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ABSTRACT 

In thls papaer ve study the image oi a certain 
.pace of smootb func tlona by a modlfied operator of 
the Ilankel transf onn defined by 

00 

S~,a{f(x)} (y) - ya { Xl-~J 2 n+a(XY) f(x) dx 

Por every n. a67.R. this space oi functions 15 equi
pped vith a locally convex topoloSY. These spaces 
vith be denoted Dn a' We prove that Sn a 1s sn iao
IIOrph1111D frOll! 0n a'onto a space o! entlie fUDct10ns 
denoted by Cn a.'if the three 1nequalities n>- l 
2~0. 2n+2ai O are true. The Sn.a -tr~D8form ia 
estended to the dual apacea D'n,a and C n.a' 1'lnal
ly ve solve 8 functional equation involving the 
lIe..el type operator 

~ _ x-2n-lDx2(2~)+1D x-2n-2a . 
n. a 

En este trabajo se estudia ls imagen de algún' 
espacio de funciones lisas mediante un operador mo
dificado de Hankel definido como 

a !' 1-(1S {f(x)} (y)- y x J n+a(xy) f(x)dx2n.o 00 

Para cada n. O LR. este e.spacio de funciones 
ea equipado COD UDS topoloSra convexa loca lmente. 
!litas espacios se denota por D • Se demuestra 
que Sn.c¡ es un isolllorfiSlllO de ~'~ "onto" un espa
cio d4! tunciones enteras. denotaao por Ct¡ a . si 
las desiguales n>-I, 2n +a > O. 2n+2a> 6 son 
ciart... La tuosfonnada -51'),;;: es extenclida a espa
cios duales Dñ a y C' n o. Finalmente se resuelve 
una ecuaci6n f~ncional que involucra el operador de 
tipo Bessel 

-

A MODIFIED OPERATOR OF THE 
HANKEL TRANSFORMATION ON CERTAIN 

SPACES OF FUNCTIONS 

~ _ x-2n-1 Dx2(2n+a)+1 Dx-2n- 2a 
n.a 

1.1NTR00UCTI0H 

Th'e Rankel transformatlon definee! by 

F(y) - h {f(x)}(y) a /" XJ\l (xy)f(x) dx (1)
\l O 

vhera J\l 1s the Bessel funetion oC the first kind 
and order \l. and several of its variants have been 
extensively studied in the last years. 

An invers10n fo rmula tor this intesyal trana
format1on vas der1ved by C.N. Watson [10] ln the 
following 

Theorem 1 : If Iif (x) ~ LI (O ....). ((x) 1s of 
bounded variation in a netgborhood of the polnt 

1 x-xO>O.1l ~ - 2" and F(y) 18 definee! by (1). then 

m r"" F(y)yJ (xoy) dy 
D \l 

Another useful reault la the follov1ng Parse
val's forlllula : 

Theoreao 2 : lf the funcUons fez) and ¡(x)" 
sat1sfy the condition. 10 Theorem 1 aud 1f F(y) and 
C(y) denote their Bankel tranafotllls of 

arder \.1> - ! then 
- 2 
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r~ xf(X)g(3)dx ; f~ yF(y)G (y) dy 
o o 

J .M. Mendez [7J extended the I"\J-transforma t í on 
to a space oi gene~al ized f unctions of, s low growt h . 

Re cons i dered (togethar wLt h t he h ~-t ranBf orm) 
the integral transformation defined by 

H)J {f (x ) } ( y) y t'J (xy)f(x)dx
Q )J 

elosely eonnected with (1). hu a nd H)J satisfy 
the mued Parseval equat ion tbat 
from Theorem 2 : 

Tbeorem 3 

{ f(x)g(x)dx 

can líe deduced 

(2) 

M@ndez íntroduc ed t wo new spaces H .1 a nd H 2 
of t esting funct i ons with a structure s~lla r )J~ o 
the spaee H defined by A.H. ZemanÍBn [1 1]. h and 
H aTe aut oMorphism on to ~ 1 a nd H 2' r es pegtive
l~ . ')J, 

As a generalizat í on of the Parseval's equation 
(2 ), Mendez defined the generalized h' -transforma 
t í on ~f fo r f .r. ¡¡p. as rhe a djoin t gf che classi 
cal H -transformo to t hat.

