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ABSTRACT f lim f 'J-n 
\I+-n 

Sorne o the r ma n y pa per s on f ract iona l ca l c u lus 
have been r epoTted b y t he 3u ~hor . In this pa per, 

where e # z, - rr<nrg ( 1; - z ) <rr for ~ and o ~ r g (Z; - Z) 
firstly, we 107 1. 11 s how S tab l e of f racr iona 1 dli 

211 fo r e, then- f ( v 0)- i8 t h fraccio na l d e r i va 
f erin t egra t ions of e l em.mt ary function s wh1ch 15 - + v

t ive of a rder V nd f )V<O) 18 t he f racti o n a l 
ob t a in ed ob ying t he d e Cinít i on o f' a uthor. 

in tegra l of o r d - v, if f ex i sts (c onsider t he 
principal valu e o f f f or ~ny valued fu nction)

Nex t we wi1 1 show an app l ica tion of ou r fr c 
tiona l ca l ulu s to t h e non- Romogen eou s Gauss' e qua 
t ion wh1.ch 15 a d iIferen till l equa t ion of Fuc hs type . 

Fíg. 2 

RESUMEN 

El a ut o r ha publ ica do var i os tr baj o s sobre el 
cál culo fra c c ional. En es t e t rabaj o primero, se da 
una t a la de 'difer integra c i6n ' d e algunas f uncio
nes e l emen ta l s, usa ndo l a d e f inic ión del au t o r . A
demás se r esu elv e la ecuación d iferencial no- homo 
gén e.~ d e Gauss mediante la pl icaclón del cálculo &1. TABlE OF FRACTIONAl DIFERINTEGRATIONS 
fracciona l. OF ElEMENTARV FUNCTIONS ANO SOME LEMMAS 

Thr oug h che a u t hor's definit i o n f or frac t i o
&0. INTRODUCTION na l dif(eri ntegr ation , we hav e Ta ble 1. An d, to 

( Def i.n i tion of fractional ca l 'ulu s ) make sure , we will s ho w List l. [1] [2] [9] 

Lemma l. Le t fez ) ; f be regular and o ne valu 
Defin ition . rf f (z ) i8 a regular (unct ion and ed f unct i ns. I f f (1- O) and f ( "Í' O) exis t . t hen 

lt has no branch point inside e and on e(e = (~, ~}, v Il 
e is sn integral c u rv along t he cut j ining two 

points z nd - '" + iIln (z ) , and ~ i8 an integral (1 ) 

curve along the cut jo1ning two point z snd 00 + 
Um ( z ), 

Lemma 2. Let u(z) and v ez ) be regula r aud one 

f (z ) 
c V 

r(v-tl ) 
~2ni J f (1:;) 

( I:;- z) Wl 

valued fu netions. Ir u v a nd v v exis t , t hen 

r : Gamma funetio n n=o 

."....,-_.:..,r,-,v+~l),:--.,...,-- u 
[ (v-n+1) r( n+l } V-n 

v 
n 

(2) 

v ' Z- , 'JfR 

and 
Refer [6], [1 0] and [2 1] for hese Lemmas 
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Table 1. Nishlmoto·s Fract.ional d ifferi ntqrJ llOll5 of ~lemen lary fu nctionl 

f(') f.(') 

l. 1 

2. ... (a"'rOl (I~",I 

3. .~ (a"¡-O) 

4. cosh a' (....;.o) 

5. .ioh a. (a ';'()) 

6. C05 IU (a"¡-O) a" cos( dz+ Tv ) 

. ( ~)1 . sil, áz (adrOl a ~ Sin al+ 2' ~ 

• 	 n y-a ) (1 nv- a) 1 )4?-I,""~ --- zo-' - -- <008. zo 
n -o l n -a) 

9. log .. (" ....0) 

1 ..- , (- !l- - ' 
-;;;Tz· lo¡¡ z+." .'f, "'~-;! "' m---."""I(-,".!._-'::'l):"'!:-)(- )

la. log z 
(1.1= - ". , meZ· , 

2'n.+I ) (' -.
--2-.--L, I.+v' r- l cO!(Q-¡lll'dU 

(~=O) 
11. 	 (:'-1)

(ar¡¡v' r - I = ~) '-,--r- 1- .+ v' zr=Tcosh(l'-i~))'dl'2'1 ( - y) _ 

2' - --·2Q.(-.) (p=O. ,( rea l) < -1) 
n - u) 

12 . 
+ {or lorg ~1 <2'r. -for r.z<l.r¡ . 1< " for ) 

(
\ doubJ. s ign :J: a.,u 1'1> 1 • 

(Soo Ih. fOOlnQtc of Lis< 1.1 

list 1. 

