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ABSTRAeT 

The object oC the preaent paper i5 
following functional relatíon : 

to prove che 

~ ~ r(v+n} ?Fl(-~ ~'n+~' - ~ )..... , t , af(v) ¿ nr(~+n)
n=l 

Re(A) > Re(v) ~ O, larg i I < í 

by means of the Riemann-Liouville oper~toT oi frac
eional calculus. Sorne particular cases are mention
ed. The resultll given earlier by ROlls and Kalla 
follow as special cases of our maln result , Some 
results are numerically tabulated [or illustration 
and verification. 

RESUMEN 

El objeto del presente trabajo es demostrar la 
siguienLe relaci6n funcional 

~ r 1 (v+n) 2.F1 (-~ A'n+h' _ ~)
r(v) l. nr(>.+n) - " , a 

n=1 

AFUNCnONAl RELAnON INVOlVING '1" FUNCTlON 

Re(A) > Re(\I)~ o, larg;- ¡ < 

por medio del operador de Riemann - Llollvil1e del 
cálculo fraccional. Se mencionan algunos casos par
ticu¡~¡e~. Los resultados dados anteriormente por 

Roas y Kalla-Ross resultan easos particulares Jel 
resultado principal. Se dan algunas tablas numér¡
cas para ilustración y verificación, 

l, IN"IRODUCTlON 

In a recent paper [1I¡ Ross has proved the 
following result 

1.3.5 .... (Zn-l)ln 4: í. 
2
n 

(1) 
n=1 n n! 

by means of fractional calculus. In a follow-up 
work KaIla to Ross [ 6 I have gíven the func~ional 
relation 

~(A) - ~(A-V) -~ I r(v+n) (2)- r(v) n=1 nr(A+n) 

Re(A) > Re(v) ~ O 

In this paper we prove the following more ge
neral functional relation 

Xr(\I+n) 2Fl(-~,A;n+h;- -a )
nr(.\+n) 
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.. 
- } (3) 

Re(X) > Re(v) ~ O, larg; I~ ro 

by means of Riemann-Liouville operatorof fractional 
calculu . [9,10 

2Fl(~,~;r;z) ia the GauBB'hyperge~etric fune
tion and ~(z) s r'(%)/r(z) i5 the di-Gamma function 
[4,71. We observe tha~ for -0,(3) reduces to (2). 

The integral 

x
l v-l 

-- f (x-e) f(t)dt, Re(v) > O (4)
r(\J) o 

is called che Riemann-Liouville operetor oí frac
tiooal calculus. !he operator (4) iB denoted by l,i 
[12~ or Di\Jf(x) [2\. We shall follow the setond 
notation. 

~~ part~cula case~ '9¡ ~~ ~iQl nlu~~ of 
the parameters are mentioned. Fa! illustration and 
verification some numerical results ate tabulaced. 

2. THE FUNCTIO AL RELATIOl' 

We stare vith the integral [SI 

u lt~)'-l r ~.\)s (- - !. ' (5)
2"1 .f(V+},) a 

Re( J Re v) O , larg !. <~. a 

TIle ot gra! on he 1eft above 
tÍBl with respect to the par 

.getL1n 

dUfercn
et r to 

Lei n1t~'s rul • The right h nd 81d d 
ferentlst d v th renre to 

-

R Té lng,. Un1V 

x 
1 J \1-1 },-I ~ 

f(v) (x-t) lo t t (t+a) dt 

x 

(6) 

For abbreviatíon¡ we denote the ¡~8", oiac 
aboye by 6(1 tU,Rn)MMUk~ résJl lb} can be 
witten as 

-'Jl A-l IIJoDx ln t t (c+a) ~ G(x,)., \1,11, a) (7) 

Because of che analyticity and contÍDuity at 
v ~ 0, \le can interchall8e the roles of - \' and v. 
Rente, for differentíatioo of ln t t A- 1 (t+a)1I to en 

!Pbi~rary arder v we hav~ 

(S) 

Now we consider che folloW1ng integral equa
cian of the Volterra type 

x, ),-1j (x_t)v-, f(t) dt • x ln x (x+s)u 

r ' \1) O 


x
Re().) > Ret\J) ! O , I arg a (9) 

!he Riemann-Liouville integral (9). can be 
aolved by Laplace transform becauae ol ita coovalu
tion type Rowever, ve pr ceed to 80lv it by the 
use o the op ra 0.6 oC fra~tional cnltulua. !he 
u e oi the ope~ tor of fractional 1ntegrat~ao to 
obtaio new funclional relatioD sbaw6 1ta real paw

r o obtaÍD r sult in an e snt fa bv lh sys
tl!!lUl ir. u e o IIlmpl nnt lians. 
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lo the notat~oo oí the fractional calcul us (9) 
can be written as 

(10) 

Operating 00 both aides with o~ g~ves 

Usiog (8) we can write the solutioo of tbe iotegral 
equatioo (9) as 

x k
(-11) (}.) (--)

k k a 

02) 

Now to verify this result ve substitute (12)in 
(9) in terms of tbe argument t. 