)J 

<f. H)J~>' for every ~ H)J. 2 

Also, fo r every f H' l ' the H' tr ansf or ma 
of f was defined by the Jl'relation)J 

<H'f,,+,> ~ <r,h I~> • I or every ' ~ 
Jl )J 

ln a reeent paper [3J we define a new genera 
l iled Hankel transformar ion followín g the id ea s 
presented by L.5 . l)ube and J .N. Pandey [4]. We in 
trodLlC;ed space LIi.S of testing Iunetions sueh 
chat the funetion ~J (xy) is in LÓ. f:I for eve.ry y:> O • 
Then, we defíne<! the)!h' - tr nsformlJ~f of I, for 
eve~y E L (LIS. f:I ) , as ~ )J , 

-

(h'f) (y) 'f(x),xJ)!(XY» ,for every y>O
)! 

We derived a distributíona l i nversion f ormul a fo r 
this transforma tion . Moreover , the ge n e r a l ized 
Abelian theorem' due t o Zemanian [12] were eztended 
to che space (L)!,S), o f general i zed f unct i ons. 

In this paper, we con s ider the modif ied opera
tor of the Hsnkel transfor m defin ed by 

F(y) s { f(;<)} (y) y'f' (xl-a J n+a (x y )f(x)dX
11,0 2

(3) 

i .f 2 1l+<P - Ls a vB -.:ian t DE t:he operator in± . ( S 
t ro duce<! by I ry·'1;. Sneddon [9)). I n c er t ain t heo
r e t ical i nvestigations i s more conven i ent to use 
Sn.a ins t ead of the opera t or h~ . 

We s t udy the :lmage by S a of a eertain s pac e 
of function s defined 00 (o,,,,,f'haVing supe r io -rly 
bound ed support. Said spac 1s endowed with a l oea
111' convex lopology Ear ell r y 1] a nd Ct. We denot ed 
these spaces by en,a' We prove tba r th e Sn,a-trans
fo rtn i a and isomorphism f om q,o(X onto " certa i n 
spaee Gn,Ct oí ent ire fane cions, for 2 2~O. 2n+Ct~O 
and n>-l. The Sn.a - transf ormar t on 1s extended to 
the dnal spaees oí Dn•a and Cn.CI' MoreoveT. a fu nc
tional difterential equat ton i nvolvíng tbe Uesse l 
cype opera t or 

Fi nall y. we s t a te an open problem related to 
this paper . 

2. THE SPACES OF FUNCTIONS Dn. ANO G,-¡ .cr. ANO THE a 

Sn,a TRANSFORMAnON. 

J .L. Griff:!t h [6] prov a t heor en ana l ogous t o 
Paley-Wiener Theorern concern1ng the ord inary Hanke l 
transforma t i on. 
Thr ough some changes of var i ables hts theorem takes 
on t he fo l lowing forro 

Theorem 4 : Let 

G( y) l.1.m. / J. 

where J)! 1:; t he Bessel f unc clon oí the fir st kind 
and order >J. 

Tben : 

62 -

Rev . T~e. Tng . , Univ . ZulLa, Vol. 11, No . 1, 1988 



6) f(t) 1& zero almost al l t>A, aod 

-a + 11
8) t 1 Ht) is in L (O,A)

2 

Vhen, and only when 

i) saG(s) i8 analyt i c in 8 for 0.sargs~1T, Is l>po, 
I 

ti) S-c+- /2 G(S) - o{eA 1mS) ,a Isl--, 1m a>O 

i1Ti 11) 	G{u) • G(u e ) , u>O , 
-a + 11

1v) u 2 G(u) la ln L (O, '"') , and
2

v) Is-2n":2aG( s ) I e 0 (1) as s+O 

This 	atatemeot 18 the background of t his paper. 