Functioos [(z) I 
f, I 

fractional 

I
¡""gral, lo 
RimJann & 
Li.ouviHe 

fr:u:t ional 

\ 
tl1ugr llls 
f Weyl 

froctiorull 
dCTIVaJ;,:n cf 
Osler 

fraetíonal 
dll!V;'lltgroh 
01 
Ntshlmoto 

1 .. 
l. ("), 

I 
r ta+ l ) xl-t<l. 

:t" 
/'(y + l) 

f(a+l+ y) 

R. (0 + 1) >0 

r(-a-., ) .1"I-U 

n-a) 

O<R, y<Rt (- a) 

na+ll"'~ 
n..  o + l) 

O 
e-. Q r (,,-a ) r' ~ 

r ( - IIj 

for 

., Z-u !Ol I('(H Ire-a) <"" 

\ 
.... cos a% 

("" ), I (eos asl, 

I 
{-a) -¡!*# 

I 
ll ~"'C ("y+ f u) 

(('c(a.%) > 0 G>O, O<R, ,< 1 

."[ ~ . 

F O: I - y: axl ~ 
r(l-. ) X! IF1(1; 1- 101 : IO't) 
x,~ + ,F,(l : l -y: -;a.l! 

a~~'" 
0'=( ur+% ' ) 

u,\<O . ....0 

I lo¡ x = ln % 

\ 
(log .), 

I 
\ 

. "' 
r(!-lJl 

x !IO!! x-T - yO -yl! 

- t - U,.r("h:- " 
ror v E Z-u tOI 

-L,..log .< +... 
mi 

x -El (-llft-' 

• • /;¡.\m-kl!·\m-kl 
lor 1oo' ;:-m. m € Z~ 

Note 

I 
in t~gra l 9 

far 
Re .,> 0 

intl!!:gTtÚs 
10r 

Rt1v > O 

d~ri V3ti\'c:s 
for 

Rr "~ Q 

der¡v~thf es 

for R~·j,¡ > O . 

inlégrab 

lor Rn<O • 

Ole 1. z .. : se.t of ltU: pasit ive inu~gen , Z - : "iitl of ~h~ ne-,\fltlvc int~ge.rs . 
Note 2. (1 ) .. diver¡e for Re 1.«0 by the d irecl e.1lcubti on (ObC)'lflg a ulhor' 'S dcrm)lion). I1 owj"n~ r \\' t:= ~1t:\lliU e DfI (1l..= (~O)~ . 
Note 3. In ose of aEZ· UIO) nd ~EZ- . clIJcul!'1tc L'\ (for (:!'\.Ilmple. .3.= 2. \;=:-1) 

(.l~ )_l= 11m h ; ) = lim t' -II.~~-. =~' \,-:n r= J:'-31 11 ;-..!.l3. . 
•_ , - . _ , r( - 2) {( -21 31 (-3) 3 
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&2, SOLU110NS 1 0 IH OMOGENEOUS ANO 

NON·HOMOGENEOUS) HVPERGEOMETRIC 
 r (o.+l - k) r(k+l)

EQUATIONS OF GAUSS 

(9 ) 

'1 , Th • r l l. !" - If xists, then rhe 

-'In l'n ,- "J . 1" ..~ . ,"'otr ir dHferentlal equdt ion 
 where n 0+ U lo) , ( by Lemma 2.) 

, (, -1. - t .. f 	 Pu r u ( IO J 

0 ,1 ) ( 1 ) in (8) , we hay rhen 

' ,1 ~ í] I"-t í t I 
z ( 1 + t<-~)_~Ll-_r.2

!J 1 + u. 	 f (l! ) 
- (1z 2 _ z 


( ( r ,7 f. 

