
Rev. Tec . rng., Univ. Zul ia 
Vol. ID, No . l , Edición Espec ial, 1987 

V. KlmTUln 

Belorussian State Oniversity, 

ltinsk, USSR. 


S. L. KaJla 

División de Postgrado. 

Facultad de Ingeniería, 

Universidad del Zulia, 

Maraca ibo, Venezuela 


ABSTRAeT 

liorn gave the general definitton of hypergeo
metric fenctions of two variables . There are thir
ty four hypergeometric func tions of two variables 
of this type . Foureeen fencetoDs are complete and 
the remaining twenty are che confluente cas es . Tbis 
includes the four Appell functioD and seven Hum
bert f unct ioDs . In this work we obtain number 
of transforma tion formu lse snd integral representa
tion; for Hot:t1 functions, The transformatlon formu 
Iae for Gauss' hypergeometric function and Kummer 
function are used to obtain some new resolts. The 
results established here give some new formu lae for 
analytic continuation of Hom function in various 
dOlll8ins and to s tudy their behaviour in the neigh
bourhood of singular peints. 

RESUMEN 

Horn dió la definición general de las run!: i o
nes hipergeometric8s de dos variables. Hsy trein t a 
y cuatro funcjones hlpergeam~trLca6 de este tipo. 
Catorce f unciones son comp l etas las restantes 
veinte son los caso ' de confluente . Esto inc l uy e 
las cuatro funciones de Appell y l as siet func io 
nes de Humbert . En este trabajo oht enemo un nú
mero de fórmulas de transformación y la represen t a 
ción integral para funciones de Horn . Las fórmulas 
de transformación para la función hiperg ométrtea 
de Gauss y la función de Kummer son usadas para 
obtener algunos nuevos r esultados. Los resultados 
establecidos aquí, dan nuevaS fórmulas para la 
continuación analít ica de ras funciones de Hom en 
varios dominios y para estudiar su compo rtamient o 
en la vecindad de puntos singulares. 

1. INTRODUCCION 

Hom gsve the general definition of hypergco
~etric functions of two variables in the following 
forro : A dnuble power series 

SOME TRANSFORMATlONS ANO INTEGRAL 

REPRESENTATIONS OF HORN'S FUNCTlONS 


F (x ,y) \' A xm n (1)L m,n y 

..,here the coeff l clents satisfy the condilions 

AA
m+I, n P(m,n) mI n+ I _ Q(m , n and (2 )A R(m, n) t\ - S(m,n)m, n m,n 

P, Q, R, a nd S denote polynomlal~ in the índ i ces 
of summation m snd n of degree P. q, r, snd s res 
pectively, i8 of hypergeomet ric t ype. There are es 
seo ttal l y 34 d!stinct convergent series, fourteen 
compl ete series (non confluent) snd wenty diHtinct 
l imiting forms of Lhem (~onfluent ser ies ) . This in
cludes t he fo r Appell funetions and even Rumbere 
funetions. Convergence of these series and a com 
pelte lis t of Horo funct10n s are given in [2J. 

Meay integral r epresentations and transforma
ttona of Horn func tions llave been obtalned by seve
ral author e [1 , 4, 5, 9 , tO, 11 , usiog the teehn1
que of hange of variables fn inte~rals or by chao 
ging che forms of the cont ours . In the present pa
per, we obta!n a numbee of transformation formulac 
and integra l representations for Hom fllne l ions 
(complete 8S well as "oofluen t). The transfonn"tion 
formulae for Cau8s's hypergeometrie functions s nd 
Kummer ' s func tion are employed o obtaio some n~w 
formu l ae for Rom func tions. The resul ts cstabl i -h
ed here are important, 8B they give me n'w for 
mulae for aoalytie con inuation of Rom funcL ion in 
various domains and to obta!n lhe:ir be avlou r in 
the neighbourho d of singular po in ts. 

