./2 exp( _

Due [O th Le fa ct 

rion has a ser ies 

tr a n sf orm oE th e fu neeio n 

z) holomorphie in ehe same regia n. 

we have that if an analyt ic func 

rep resenta t ían in Laguerre pol y

nomials, then t hi. s funetian i5 a Hankel's [ransform 

of a s ui t able complex (ana l ytie) funetion. In [4] 
Rusev in trodue ed the class C( o)( --O'~+m) of a ll 

ent1re functions ~( w) having the proper ty 
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l ÍJn sup (2&! ) -1 [ t n I <l>( w) - I... '} <-o 

Iw l ~ + '" 

and cha ~actel'ized by t he f ollowing 

LEl-1l'1A 1 . A" ntire fu nction 

a 
n n 	 (3)1> ( w) - l: n! W

neO 

belortg5 to ~he cl asro C(o) i ff 

líms up ( 2/ñ) 
- 1

~nl an l < -o (4 ) 
n + +00 

The c Iaas ( O) , whan a A • pl ays a n ÍJnporE 

tant role i n characterizing r heoc l a'6 L( Ao) ' bcea use 
t he fo11owi.n~ sratemen holds [4] : 

TIl EOREl1 2. Le t 0< 'o ~ +"" and !l >-1. Fol' a com

pl ex function f, hol omorphic i n the ~egion 6(;\ ) . [O 

be xpanded t he r e in a s eries in Laguerre po l yno 

mía I s , it ü; neces¡;a r y ::Hld suff i c i nt t ha t the ( 01 

l owing repl:esentat ion ho l ds in r he region 

MA ) (-¡.h OJ 
o o ' 

- a / 2 a/2
fez) z expz [ xp( -t) 1>(t) J ( Z/Zt)dt,a 

o 
(5 ) 

where the f un etion ) . 
o 

Let , as usua l , hi Ce) be an indi earar fune tion 

[7] of f. As a diree t ap plieati on of Theorem 2, 

Rusev proved r ha t r he fol l owing sta t ement ho l ds 

[S, p.40, (Xl ] 

l~EOREM 3 . lE f is an entire f une t íon of an 

exponencial t ype less t han one and hr( O)< 1/2, then 

f H ( +00) • 

In t h i s papel' we shall prove r ha r a resul t a

-
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nal ogue s to Theorem 2 holds for t he func t i ons of 

the elass C(A ) (O < A < + co) . ¡'¡e wi ll al50 show o o 
tha r i[ t he f une r i on (3) l S of an expo[l ntial t ype 

les s t ha n one, t hen r he con-esponding fun c t ion 

frolll Thco r em 2 belongs LO r he e lass L(+OO) and the 

assumpt ion hf (O) < 1/2. from Theorem 3 is f ulfilled . 

Fina lly we study the earacter oE the corrcspondence 

between t h f u netio n~ l sp'ces L( l o) a nd C(lo ) pro-

vid d by Lh Hunkel c r ansform (5). 

2. 	ENTI Af FUNCTlo NS ANO HANKEL 

TAANSFORM 

On the basis oC 'fheo rem 2. one may suppo se that 

cver' functio n 01 the c.lass C(A ) es an i nv rse 
o

liankeJ' s tro nsfo rm of a funcL Lon o f t he e las5 L( Ao)' 

This t urns out to be true s nd the r J l owing state

me ne can be proved . 

THE REM 4. Let 0< A < +00 a od '1 > -1. The en-
o 

tire f une t ion (J ) eS of the el ass C( A ) iff the 
o 

Eollowj ng r epresentation holds in he regio 

'\, 

C-(-=, O] : 


-u!2. ( al 2 
H t ) t exp tJ x exp( - x ) ( x ) Jo: ( 2./i([) dx, 

o 
( 6) 

where t he tunetían f 

Proaf: Fr om (2.) and t he a sympt otie fo rmu la oE 

Bessel' s func r i on l6 , v . H, 7. 13 . 11 i r fo11 oW8 

i mmedis t e l y tha t lhe in tegr a l in (6 ) is absol utely 

and unifonnl y eonvel'gen t on every compilc t s ub s et 

K e '\, 6(+ ro). 