_ y _ '_1 

( z - 1 ) ) 1 _ t • 

(2 ) 
A p rtirul ~ r sulur10n of this ) l nea r di f feren

tial eyuarion oí firsr arder is gtveo by 

.-.• ' r. ' . ~ ;: J , I ·I~ •. ncl , 1 ilnd , are 
1<; ;} r¡ r' 1 i . 

I~ - y y -~-l 
ti :;; , Z ( 2 - 1) , ([2)

11' I 

O) 

(lo\, I '-'I1ma 1 ,) 
Therefore we obrain, using (1 0) and ( ) . 

.-1 	 (5 ) 

=''¡ t ( u ) 	 ( 1) ) 
h -1 " 

$Uh.'tllulin: , ( 1, . ('.) ao (5) ( 1 ) , Wc 

,,~ a pa rl c-ular ~nlul i <10 t o rhe t'qua ti n O) . 
(6) 

1 nv (>(sel y we huVI' 

Lha t ; s 
u 	 (1 5 ) 

(\ 

,~ntl( t~ , z ' ) - (~,.Z) + 1t~I . Z ) , 0+'-.) + (w, ' 
"'1 rl. 

(7) 
, K U (1 b)

' 1 1 

etJlI ;("Iuenl Ly \ole l~lV' 	 fr.:m. ([3). !';uh"eltuting ( 13), (l'i ) and (ló) i n to 
lhe 1 fe hand s lde of (1 ). t.'I' obrato 

W, • (z'-z) +WI'! z(\+t!- t) + ( n-y) ! r (8)
- rl 

L.H.S . of (l) 

+ (u ) ,t .( - y) 	 ([7)from (7). s lnC'e 

- 97 

Rey. Te . ing " Uoly. Zulla . Vol . lO, N . 1. Ediclón Especial , 1987 



Pr oo f. Putting(l8 ) 

(24)(E ) ( "ee (11» (1 9 ) 
- (1 l 

in (22), we have t hen ( see t he proof in (1»
(20)f. 

Chang ing ehe order o (25) 

A particular s olu t io n of t h is e qua tion i5 g lven as 
Eollow!>. 

w = (26) 

/'I.- y (z -1) y - 8-1 

i n (2) , we nave other 501u t ion 

Su bs tituting (26) i nto (24), we have then 

w ~ (2 a - y . (2 -1) y- 6- 1 ) (27)
Cl 0 -\

fo r a ~z. 

I nversely we obta1n 
Put a a nd a i ns t ead oE B a nd a r espect i 

ve1y ln (2) and in ( 2 )' , we have t hen Eoll owing two 
o t her solut lons fo r B ~ Z , ti o.¡! S . 

<PI 1/! (28 )
(1+ 1 

.. ~ «E '¡ - S- I ( _l) a - y) /3- 1' ( -l} y-a- I ) 
'1' _e.- Z 2 _ \.Z Z tl-- I 

and 

(2l) </>2 w (29)
(jet 2 

S-y 1' - 0 - 1 y - 8- 1 - y Substituting (27), (28) and (29) i nto the 
(z (2-1) . (f_ 8·z (z-L ) ) -I)S-1 (2l) lef t hand s Id e of (22). we hav e then 

L.1:I. S . oE (22)
(II) Theorem 2. 

+ W\. (a-y») a (3 0 ) 

(z ¡! 0 ,1) ( 22 ) 

( zct-y(z _L ) y - B-l ((a- y) ( z - I ) I-(Y- l)z + (l . ' -<t ) z + 

has 8 solut ion of che forro 

+ (a - y ) } ) o (3 2) 

(23) 

(33) 

where el> : tP (z) a nd z f C. The eQus t i on (22 t i8 

(O) ex 

O • (34)
hypergeometr ic d ifferential eque t ion of Gauss .t1 . 
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Changing a. and a i n (27). we have other so l u t ion 
(z - l ) A zA (J _ l )A 

z 

(3 5) 
00 

A ( _l )k r (A+I ) - k z 1: 
k~o r (k+l) r(A- k+l ) z ( for Izl>1 (3) 

ti o. -1 S. 