Moreover , it 15 intcrest1ng to ohse-rve thnt 
Horn' funt'tions are encountcred i o many ph';sira I 
applica ttoos. Por example, rile .pspon"" r(a,lI ) nf 
an omn i-diree Uonal cadiaLlon deteí' tor at;l le 19ht 
h directly ovec a corner of aplane isotropic n~c 
tangula r ( plaque) source of lenght t , \110tl , W "lid 
niform stron~th a , may be c~presscrl as l he d<'ll 

nfte integral 
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T<a . h ) Ix:+l ] 
f3 0-8 ' - 13 

v ( l-y) ( x+y-xy) 

·.~her,~ 'W/h aud b = l /h . Th is I n t egra l can 

he ey.fl r es~ed as [SIAJ-! Revi w, Vol. 26, e 2,(l 98~ ) , 

PrQble:n 83 - 6) ; y- , '"" a, y- , )'; , y (8)
F [ e' n 8 ' 	 x ( y-l) 

xy - x - y 

- a.
P. ( ' , S, y , f'I;x , y) (I-x-y ) 

r )( - l) 21Xy(y
2. THE rAAN~FORMATIONS OF COMPLETE HOAN FUNCT ION 11 3 ) . y- B, y ; x-l-y-l' (9 ) 

l (x+y-l) 2J 

ln ',Is <;,' c t i n '." p ~tabl i'lh the fallí' i n¡; 
r3asfarm,1tiQ'" r or (' onlp Jete Ho m Fune l ons, 


Fd Cl, I - ~- 8 ' , 1-(l, l - I{ ; x,y) (1-x-y) - a. 


. 
x

0 + ) - a JI, ¡t. 6 .y; ~ .- el t'\,B,B'; l - : - y' l-/Y ] (la) 

( y+ l ) \1+1 J 

(3) 
- 2a 

(l+x+y) 

1 1
F2 [2tt,y- -2 , y ' - -2 ;2Y-I, 2)" - 1 ;~ ~] (ll )

x+y+l ' x+y+l 

el (a,B . S' ;x.y ) 

- 8 -e' ([-x) (l-y) 

(12) 

FJ y-a,n, 8 , f '~y; ~l ' -1-1] 	
( ") 

x- y

(l+x) l - a- B- B' G2 0 - B- B' ,a+B,e , l - a-e ;x,y) (1 3) 

)(~lF3 {\, y - [l . 'í - Il- U ' , (l '; '(: ' x+y-xv] 

- B- la 
; O-x) (l - y) 

( 1 _X)(I-a-S)/2HI[a-z8+1,~ (j a+8+1 ]Z , 1-' , - 2-;x,y 
xy - x - y (7)

F3 y-t!. (1,Il,"Y-Il-a ' :Y; (x-l) (y-l[ ( 14) 
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H4 (2ó- a-l , B, ó, l -0.;x, (4x-l)y) (22)
H¡( a . e ,o- , ó;><, y) 

(1 -4x) - 0./2fI7 ( ' ,B,2 6-a- \ , o ;>< , y) ( 15) P. ( - a , B, c, l -u; x~ 1 I X~ I ] 

HI frt , 2ó- a- l ,B, ó; I - 1 , Y 11 -4 ><] (2 3) 
- G [ 2 ,11- 4>< 

O-x) 

Similar other transforrna t ion ca n be found i n th e 
pa p r s [ 1 ,9 , 10J . 

(1 6) 

Peoo of t he formu la (11) We hay 

a+B+ \ ] 0 - 2;.:) - a111 a ,B, y , -~-; x ,y
[ 

00 (0.) ( 0 + 1/2) y2n 
D n 

a+B+l >«,, - 1) ] ( 17)H7 n , 3, y , ---2---; (2x-1) 2 ' y (1 - 2x)[ 

(1-4 . ) y-a- ¡/2H3( a ,2y- a- l,y;x, ) 

( a ) (<1+1/2) / n 
n n (t +x) - 2(l- ?r.(18) 

(y ' ) n! 
H3 (2y- a-1 , a , y ;x, y) 

n 

H~ ( o. , B,Y,OjX, y) 