Le t f € L(A ) and t he rcpre scnration (6 l hol ds . o
From Theorem 1 it fol lows lhat rhe inequality (4) 

at o = A i s va lid . He def i ne 
o 

v a 
Ry(t) "( r) - 1: n t n 

n! 
n==o 

"
foe v = 0 , 1, 2, ... and r 6 (+«» • It is eas y to 
see tha t 

11 0 -

Zulia, Vol. 12, No . 2., 1989 



L( a ) (x) 
a

Rv(t) x n~r ".,(-."'., {~ ,}
o n:v+l r ( n+CI+l) 

(7) 

"-
For a fix e d t € 6 (+00), from the abs oluteJ y unif orm 

e onve rgenee of the integral in (6) it fo llows tha t 

for every posit ive E. > O the r e e xis c s T = T( e ) > O 

sueh tha r:: 

OO xCL exp(-x) I f(x) 11 ~ < EJT n=O 

Then fo r every =0,l , 2 , ... 

a _ ~a_____ < E x exp ( - x)f (x ) 1 L",," ) ( X ) cn) dx '" 

n=v+ l r ( n+ct+l ) 

(8 ) 

Further, there exis ts N = N«(: ) > O wilh the proper 

ty t hat:LE v >N a nd O~,,;;T . t hen 

r ( n+(1+1)
n=v+l 

Therefore 

[ a )( x ) 
n dx 

r( n+(1+1) 

(9) 

aO[é: J x exp( -x) 1 f ( x ) 1 dX ] = Or e) 
o 

Froro (7), (8) and (9) we get t lta t Rv(t) o (E) 

( v > N) . i. e. t he ser ies (3) r epresents the Eune 
'\, 

tion <l> ín the r egio n 11 (+00) and therefore in 

C. Now from Le.mma 1 it imroed i a t e l y f ollo\ol5 

-
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Let us su ppose no,", t hat che funetion (3) be

l o ngs t o th class G(A o)' From Lernrna 1 ir fo110\'5 

t ha t limsup (2/;;-)- 1 n lanl ; A ' í .e . the se ri es o 
'l'IO n--+ta:t 
¿ a L , a ) (z) 


n=O n n 


is dbsolut >ly uni f orrnly convergen t on every com

pa t s ubset of 6 (Ao) a nd t h refo r e def ine the re an 

ana l yt i e fun e tio n of t he class L( A ) ' Let us d eEine 
o 

f ez) 

Bu t, a s ~'e have jus t s een , t he int eg ral 

f00 

t -a/ 2 expt 

Q 

def jne~ 3n nl Le e Eunctíon <1>* ( t) oE the el ss 
'U 

G( 'o)' when . E t.( +oo) nnd 

'" a 
n Il

**C t) = ): - l
n!

n=O 

'rherefore, ,~.~ él nd the r e presentatíon (6) holds. 

3. EN TlAE FUNCTIOIIIS ANO SER IES 

IN LAGUERRE POLYNOMI A LS 

Eígen function ex pans lon ~ r e SOrne irnes u se r u ] 
in studyi ng che propert i es oE che f unct [ons ro 
which they converge. Here we c ons ide r nt i r e [une 
rions a nd th ir exp nsio ns i n t erms o f. l.agu e rre se 
r ies. \~e ~ha l l 8how t-ba t every funetío n of this 
kind i8 a n enti r e [une tion oE n 'xponent i a l t yp e 
;¡hic h i ndiea tor funeti on sa t i s fies th" inc 'l u al i t· 
h(C O) < 1/2, on the ass umprion t ha t e h f unc t :lOns 
def ine by (6) a r e e n tíre f unc tíons of ex ponential 
ty pe l e98 tha n on e . Tu rac t, the fo1 l ol'ing theorem 
ho l.ds . 