hence we obtain 

(111) Theorem 3. l E Eo. (1 O) exists, then the 
fractional d ifferintegra t ed f unc tion 

00 k 
-,--e--= ) ---,f..".(..LY-' )__ z1..:.. - B::J. - kl: (4) 

+ (za-y . (z -1) y-fl - l 
) (36) 

k=o r ( k+L ) r ( y - fl - k) 0.- 1 

0.-1 


00 k
( -1) nY-(3) a- ~-I - ksatisfies the d ifferen t ial equat10n oE Fucha type l: (z ) ( S) 

( 1), where z f C. k=o r k+1) rey- S-k) 0- 1 

ProoE . I t ia clear by the Theorems 1 and 2 . 

-1rrCt -8 ( -1) 
k 

rey-R) f' Cti+k) -k -e z z
f ( k+l) r ( '(-fl-k) rUtl-1+k-Cl)

&3. TRUE COLORS OF GAUSS' HYPEAGEOMETAIC FUNCTIONS 

(6 ) 

Theorem 4. We have 

_ - ilTa l'(S .. -$ F(B- I 12 B :r+ I I ) (7 ) 
¿ fUl-Ct+l) L + , 1-' ; - '7. 

(1) F(B- y+l,S;$-a+l;l / z) 

tor Iz I > l . The.refor e Wt! have ( i) from ahoye r >
su] t (7) . 

Pl'oof oE ( li.) . \ve llave 

(z -o \ = e 
111A ( 1 - z) A 

fo r Iz I > 1, a nd 

j rr).. 
00 

( - J ) k r O.+l) k1: z ( ror Iz 1 < 1 ) • (8) 
k= r ( k+1 ) r ( )..+l-k) 

(11) F(a.-y+I,S- y+1 ; 2-y; z ) 

henee we bta!n 

1n(ct+S-y) r(y-o.) Y- I ( a-y( _1) y- B- l ) e fe y-1) z z z 
~1 

(2) 

for Iz I < 1. 

.J..:l. ) k [' ( '1-1 ) 

r ( k+Ll r ( -'-k) 
Proof of ( 1) . We have 
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ei~(y-a-B) zl-Y "" r (-1) k f (y-S) f( y-k-l k feren t lal e quat ion is g i ven asz 
k=o (k+l ) f (Y-B-k) re y-o-k) 

(10) 

_ ! / 2 1 ) z -l ) (6) <t> 	 = ((( z ) 1/ • --- _ • - _ 3,/ 
2 (z_I) 2 1 Z 2 

= eiTT(y-o-B) r(y-l } / -y F ( tt-B+l, S- y+1 ; 2-y; z) 
rey- a) 

(11 ) 1 G(k) .z ( 1/2 )-k (for Iz 1> 1) (7) 

liT 

for Iz I < 1. We hav e ( ti} f rom (11). 

by ( 2), \o/here 

&4. SOME EXAMPLES G(K) f(k- (1/2»/k r(k+2), (8) 

Putting a=v, ~v -1, and y= v+l, we have 
since 

f (z ;1 0.1) 
- i.1T\i r (V-a ) z -v ( If(v-a) I < "" ) (9)f e-a) 	 f e-a ) (1) 

and and 

q,= ({f • _ _1_).~) 	
(]o 

(2) 1 kz - (k+2) 
-v (z-1)' z V-1 	 (lzI > 1). (lO) 

z (z - l) 2 

from t he Theorem 1, and 

1nversely, 

4>2 . ( Z2 -2) + q,1 • ( 2vz-v- l + q,.v ( v-l) O (z" 0,1 ) (1) Putting 

(3) 

and 

(11) 
q, = (z - log z) v (4 ) 


in (6), we hay,"
from the Theorem 2, r espectively [15]. 