1 2 1 
F 2a+2n Y- - ' 2 Y-l' ~ J' 2' , )(+1[ 

HJ~,o-8 , Y, Ó ; -"-2' ] (19)
l (y-1) y-l 

(2 ('<)111+20 ( y-1/ 2) 
O +x) - 2a L L 

(2Y-1 )m (y ' )nm!n! 
m~O n=O 

HG(o.,B ,l - aj>< ,y) 

(20)"6 ( I - a- 26, B,a+26;",y} ~r ~] 20 

( 1_4X)6- 0 - ¡/z -2a " (2a) (y-l/ 2) H7(a,6 ,l - a ,ó;x, y} 
( 1+,, ) '- ro ro 

m=o ( 2y- 1) mm! 

(21)H. (2ó-a- l, B, o, 2ó-a- l ;" , (4x-l )y) 

H7 (a,B, 2ó- a-l , ó;x ,y) 

- B3 -

Rev . Téc . lng., Univ. Zu lia, Vol . 10, No. 1, Edición Especia l , 1987 



H [B Ct+S+l\" (2a) (y-1/2.) 	 1 (l, , Y. - 2wm~-2a-m(1+x) - La L m m 

(2y- 1) m! 
 lK+IJ l x+l Jur-o m 

(a) 	 (ll) ( y ) yn 
-n 	 n n 

n! n=O 
. r [2o+m,Y' - ! ' 2Y'-1' ~]2" ' x+y+1 

(a) 	 (S) (y) 
- o n n 

F2[2(l ,y- -2
1 

, y ' - 2
1

,2y-1 ,2Y'-1: ~.~l n!x+y+l x+y+lJ 

Here we have used twiee the quadrat ie t rans- a-o a-nH 0+6+1 I.X(X- I)]
F -2-' 2 --2-;formatíoD of Gauss 's hypergeometrie funetion [2. [ 

(2x- 1) 2 
p.1l2 (17)]. 

Proof oí the fo rmul (13) Wa have 

(Q)2m-n (")n()"
- (I -Z, ) -(l I: L 

( 1I~1l ) m~ 11 . [~" J m (y (! '·z.\]n . 
pO n-O U.-I)- '" 

on using the transforma tían [Z,p. 112(ZO)] •L ( 0. ') n (a) n (-y) n 
F(a,a '-n;l - B-n; -x) The o ther formula~ ao be established similar Y. 

n=O ( l-B') nn! by using the linear and/o c qllsc1ratie transforma
tlons of 2F l . 

3. THE TRANSFORMATIONS OF CONF lUENT HORN FUNCTIONS 

I n t h is seet ion we stablish some new trans
forma t ion formulae f or conflu ent ROl-n ( une r 10ns 
(incomplete Hom funetion s ) . Some times, transfor (l+x) 1-a- 1)-1)' F (1-<1-13-0 , 1-13-13'; 1- B-n: -x) mation formulae for e onfluent ( lmetians, may be 
obtsinad as s l imit ing c ases of the c orresponding 
formula e for their compl ete functions . Our sppt'oae h 
here i s to obtain transformat l ons formulae [o l' on
fluent cases diree t l y by usiog some known refiUlts 

\" \" <S) (l -ct-B) (l - S- S') (0.' ) (et+l)xmyn of the t heory of C',.¡¡ u ss 's hypergeomerrie funet i on
L L n-DI m-o m n n snd Kummer's function. There are some for 

m=O Il~O mu lae fo r confluen t functlons "Le h eannc, t be 
obtsmed by a limitin¡; process. S:l.milsT other trans
formation formula e are given ln [ l ,4 , 5. n],

(24) 

0¡(CJ,CI-y+1;x,y) ~ (l+x) -uH ~ (l;y; x-x-J (26)[ " 
( x+l ) ' x+l 

on usiog [2. p.64(2Jl] 

l"(a,b,e,x) = (l_x) e - a-b F(c - a,c-b;c:x) (25 ) 

( l -x) - ~ e 01 [y-a , B.y; l\~l' -y] 

(27) 

If '~e set a ' 1 - S' in (24), ..e obtain (13 ) . 