2.1. TllE SPACES OF FUNCTlONS ~.a (a) AND ~.a 

Let a denote a positive r ea l number and n and 
a any real oumbers. Then we define Dn ,a(a) na t he 
apace of funct l ons o/e x) wh1ch a-c e d efin ed and 
emoot h on O<X<'"' , such t ha t o/ex) = O for a<X<~. and 

11m 	 Dk(X -2n-2at.~. alj1(X).O. for eve-cy k,mE: N. 
x-+() 

for 	 \c.'NWe define 

1" (0,00) . 

We a ' s18o t o Dn a(a ) t he topology gencrated by 
the countable mul tin6rm { Y~ alk~' Dn a(a) la a 
Rausdorff s pace t hat sa t lsfte8 the !irst axlom 
of eountability. The dual space Dn a(a) c onsista 
of all cont lnuos l1nea1 functional~ 00 Dn,a (a). The 
dual is a linear space to whleh we 888ign the weak 
topolol¡y genera t ed by the semlnorms {E;ljJ }\fI ' wh e n 
!;1jJ (f) e I<f ,1jJ> I and ljJ vades through Dn,a(a). 

If O<a<b, then Dn,a(a)C Dn,a(b). and the topo 
10gy o( Dn a (a) 1s ident ica to he topol ogy indu 
ced in it by Dn a( b). Hence. we can eonstruct the 
atrict countably union spaee Dn, a= UDa,a(a),s, 

-

2.2. THE SPACES Of F\JNTIONS ~,a . (a) ANO D¡¡.a • 

Let now n . a, a be rea l numbera, with a >O and 
2n+a~. We define a t opol og i cal linear space e (a) 
as f ollow6 . 4> 16 a meuber of G (a) if and onl9 ''!f 

n 'a 

a) s- 2n-2a <Pe s) is an even ent lre fu ne tion 

al1m 	sib) for every uN, Isk-a<f¡( s ) l <c e f or Isl 
enough large, Ck betng a P0 8it~ve constante depen
ding on ~. 

"" 2n+l+k { s q, (s)ds = O. for k. = 0, 2 , 4 , ... and 

d) Is -2n-2a~ (s) I - 0 (1) a 5 s->{) . 

Gn,a(a) 15 endowed w1th the topology genera ted by 

the mult tnOrm {wk 1 where 
n, a kC.N 

sup Isk-a~(9) le -al 1ms l • for every k.N 
S4C 

k(No te that wn, a(~)<'"' , for every <p .. G (a) and 
k'-N ) • fl, a 

G n a (a) ls a 10csll y convex Haudorff topo
log1ca l • vec t or s psee , The dual spa' c e of ( ) G •	 an a
15 deno ted by e' (a ) s nd 18 equlpp ed wit h the weak 
topo logy. n. a 

Moreover. if O<a<b , then G (a)c.G (b) snd 
the t opo logy of G a Ca ) ls stro~ggr t hann. a t he onen 
indueed I n i t by C~,a(b). This al lows to define the 
countably union space. 

2.3. THE MODlAED OPERATOR S¡¡.a . 

The modlf ied op~rator S of Hankel trsnsform 
16 glven by (3) . n, a 

The ma in result of t his paper is the next one. 

THRORE!>! 5 : Le t 11, a, a be real numbers vit:h 
a > O, 2n+ a.?,O, 2 2~O s nd n>-1. Sn 15 a~ al 
gebraical snd topo loglca l i somorohism o~ D (a)on
to G (a) . 	 n , a 

n,a 

PROOF Let ~J be in D ,a(a), We denote 

<p(s ) 

2 n+2a (lO ,) n+l 
s [.V{t) t b ( t s )dt

" 2n+a 
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- v 
where bv(z)~Z' J)z). _Since bv is sn even e n t ir e An appl ica tion of Lebesgue's domi nat ed convergence 
funet1on, then s-2n 2~ ( 8 ) la also an even entlre Theorem and by let t ing t~O allow5 t o write 
funecion . 