THEOREN 5 . Let (3) be an ent ire rU l\" tion o E an 
exponential t ype l ess t ha n one a nd f ez) be de f u 1ed 
by (S) . Then f ez) í 5 an entüe f Ullctio n of ex po!1L"n
tia l YP ' which indicato r f un ctio n s atisfi s che 
inequa l ity hr(O) < 1/2 . 

Proo E: It is wel1 known [7] cha t t he type oE 
n 

<1> i s giv n b y cbe Eormula T = I iros up ;¡a;;¡1' Fr oro 
n ++00 
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the assumption tha t T<1 ir f ollow t ha t - l ill\sup -1< max Re ( <; «( -1) - 1) p( l+p) < 1/2 
n + + OJ

(2 Iñ) -1 Ron ' a n ' ~ -t«> • i. e. $ € G(+"') . From Theo - C;Ef 

rem 2 we conclude that fE L ( ~). i.e. f i8 Bn en
snd so t he theor em LS proved.

t ire f unction. Polya' s representa t i on enables U f' t o 

conclude that che fol lowing eq uality holds 

4. eN AN ISOMOAPHISM PROVIDED 8Y HANKEL 

TRANSFORM 


1 -a/2 J
f(;>; ) ~ - z expz r K(ZjC; ) B .. ( ~ ) de; , where 
211i '1' From t he nlidiey oC Theorem 1 ~nd Theorem 4 

"e a e encouraged ca study more p r eeizel. che 

=f'" I cor r" espondence.. hetwen t.h.¿ fun r Lonti 1 spaceI:> J . ( ~o)K(z ; l; ) ca 2 exp ( - ( l - (; ) t} (lO) 
¡¡nd ,( Ao ) previded by the flankel transforme 

o> 

H ( '(;z ) z- 0./2 expzJ r. / 2exp ( -t)'I> ( t)J (Zlti)dt!he contour r ia a ny circular path wirh cencer at e (l 
~le origin aud radius p : T < P < l. B$(~) i s the 
Borel transform of . It can easily be seen that, 

( 1.3 )ti (; €. r, 

where Jo. i6 [he Bes,,;el fun tion of the fírse kind 
(11 ) with index o. . Fiest oE all we prove che following K(z;C;) : zn/2 exp (-;>;) ( 1_C; )- 1-a exp ( - ~ ) 

[wO preliminary statcmenrs:!-l; 

LEMl-1A Z. If 0< Aa :¡ +'" a nd Cl>-l , then t he I:lank 1FroID (1 0) and (11 ) we find che integral representa 
t r ansform (13) provid a linear one to one Correst ion pondanee berwen L( \o) aad G(ho ) · 

Prcaf: If f¡(z) and f 2( z) are an a r b i tea r y 
fez ) = _1_ f (1-1;) - 1-a exp(-~) B$ ( 1;) de; func t ions bel onging to L(Ao), from [4, Theorem 4.3.(12) 

2lTi r 14; b») follows that Af l( z ) + \.I(2(Z ) belons:> t o [.(/, ) , 
wheee Jo. .. nd iJ are arbi[rary complex numbeca . 
ro the same ma nncr it can be l'roved t ha t G0'0 ) is 11 

ti we put now l inear Eune tiona puce t oo. 