01 ( a , 8 : v;x,y) 

Pr oof of t he formula ( 17) We have 
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(36) 

Hs [Y-<1;Y; 	 x(x-1) , YCl-X)] (29) ljI¡ (a.B,y,y ' ;x,y) (l_x) - a 
(2.%-1) 2 2%-1 

\jil [a ,Y-B.y,y ' j x~l ' 6 ] 	 (37)

~l [a, S;r; x~l' y] (l-x) -tL::'¡(Y-<1,y, B,y;x,y) (JO) 

-s ljI¡ (a, S,Y,aj<'t,y) (l-x) 

(38) 

(3l ) 

Y-a-S 
lJII Ca,B,y,a;x,y) (1-x) 

y, Y-<1-S] )(
JIt (a, B;Y;l< , y) 

[r ,y-a,Y-B 

Hz [y-a;Y-B , l-a-y • y ; x, ~J 	 ( J9 ) 

l/i ¡{a,B,y.l+a-y;x,y) ~ (l-:<)y- - 13y,a+s-y ]
+ O_x)y-a-S a ~Il(y-B y-C'l, y-C1-~l;y-S;l-".y)[ 

•S 	 (32) 

(40) 

-B 
IIh(B,B ' ;y; x,y) - [1 - ~] e

Y 

1/I¡ (a, S, y, I+a-y;x,y) ( 1_x)-8 

(JJ)
.jI¡ [Y-B' , B,y-S',y; X~y , -y] 

y-B-B' 

~2(B,S'¡y;x,y) s 1 - ~ eY 


[ ] 
1/I ¡ (a,B,y, l +a-yjX,y) e e Y Hl 1(1-y,o, S,l+n-y;-y, - x) 

(42) 
ljI, [Y_B',y-S-S',y-S',y; ~ , X-yJ (34) 

¡P I (a,.8.o.. y ' jX,y) : eY HI¡ (y '-a, l+a- y ' , B,y' j -Y. - X) 

Iih(S;y;x,y) eX+Y/x O)¡ Z [ y-S,y."y-S¡ -x, - ;] (3 5) 
(43) 
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( l_;,;) Y - Cl. - ~ "Y, d (¡ , El , 'f , a ; x , y ) 

;:~ .} [, - " < f_c 
, 

( .. x ...!:.1..JI ... f "· t t 'l - x 

-p Y 
\i! ¡ (a , p,o'l , ', ' ¡ X,y ) (I-x) e 

~ , r, y' - l y " ~ 
( II I t' l- x , --v] 

([ - x ) - y eY 

r 1 y, u, 1- 0.- a; x, -.-.1..- ]
L 1-y 

1f!2 (a ,y .a;x,y) eX H4 (y-a, l+a-y,y ¡-X , - y) 

~I? ( a. y, t -Kl- Y;x ,y) e X H4 (y-a,a , y; - x ,-y) 

- (3 V
(l-x e ' ~l( a ,y-a , S ,y¡x,y) 

s-a ,y ] -a 

::: 1 «(l. rt ' • B, y ; x, y) =r [ (-x) 


S,y- a 


Rev, Tec. I ng . , Univ. 

H2 l +a-y,a, a ' .l+a·B¡ 	1 , -y ] + r[ a- s. Y] ( - x) -B 
" o. , y- 6 

(44 ) 
H, [1+~-Y ,8,a' ,1+8- a ; 	x' -y] (52) 

f l (a , 8,f" ;x,1') ( l+x) -e e -Y 

H2lrp'? l-a- f3 , l - l'-8 ' ,1 - S; 2-. , Y()(+l)] ( 53)
( 45 ) 	 x+l 

r l (a,S , 8' ¡ X,y) ( l+x) - a e - Y 

1'1 [1 - S' ,a,I-B,l - B'; x:l ' -y] (54) 

(46) 

(1 +x) I --Ct- B-B ' e - y r¡ (a,e.S ' ¡X,y) 

. 1 10 - 8- B' ,1 - 0.- 8,I-B , I-13 ' ¡ - X , - y(x+l )) (55) 

( 47 ) 

(48 ) 