We write a series expansion for In t as fol
lows 

,- ,. X -t t - X • x(1+ t-x) (13)- ~ 

where JI. aod t are real aOO x>O. Theo 

lo t : lo x + 10(1+ t-x) (14) 
x 

For t-x < 1, we can expand 10(1+ e-x) 10to 
a Taylor's x series expansion o Thu , x 

{x_t)n
In e • In x - (lS) 

o 
nx 

where ehe ~nterval of coovergence is O < e < 2x . 
Evaluatiog the correspc.oding integrals we get the 
resul t (3) after little simplification. 

3. SPECIAL CASES 

(i) For ~ = O our main result (3) reduces to 
(2) . a result receotly given by [6J , which itself 
is a generalization of (1) . 

(li) Fo~ U~ m, (m ~s a posltive integer)/ <3~ 
f~duMS ~o 

Iill.. ~ r(v+n) 2Pl(-m A'n+~' - ~)r (v) ¿ or (>.+n) ' " s 
n=1 

. t (6) 

Re(>.) > Re(v) ~ O , larg ¡-I < ff 

Rere 2Fl represents a polynomial of degree m. Por 
m=l • (16) becomes 

r (v+n.) ;l.(a+x)+aD J 
nr(>.+n) [ a (>.+n) 

Further for A-l aod v - 21 (17) becomes 

.. rct + o) r J (18)
of(l+n) :J:> - 0+ ~)ln 4 - ¡ 

and for ~=l • v· 31 . bv uain [31 ve get 

... r(n+ t) 
(a~}+an l (9)nr(o+1) [ a (0+1 ) 
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fi 11"(1+ .!) + l(ln3(l+ .!» x
6 a 2 a - 2a 

And for A;V+l (17) b~~omé9 

... 
v (\1+1) (a+x)+an 

(20)
n (v+n) a (v+n+l ) 

n=1 

For x=a (20) takes the following form 

.. 
1 1 (21)

(v+n) (v+n+l) = v+1 
n=l 

(iii) ~ =-j (j is a positive integer) 

The result (3) becomes 

CD 

J:Ql.. r(v+n) 
rev) n~1 nr(Hn) 

(22) 

I n (23) i f we set A=l V =-1 ve have,, 2 

1
f('2 + n )

1 ¿ --=-"e:---.-- 2F1 (l l'D+1 . - !.)nr(1+n) ", afi 
n=l 

~ x k • 1 Jl. (- a) lHk+1) - ~(k+ '2) 


k=O 


4. NUMERICAL CQMPUTATION 

In.th tables 1 and 2, equatiODs (2) and (17) • 
re8pect~vely, are computed by usiog a VAX/VHS elec
tronie computing machiDe . Tbe resulta are given in 
single preeísion . 

We ahaIl denote for the sake O~ uimplicity 

~nY l¡ft-hnnd ~ia@§ of (1) nft~ (IJ) by ~l anJ th~ 
right-hand sides of the same equations by R2. 

In Rl, we took n =500; thia ia due to slow 
convergence of the series. 

A~ubroutine call@d GAMMA [JI was UC~ . to 
compu~e the e~ tllOv'iQn,ll'hcrC it~ argumem Xis 
giv~n by la· (1 (]4.). Wor ~ ) 34.5. U~ U~~ 
the firat t~ terms of the Stirling formula from 
[1] given by 

1 
x x- 2" 1 

r(x) '" l2X e - (x) (l + 12x) 

If j=1 , (22) becomes In R2 , we computed the psi-funetíoD ~(x) by 
usign [lJ the fol1owing equation 

.!:Ql 'i' r(v+n) 
r(v) ¿ nr(Hn) 

where f3(n). (n e 1.2.3 •.•. ) are ta~ulated in [11 . 
'" l'he linear-interpolation method is used in ComputíDgI. (- i)k [~~+k) - ~(A.v+k)l (23) 

fJ 6<).
k~o 
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rabIe 1 Table 2 

We 	 took x ~ a E 

.). RlV R2 

h v Rl R2 

1.0 0.5 1.335862 1.386294 
1.0 0.333333 0.732136 0.741018 
~.O 1.5 0.886199 0.94U09 

3.0 1.0 1.¿9~Oln 1.500000 

].J l.~ 0.622827 0.627459 
3.1 2.1 1.536640 1.537735 
3.4 1.8 0.943421 0.989308 
4.0 3.0 1.830340 1.833333 
5.1 21 0.605174 0.604904 

1.0 
1.0 
2.3 
3.0 
4.0 
6.5 

10.0 
2.0 
4.5In Table l. for the case ~ • 1 • v .1 and v· 2.23 · 	we eomputed R2 by using ~(1) - ~(l)=2In 4 aud 

1. J2nJ~OJ L'?25S9 
0.9820370.9748730.333333 
1.4503101.3797511.1 
1.5488401.4395771.5 
2.1322172.0234482.5 
0.3731971.1 0.372500 

0.286364 0.3261091.5 
0.333333 0.382075 0.469211 

3.1513123.1560243.5 
1.6829811.6968321.2 

2 

1 
J 

In Tabie Z, f~r the(¡cSa)oe dA 
,we use equat10ns an 

.(191), 
, 

1 
a I ~nd v· 

respeet1vely, 

~e first equation frcm the known relations of to compute R2. 
the pS1-function while the seeond frcm í2]. 
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