The following operational rul e r holds 

(4 ) 

b{k) (O) f~ s2n+l+2m+k ~ ( s)ds
2n +a o

for every Ic.~ N s nd ljJ ló.D (a ) . 
n,a 

The funct10n ljI (t) satisf i es the e on d it i o n s (note that che different1at ion under the in t eg r a l 
6) and 11) glven in Theorem 4 and in v1rtue of (4) sign i s j ustif ted). 
ve get 

Since b;~(O);O, f or k- O,2, 4, ... , then 

- (l+ 1/2 
1 s S { l> ¡j¡(t) } (s)I~ Cexp(allm si) .cCDs 2n+l+k.p(S}d S = O, fo r every nonnegative 1nt eg er n,a n,a t Therefore. <j>satisf ies the eondition e ). 

Tbe property d) 19 equal t o v ) in Theorem 4. 

for Is l enougb large. Bence, the eond itlon ( b) 1s On the other hand, let <P be in G (a). We de-
S!I tiaf le<! tor k;0.1. 2 . n,anote 

Alao 

- (l+ % 

Is S n,a{1jI(t}}(s) 1= 


Ag in, by different iation under the i ntegra l 
s ign and 10 v1rtue of t he condition e), 

b ) 18 
fdf111ed for 1<-3,4. Moreover, the contitions a) -d ) ~ply t he pro 

per t ies l) - v) 10 Theorem 4, hence ~ ( t )=O , fo r t>a . 
By 1nduet ion of k ve can see that ,(s) sat1s

Hes b). Ther efore ljI(t)t. Dn .a(a). 

for Is l enough large. Henee the condit i on 

By invoking t he 1nvers10n formula ve can ob- To complet e the proof of this theorem we now 
tain prove the continu1ty of the mappings 

Different iation under the i ntegral sign l eeds 

to Assume k' N, 1jI€. D (a) snd denote 
n.a 

If 2n+o+k - 2p f or a certalo nonnegat1ve 1ote¡'lO 2n+l+k+2mb(k) (st) ~ (s)da 
o s 2n+a ger p, then, by applying (4) one has 
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k-a k+a+2n vher e P ls no n n egstive integer such that s I/>(s). s 
p-(2a+11+"1»I. and K snd K' are suitable poste ive 
cons t ants . 

... 2 1
J t n+ b (ts) ~(t)dt Hence, t he mapplng 5 - 1 ~ 5 
o 2ct+ Tl l1 ,a n,a 

a 2 1 G (a ) + D (a ) 19 con t inuou s . J t Tl+ b (st )ÓP ~( t )dt l1,a l1 . a 
o 2rr+a l1,a 

Th1s theorem can be extend ed to t he respective
Hence, s1nce lexp(-a l lm s l) bv(xs) I~ CV , for every union s paces.
s~C snd x<l, where C 15 s 5uitable p osit ive 

v 
const snt, ve ge t Theorem 6 : Thi 6 transformatlon 5 • is ann a 

190mo rph ism of Dr¡ a on t oG I1 a' its lov e rs e is
1 ., 


sup l. k-a4>(s) l exp(-a l l m si ) < M suplóP lj¡(c )1 5- S ,prov1d ed that 11>-1. 2rr+a~ ° aod 
n. a Tl ,aS4C t4 1 Tl,a 

(5) 2Tl+2a? O. 

vhere M 18 a po s 1t ive number . 

Moreover, 1f 2~k 15 not even 1r ls enough 3. A GEHERAUZED TRANSFORMA 110N 5'1'\,(1
to not e chat 

Let u~Dn. a ' We def ine the generalized trans
f o rmarion Sn, au of u as the adjoin t of t he classi 
cal trans f orm, s o t ha t 

wbere p and j are even no nnegat i v e lntegers suc h 

that p<k+ 2n+ct<j. pr ov1ng in chis ca s e an inequslity 

similar to (5). <S' u,4» <u ,5 ~> 
n, a l1 ,a 

Therefore S : o (a) ~ G (a) 15 a contl 
l1 . a Tl .a n ,a for every ~G •

JWJou s linear mapping . n, a 
A1so , for every v~Co,a the geDera l ized t rans 

AS9ume now $tG (a) snd l et f o ma tian S· v of v 1s def i ned byfl . a Tl,a 

5- 1 <5 ~ ,(tV , 1/1 = <v , SI1.a1jJ>Ij¡ ( t ) • { ,p ( s)} (t). l'¡e can ,-"T ite
l1 , a 

for each ljJ € Dn, a ' 

The fo1 10wing statement can be easily proved 
by 1nvoking Th eorem 6. 