(1 +x ) - f3' e XY r [l-a- s .e, B'; - ~ • y (1<+1 )] (56) 
x+l 

(4 9 ) 

r l (a,B,B ' ;x.y) r lCt+B.l -e 'J x
-(l 

B. l+a- 8 ' 

nl l [0.+8 a l+a- " " , - 1.. t 	 - v J (57)JI t . }J' X J( 50) 

a+s, 1- B'] x - o.e- 1'f l (a. B, 13' ¡X, y ) r [( 51) 	 8. 1+a-B ' 

1 (58)
x 
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a+B l-a - S- B' ] 
I 

[ 
y nai 4x-1+/4x-1(a,S,Il ' :x,y) r' e - 1 a,a-y+l ;2a - 2)'+2 ,2y-('(-I : 

[ 2xIl , l - B-S' 

r l (a,l-a-B-S' , B' : -x-l,y) (59) 

y' 2a-2 Y+l ] 
+ r (2x ) a-2y+l (1 _~(t

[a,a-y+! 
x 

(4«- 1+-14x-l ) 2y -2 n--1( 50) 

e -x - y Ih(I-Il-Il' ,1 - B,l-B' :x,y) ( 6 1) ¡p¡ [2y - a -l , y-a ,2y-21~, :'y- a - 1; 4x-1+.I4X-T 
2x 

(l_x) -Ü 12( B,B' . 1-o::xy,y(x-l) (62) ( 66) 

- a
H2(a.B , y,ó:x,y) ( l-x ) II? (a, '(,a;x,y) (1-4x ) )'-a- 1" 

( 63 )H2 [a,6-B,y,ó: x~l ' y O -x)] R~ [2Y - l, a-2y+ ,y;x , ~] (57) 

r [ ó.ó- a - s ] H2(a,a, Ó-Ü,ó:x,y) .. 
ó-a , 6- B R 7 (a ,y,a- 2y+2: x,y ) 

(68 ) 

= e - Y HJa , 1;''; X,-y l ( bY)0¡(ó-a , ó- B: S- a - 6+l: 1- x, y(x -I» (64 ) 
.J 

l - rr=z;x aHS(a.y:x,y) 2x ) 

1 4x• 01 [a.a- Y+l ;y; -2 - 1 -.J/ - 1, y 1 -~] ( 65 ) f'¡ 6-0:, S,a; ---'-- (70)X 4x2 x x [ (lHl+'tx ) • 

y,2 Y- 2n-l 
1 -fT:4"X ] ~ 2-ú.-2E r[l-fl, l/ 2-'1-tJ' 

r [ y- a, 2y-(~ - 1 [ 2x tle(a,f1;x , y) 
1/2,I-Ll-f' 

- 87 -

Rel/. T-c. Inl\., Unlv . Zulia , Vol. lO, 0.1, EdIción E,p" 131. 19M7 



0.+8-1/2,l - 8- n ]
Hg [ 0., 8.0;+13+ ±¡x + t, 2y ] + 	 + r . (l+4x) 1/ 2 -o.-Br',a-n) /2, (a-o+1) /2 

1/2-a-S"a- I r [1 - 8,0;+8- 1/2J 
+ 	 (l+4x ) <

a , 1/ 2 F 1-13+ 2"" • -2- -S ;3/2-0.-13; L+4)( = [ 	
J)n-a l - o.+n . 

_ H7 (1-(l-_B,3/2-a-B, t-o.- 2S;x+1/4 ,-y) (71 ) -Q- 2 13 [1-B. l /2-«-8]
2 r H3 (o.,8,a+ 1/2;xH/ 4,2» + 

l/2,1 -1)-8 

(l+2x) - :x 
0.- 1 [L-8, a+B-l /2 J 1/ - -8+ 2 r (l+4 x) 2 a 

0.,1/2 

( 72) 

. H7 (l-a- 2 S, 3/2-0.-8, l -a-2 8 ;x+l / 4, - y) 

r [1-«, Y-S ] y-S 1 ¡(o.,B,y,ó;x,y) on using ehe formula for analyric continuar ion of 
'Y ,1 -a- 8 che Gauss hypergeometr i c functlon [2, (l . 108 ( 1 ) J . 