From the linear proper[y cf che Hankel 's 
t ransferID ( 13 ) it i5 clear that Áf <1> 1 "nd $2 be-

M(p) max I(1 _Z; ) - 1-a B~ ( '-; ), long to G(AO ) then 
.-;(f 

o( p) max , ¡; ( l-1~) - 11 , 
~Er 

then from (12) one rnay ccnclude that 
.15 well aS tha t 

1Hz: ' ;; pM(p ) exp [o (p) 'z l] 

from where it can be seen thal f is of exponencial Let f e z ) can be represeoted in che regien
t ype. 6(AO ) by a series of the kind (1 ) . From [he genera 

ting function formula for Laguerre polynomials l6,
Ihe indicstor funct ion o E f is def i ned by [he 10. 12 ,(18)] one get

fomula [7] : 

, - 1 n - 0./2 .. 0. / 2 ( a) ~ 
(n . ) w = w expw f x exp(-x)L (x ) Jn (2~WX ) dx

limsup .-;-1 ¡n If(.-;expi e l ! n 
o 

¡;... +'" 

I n our case, having i n llIind (12). \Je find chat Then foe w fE e, 
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<k) [w-o.!2exPWJ (2!WX)] = a

~ (_1) mek) xm/ 2w-( m+a)/2 exp w J ( 21WX) 
m a+!ll0/2 \ I ~ ). m=or x exp( -x) l: '( 

n;O n 

!'hus, the integral (l4 ) can be I'eprese nted as a 
n n 

l: ñT 101 

ncO 
k 

(_ 1)m( k)w-( m+al /2ex pw 1: 
ni 

m= o 

Having in mind that -limsup ( Uñ)-l ~.n la I ~ ~ 
n Jo +00 n-o 

[4 , Theorem 4.J.(b) ] we an make the conl' lu Rio n 

chilt t (w) ~ C(\ ) . 
(1 5 ) 

Let jI i5 <lO arbnrarr function of C().,..,). Fram 

the formula [6 , 10 . 12 . ( 21) lar La~uerre po l ynomia l s 

it follow" thac ( OI' z E: (¡(Aa) • 


Let M e e b an aI'bitrltry ampact se t nnd 
Il 


T -
n 
i 


n . n;O ~* ~ max Re (_w)I/ 2 
w € ~I 

-0. / 2 /''' n+«/ 2 
2: expz . r 

ot 
From Theorcm 1 and che asymptou c formula for 

.1 L (0.) (z ) B~ssel functions [6 . 7 . LJ. I , ( J ) ] it follo ,",s , chat 
n n foI' an a rbitrary ~~O, m-O , 1.2, .. '. k nd 101 € 1I 

Sec use -limsup ( Z.'ñ)-l i n !n t ~ ~o from [4 . Theorem 
n... +<D )4.3, ( b)] it fo llow5 rha r f (z)f.. L(A . 

I ( r:ttü ) /1 r- !K exp( -x ) f (x ) J~(2.wx) 


r inall hom Theorem 2 ::lnd Theorem 4 fo11ows 

tha t this Lemma i s val La . 


Ir we dcnole che diffeI'cntial opera t or em+o ) / 2 
{ o

r}~ O x exp (-x/2) XP( 2A*-A +Ó)YX 

TI, re fore rhe inregr~ls i n ( 15 ) bso lutel unifor rhe fol lawing 's tatement ca n be proved: mly converge On M, i . e . che integ ral ( 14) defines 
an entire function. 

LEMMA J . Ir o <)., < + <D. ~ >-1 and rhe ( unc 
Lel we 1lssume th~r the fu n tion f (z) has ation f ez) belongsOco L( Ao), chen foI' an arbicraI'Y repr esentarion by a 5e r 1es ( 1 ) , whe r e t he coeffi integer k~O he integr 1 cients a re given by the formu l a 

a / 2 (k) [ •.•- 0./2 - ]x exp( - x)f(x) Dw ~ expwJa(2/wx ) dx f(n+l)
a o n 

r ( n +1 ) 

(14 ) n; 0,1,2, ... 

defines a [unction belonging to C()., ) 
o 

Proof: By induction , it can be easyly p roved 
'rom [0,10.12, ( 18 ) ] lt follows, r hat foI' "n arbi

using the f ormula [6, l O.l2¡: 18) ], tha t fo I' ao arbi 
t raI'y int eger k~Otrary integer k~O 
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As the in teg r al (14) c onve r g er abso l ute ly and un1
f ormly , t he r e exist s T > O s uch c hat f o r w EH and 
k > O 

r (n+k) ! 

n=O n! (n+k:+a) ! 