Theorem 7 : The o perato r 5n. is an isomorph1sm
for every k '-N. Ry taking ln t o account t hat b \! (z) a 

of Dn. a on to Cn,a' pr ovided tha t n>-l, 2~O and18 bound ed on (0."') , ve get 
2Tl+2a?0 . 

4. OPERAl10NAL CALCUlUS 

We now prove a g eneralized operational ruler 
a n41 0gous Ca the c la s ieal one (4).Thi s operational 

~ KI {sup!s2k-a+p,p(s)!+sup Is2k-04> (s) !}~ ruler is useful in solving of eertain genera11zed 
tEl tE: 1 d1f ferential equarions. 

Theo LEm 8 : Let u be f.n D' • then
l1,u 

~ K' f sup Is2k
-a+pq,(s) I~p (-3 j1m sl)+ 2

s~C 5' (lJ.* u); _5 S' u 
n,a n . a n,a 

+ supl s2k- a¡p(s) ~p(-ajlm I)l 
where ó* denotes the .!djoint operaro!: of A • 

s~C n,n n,n 
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PROOF: 'Yor every ljI in D one has
11, a Note that AIl, a , p 15 a l gebraica l l y eontalned 1n 

D 
n,a 


<~* u , ljI> = <u, ~ ljI>

n,o. •Ct. The [unet ional u given by (7) is in A

ll,a,P'
In effeet, l e t (l/I} N be a sequ ence i n 

By usiog the opera tional rul e r (4), ve get v \1 €e An , a, P 
which converge s to tjJ .:. A p' as v-. Then1l,Ct, 

<u W >= <g, S {--12- S ljI }} > v n,a p(_ ) n, a v 
, f or every ljI~ G •

Il,a 

> .... < g , SIl ,a( __1-7- S tjJ}> 
ro P(-s-) ll, a v .... <u, tjJ> • 

loIe consider t he d if fe r ent ia ! equat ion of the 
form 

1 1
slnc e - - -2- S Ij¡ .... --2- S IjI as 

P( -8) 11, a v p ( -8) 11, CL 
(6 ) 

v +. oo in G S ls 
where P ls a po lynOlni.el and 21l+2et> O, 21l+Ct> O and n,a Il.a 
11>- 1. g is ln 1)' • A fonna l app l Icll tion -of the 
S' -t r anstorm Il'~eads to11, a a cont lnuou s mappi ng from CIl,a ooto Dll,a and 

g ... D' n, a 
S· u = __1__ S' g 

n,a p(_a2) Il ,a 


Mor eover, one can show that 

and invo king t he inv er sion f ormul a ve get 

U a S' (_1__ S' ) 
(7) <u,p( ~ ) 1/1>Il, a p(_s2) Il ,a& n,a 

<g, S {_1_- S {p( ~ )1J¡ }}>

n,a P(-s)2 n,a n,a 


\le now introduce the fo110w1og spllc e of func- . 

t ion s 


.. <g,ljI>, tor ev ery IjI C. AIl.CL,P 

Hence, u is a solution for ( 6) in A~ .a,p 

A is equipped vith the topol ogy induced 1n 1t n, a,P REMARK : If n-¡¡, n--¡¡. S ,a coincides wüh 
by G (namely, B sequence {ljI ) N converges to ljI , the Rankel - Schwartz transform ?see [1]). In that 

n,a V \lE. 1 ca s e, the results obtai,ned in this pa~er reduce to 
as V- in A P ti, and only if , - - 2- Sil al/lv that presented in our previous paper L2].n,a, p(-s) , 

An opeo problem. 

Thes spllces 0n a are dUfer~t to [he Bpace 
D(l) introduced by t. Schwartz [8j . To descr:Lbe che 

converge s to behaviour o f che operator Sn.CL on D(I) 1s An opeD 
problBII. 
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