!bis completes the proof of (71). The formula (32) 
may be esrsblished similarly . On [he orher hand the 
resule (66) may be obrained by s n appeal to t he 
formulae (32) and (65).

Ijll [0.+8.13,l+6-Y,6; + 

FurLher, we have 

1-a,a-y] 	 1 
+ r y-Y ')/1[0.+y,y,l+Y-8, 6;- -,x] (73 )

[	 n8,l -0.-y 	 Y L ~ 0(8;y+n:x) e 
( y ) n n: n=O 

PROOF We have 	 '" 

<lO ( 8) n ( - y ) n 
Hs(a , l3 ; x ,y) L 

n=O (1-<:1) nO! '" '" (y-8)m+n ( -x) 
m 

y 
11 

. 0(y- B+n;¡+n; -x) 
(Y) m+n(y-8)nm~lI: 

0.-0 el- nH ] 	 '" ( y-8) (-m-n) ( _x)mffi(y/x:)nF -2- ' -2- ; 1-8-n;-4x ;[ 	 m+n n,/¿ L 
m=O n~O (y) m+n (y-l3) n (m+n) ! n! 

<lO k n 
(Y-B)k( - k) nC-x) (y / x ) 

e 
x L L (Y)k (Y- B)nk:n:k=O neO 

k 
(y-B\(-x)

x 
F [ 

!l=.!!: q-n+l·Ct+8+l /2 ' l+4X] + 	 x e L . 2 J 2' , 
k=0 (y) k k: 
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; 1-B, l -B' ]11 [-k;1'-S; ;:] r (l+x)-a(l+y)-a'[
a ,a' , l-a-B,l-a'-B' 

'" k'" (1'-B\(-x) 
eX+Y/ x I I ---- ------ 11 [l'-f't-k ; y-B; - ; J 1 1 

k=O n:O (y) k k! .JJu - 1 VCl ' _I(!_u) -tl-B(I_v)-a ' -~ ' [1 - ~ - --Yl:J' ,': '-1 
><+1 l'+l <iudv 

o o 

Re 0'" Re ('L', ReO-a-S), ReO-a'-S') :> O (75) 

on using the Kummer's t ransformatton [2,P.253] ,ThiS 
completes the proof of (35 ) . 

The result (36) can be derived fram (35) and 
(48), The ther results can b dertved similarly. es [('L.a r ; x(l-y) (l-y+zy) y U -x) (1 -x+x y) ] 

It ia Lnteresting to observe that the. formulae 66), (l-x+xy) 2 (l - y+xy) 2 

(70) and some others can'C be derived from their 
cor responcling eomp ete cases. 

l-a, 1-a' ] a' 
r (l-x+xy) ( 1- +xy)a[4, THE INTEGRAL REPRESENTATION OF THE HORN FUNCTIONS a+a' , ct+a' , l -et-2a' , 1-a'-2a 

Several integral representat! ns of the Horn , I 

runctions, based on the Euler integrals of the . I J (uv ) +<1' - ' (I_u)-'Cl-o ' (1 -,, )-'tl'--<t O - ux )Q+u' - ' dudvfirst and seeond kind, rhe Mellin-Barnes lntegrals, _vy

the Laplace integral and several other con tour 10 , e
tegrals are known. Recently , sorne authors [16J have 
obtained integral representations in context with 
the homological groups. In this sectlon we esta
blish sorne ne", integral representatlons. 