(1) 	Mor e prac t kal1y, let v = - V2 "nd q, = w_ % (12) 

henc.e 
I 

f z- /2, we have then 

(13) 

(14)
fram O ) , .bence a par t icular s olution to t his dif 
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f z -% 

(5 ) 
and 



Subsrituting (12 ) . (13) and (14) into t he lefr 
( 2J )hand sid" of (5 ) , we have then 

(24 ) 

~inee(1 5) 

GO) fi/2, 

(1 6 ) 

and 

r\~J.Z ' ) 1; - «Wl . Z)I) 1; ( 17) 
- 2 - 2 

(k 2G(k+l ) (k+1 ) 2 + ( k+1» ) = C;(k.) - í k) 

(f 1;) 1; (l8 ) 
2 - 2 

f(k+ ( 1/2»/ f (k+2) , ( 25) 

(l 9) 
again 

(U) i ) Ler '.' = -1./2 in (3 ) , we have t:hen 

(ii) Next. we hava 

o (26) 

1: G(k) (t - k)7.-I<.-( 1/2 )ep i ( 20) 
F k=1 

particula r 501ut10n to t his Gauss' equa t io n 
í s given as 

'lnd 

(27) 
1 1 1 -k- ( 3/Z )

(j>2 = - r: C( k ) (- - k)( - ? - k) z ( 21) 
.11 kcl 2 

1/_ 
i f ( - 1/2)z" ( see Table 1) [7l [lOJ ( 28 ) 

from (7). 

Substituting (7) . (20) and (21) i nto the l eft by (4 ) . lnvcrsely we bave 
hAnd slde of (5). we have then 

• _ 1/ 
cjll = í f(-1/2)z 2 / 2 (29) 

00 1 

1 "C( k)(k2-k ) z ( 12 )-k
1...H.S. o f ( 5 ) l.. 

liI k=1 and 

- i f( - 1/ 2) z - "¡2 /4 (30)( 22 ) 

froro (28 ). 

2 -% 1 r 2= -G(1)z + - r: G(k+l) {(k+1) + ( k+l )} 
Subs r ituting (28), (29 ) and (JO) into the l eftIií liI k=l 

hand side of (26). we obtain 
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However, th solutlon (34), 10 lls fom, is aL. R .S. of (26 ) 
more desirable and wide one than (36) . 

(iU) Let \1 ~ -n ( n t z+ U ( O}), we have cheo
O. (31 ) 

~2 ' ( ZZ -Z ) + $1. (- 2nz + n - 1) + ~.n (n+l ) O 
(1i) LeC V 2 i n (3 ) a nd (4 ) , we have t hen 

(7. ;. 0,1 ) (38 ) 

(z;'O, I ) (J2) 

and 


and 

(2 - l og z ) _n (39 ) 
(33 ) 

f r om (3) a nd (4) respectively. 
respec t lve ly. 

_ 2 
By asslIlI\rng cp ; cp ( z)z , t he seton d solution If n = 0, (38 ) and (39) are redu,-,ed to 

iodependent t o the f irsc part icular solu tio n (33 )1s 
given by 

o (2 ;. 0 ,1) ( 40) 

(z+0, 1 ) . (34) 

and to 


On t he o t her hand , assuming a s o l ution of the 
f orm of power series, e have han <p = z - 10g z ( 41 ) 

~ ~ F( V,V - 1 : V + 1 ; z) 
r espectively. C1early, (41) sa t i sf Les e quat ion ( 40). 

co And io case o c n = 1, f or f'xam ple , (38 ) and 
f(v+l ) r (v+n) f (v-l+n ) n (3Y ) are r educed tI) 


r(v) r ( v-1.) r (V+l+n) r Cn+l ) Z 


(z ¡LO,l ) (42) 

a s a particular sol ution t o the equat ion ( ) , where 
F(a,6;y ¡z) i t h e Hyper géomet r lc fu nc cioo . 

( z - 10g ,, ) _ 1 (43) 
Pue V ; 2 i o (35 ) , we have 

respectivel y. Hence ",e have 

-
1 

z 
n ( Iz I < 1) (J 6 ) 

2+n 
n=o 

z - lag 2 (44) 

as a solution t o the equatio o (32 ). 
and 

So lut ion ( 34 ) coincides Hith (36) exc ept the 
coefflcien C of cons t a o t, since -1

l - Z (4 'i \ 

1 o fr om (43 ) . ~ubsti[ut ing (id), (I.~) and (1. 5 ) 10g (l - z) E - 2 (37) 
n into he lert haod side of (42 ) , "'e have tlh" n=1 
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L.B.S. oI (42) = 1 ~ O. 	 (46) Acknowl edgement 
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