00 a 
¡; n+k n where E > O is an a rbitr ry small numbe r . I n th is 

n~ w way one ge t s thu t 
n=o 

(16 ) 

Ac cording to [4 , Theo r em 4 . 3 , (b) ] , for an a rbit ra 

r y Lo t ege r 1<>0 . limslI p(21ñ) -) ~ n , a I < - A and 
- , + ~ n+k = o 

the r efore T 

f 0. / 2 (k) [ - 0./ 2 rw; JI x exp ( -x) I D.. W' e", p w J ( 2 wx ) dl< 
o 

o 

In the same way it <.:an be s een that the l' e exist s 
TJ> O s uch t hac f o r z €: k,Using the l emmfls proved a bo ye \,'e can prov e now 

the f ollowing . 

TlLEOREM , The Hankel transrono (lJ) p rovides a n is 
omorphisro bet..en Che f unctional spac s LO,o) and 
C(A )

o 


where
Proof: lt ' s known [8 ,2 .3 ] chat LOo ) and GO )o 
are mu l tinormed l inear spaces. Let us quip G Ao ) 

", / 2 -:./2 fu
t eXI' ( - t ) Iz exp z J~ ( 2 Zl ) 1dtwith a topology J efioed by the mul tinonn (Y k)m

M , k=o
wherc 

( k) 
y (<1» sup 1<1> (w ) I Let { 1> v }"- be an 3rloitrary sequence of fu nc 

veo 
cions belonging to G( , o ) IÑhich c on\/erge.s to a 

H, k "EM 

fune t ion <1> ~ GCA ) , i . e. acco rding [8 , L ~lIlllla L6. lJ , 
and H ( e is a n arb i t rary c ompact seC. l E for every o 

for a n arb i t rar)' seminorm o n C(A ) a nd k = O, í , 2 , .. 
compact subset k ca (,\0) we de fin e a seminonn "k( f) O

tiro Y ( $v-~)=O . I f we d e no t e f (z) = 
v 

z E:K 
then che topa log)' of this s pace c an be def ined by and f ez) = Ho. (<I>;z ) f r om (17) and Lemm a 2 ir fol -

A 	 ,,_on L(A o ) by t h e fo r mula ~k( f ) sup If (z) I . c L(Ao)' H. k 

the mu l t inorm {T1k}. 	 10W5 tha t f or an arb itrary semino r m on L(A o )' l im 
v ~oo 

Le t <1> ( .,,) E. GC>,o ) i8 an arbitra ry func t ion. From 
Theo rem 4 nd Lernma 3 fo l lows t hat 

Let no., (f I ~ be an a rb i t ra r y séq ue n c e of 
" = 0 

fun e t ions belonging t o L ( ~ o) ' which conve r ges to a 

fun e tion fE<: L(A )' ,[hen fo r an arbi tra r y sern i no rm 
O 

a nd on L ( A )' 1im 0k ( f " - E) = O. If we denot e ~,, (w) = 
o

- 1. -1 
Ha ( f ,, ; w) and ~ (w) = He ( f; w), t h en from (.1 6) and 

(k) f a> a/2 (k)
1<1> (x) 1 ~ x exp (-x) It( x ) 1 IDw 	 Lemma 2 Eollow$ that fo r an arbit r a r y seminorm on 

o 	 G(A ) , lim )' k ( <I> - <1» ~ O. Accurding to [S , Le mma 
o +-t-o: M, v 1 

1.6.1 ] ~e conclud e tha t the s eque n ce IH- ( f,, ; w) }
- 1 ~ -nI? 

[w -expw J (e / -;;:;X') J r dx 	 converges to H~ (E ;w) . 
a 
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