Re (a+a ' ), Re(l- -2a'), Re(1-a'-2a) > O. (76) 

~ x(l-y) y (1 -x) ]
G¡ La,B,B ' ; l - K- y+2xy , l - x- y+2xy 

1-8, l - S' ] 

[ [ !:,I - a ]
r a,B, L-a-S,l - B- B' U 

B-l
V

y-1 (1 
-u) 

!:-B-l 
r B, E-S,y,l-a- y JJ 

o O 

BaJ SuCL- 1v- - B' (l_u ) a-sCl -v) 6-1 . (l - lC-y+2:<y) 

o O 

a+8+8'-1 - a Re S, Re y, Re(E-S), Re(l~-y) > O (77). (1-ux) (l-ux-vy) dudv, 

(74~
Rea, ReS, Re(1-a-B), Re(I-B-S'»O 

y ]{fls-lva/2-1(1_II)y-B-l[ 
et/2,B,1'-a/2-B o o u 
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. O _v)y-a/ 2- S- 1(1 _uy) - Cl, [1 - 4vx (l-u ) ]-(0+ 1)/2 
(1 - uy) 2 dudv 

I 

r [ " ] ( ( u B- I '/, y_ "._ 1 
v (I-u ) 


Re U, Re a. Re( y- a/2 - S) > O (78) 1/2 , 6 , Y- 8-1/ 2 ' 

O e 


l • 
. ( l -v) Y- 15- )/ u x ch ( 2 J ( l -u) vy ) ~udu6. y ~_I 0./ 2 - 1 

J vH"(a.S, y ,e; x,~ r [- a /2. 8.0- s ,y-a/2 ! ju 
R B R ('(- 3-1/2) > O 

lJil ( a.B,y.y · ;x, y) 

y . y ' I I 
Re (1. Re S, Re (y-a/2) , Re (e- S) > O (79) 

r~ - 1 ('( - ' 
U Vl'L,s.y. 

.ri.r±!l .:.;x",,( 2=--Y..;.+",,1 )'-~ = H6 a , 8, y; ~[ (2y+l ) 2 y+1 

Re a , Re R, Re(y ' -~) , Re (y - 8) > O HJ ) 

y y ' ],J 
, 
f
, 

[
u -1 v -<J-S ( I -u) - "'-YO-v )"-'(l-ux) -G(l+( I -u>o)vy) ",,-l'dU,lv lJi,, (a .y. y',:x . ) = r . 

1/2 , a - 1/2, a , y- o , Y'- 1o o 

1 1 1
Re (1 , Re Y. Rc(1-a- 8), Re (l-a-y) > O (80) 

. J J J l v ('(-1 _ - J/,U ('t- 1/2 O-u) Y-l1-I ( 1-v) y' - ('t - ! (1 ) n1 

n O O 

X2 , y ( 1  f)] n 

(4 - 2x)' eUX+VY h ( Z '/UVlxy )dudvd l 

1 Re (a - l / 2) , R,, ( y -( ) , R,, (y '-:t) " (J 


r [ 1-(:1,26-1 


B,0 - 1/2 , 6 - 1/2 , 1-a- 3 

'll-f r-r 
1 

J 
1 

u - lh )3- I O_u )Ó- l / 2 ( 1_v)- - l3 0 _ux)-a 
1 U I 1 

O [' [ ) ] J ua - V _ ( I_u) l-' -· 
Il,a ', y-n- u ' 

o o 
o o 

• (l + (l - ux)vy) - Ydu dv , Re 8, Re U¡-l! 2) , Re (l - a- 8) > 0 

(1 - v) '( - a-o' - 1 ( '1-" ,, ) - {l. ,,( 1-, ) \' v dud v
(81 ) 
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Re 'l, Re a ' , ReCy- :)-a ' ) > O (8 S) 

1 , 

1- 0: ] f ( r (I_x )-a xy Ju 6- \ - 1/2 

L/2, B- 1/ 2, 1~-B 

]f 
I .-I o o 

' ( 
0 - - lh y-a- 1 r u V (1-u ) 

• I/2 ,0, y- - 1/2 .
" o 


. O - v ) (- _3/ 20 -ux ) -SCh (2/0 - u ) vY ) dudv 
R ( R-l/2), Re (l - - 6) > O (89) 

Rp~, Re(y-n- I/~ ) > O (86) 

1:1 2 ( n , 8 . Y, ;x,y) 

r l (a.,8 , R' ¡X,y) 1 1 

8r ~B 'Y. :~~~:_a_J J J u - \Y- l 

r [ 1- B, I - B' ] (l +x) I-a- B- e: - y o o 
e 


La, , 1- - b, l - R- B' 

(1-u) O- S-l (l -v) - (1-y(l-ux ) - O:e (ux - 1) v y d udv 


1 1 

r r u- - Bv - S- B' (l _u) C(-'O_v) I'- I (t+u x ) i3+B ' - 1 Re fl , R y, Re( /1- 13), Re ( l - n -y) > O (90) 
... 
o o 

1 I 

1 , 0 ] JJ 8-1 - 1/ 2 - 6- 1 
Re CI , Re 8, Re ( l ~-B) , Re (l-B- B') > O (87) r [ u v (1-u ) 

1/2 ,1 / 2-a,8,o- 8 
o o 

- 0:- 1/2 -O ,..,.,----.~ 
(l -v) (l-ux) eos ( 2v'(l - ux)vy) d udvrz ( I',B ' ¡X,y ) 

Re(1/2-a), Re B, Re (o- B) > O (91)r( 1-8 , I -B ' ] 

1/ 2 ,a,R' ,1 /2 - -8', I-B- 8' 

H~(a, l -a,ó;x ,y) 1 ~ J.f f f ( l( I -T»- 1/2 
1 1

(uv O _l»-6- B' (l-u) B'- O _v )B- l 

o " o 

. e (U- l )X+( V- t)y ch ( 2(u v iXy)dudvdT 

o o 


(88)Re B, Re B' , Re (I -B-B') > O 
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1 IRe a . Re( o- a-l/2) > O (92) 

.(1+ 4 ) 1- za- 2Be-( I+/I +4X)Y/ 2ffu-a- 2f!v-a - S 
(1+11+4)() 2 

!lo[ex ..y ; _x_ , -L J o o 

(x+l ) 2 x+l 
a+B-I

1 
. O-u ) 8- 1 (l-v ) 8- (1 + _....:4..=ux",--_ ) 

(1+/l+4x) 2 

(l- l y-a -1 
u (1-u) 

vy (I +/ i+4i) (l+4x/ (l+JI+4X) 2 J . exp - dudv o [ 
2+811X/ (1+/ l +4x) 2 

1(l_ux ) y- a - eUYdu Re , Re (y-a) > O (93) 

Re B, Re( a+B) , Re (J-a-2B) > O (96 ) 

y LH. [rx, y ; x 
(x+l ) 2 )(+1 J 

1 1 

( 94 ) 

Re B, Re (O- 1/2) , Re( l -a-B) > O (97) 
Re 8, Re ( l+o- y) , Re( 2y-a- B-l) > O 

H7 [ a,y,eS; x2 , ...l::L J= 

(4 - 2x)2 2-)( 


O, 2Y- l ] x a 

(l - "2 )
[r a,o- a ,y-l/2,y- l /2 


o o 


I , 

rJ u"'- ~'v -' (I-u) Y- JI; ( l _v ) ó-o.- I(I-<Jo, -QuVV/(I-ux 'dudv 


" o 


Re (o-1/2 ) , ReO / 2- a) > O (98) 

( 95)Re (l, Re(e-a ) , R (y- l / 2) > O 

Ell (a, B,y,6;x,y) 


H8 (a,8;x , y) ~ 1 1 1 


l 
 l - a ,l - a ] 


r 8 , a+B , I-a-B, I-a - 2B 
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00 

I 

e-nI (Huvy)dudvdt 

Re a, Re S. Re Y. Re( l-a-y) , Re (e-n-S) o (99) 

uaing 
(lO} 
tion 
(93). 
r1ved 

PROOF : Tbe re~lt ( 74 ) ean be .obtained by 
the t i e f ormula of the funetions Gl and F 2 

and the integral repr e sent a tion of t he func 
F2 [1 ]. Tbe r e sults (75), ( 80) . (81). (87). 
(94). (95) , (96). (97). a nd (99 ) e n be de 
similarly . 

We have 

"3 (8. y ; x ,y) = 

(J3)mxmyn nL (y>! n! II ( J3; y+n ;x )(y) " m.n~O m+nm•n . n~ O 
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