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ABSTRAer 

Recurrence reIatían for the modif í ed maments 

1 

J f(X)~(X) dx 
-1 

of the funct~n f with respect [o the Gegenbauer 
polynomials e of order A(A>-1 /2) is presented. 
The result isKobtained under the assumption that f 
satisfies a linear differential equation with poly
nomia! coefficlents. 

RESUMEN 

Se presenta la relación de recurrencia para 
los momentos modificados 

.\.
J f(x)Ck(x )dx 

-1 

de la funcióo E con respecto a l os polinomios de 
Ge~enbauer C~ de rden A(A> - 1/2 ) . El resul t ado 
se obtiene baJO la suposición de que E sa t isface 
una ecuación diferencial linea! con coeficientes 
po linómicos . 

1. INTRODUCTrON 

Let f be a funetion defined on lhe "n terval 
(-1,1) and such t har 

(k ~ O) • 

Key words and phrases : modif~ed moment s,Gegenbauer 
p lynomials, r ecurrence relat~ons 
&~S classif i cation : 33A6S. 65030 , 6SQOS 

RECURRENCE RELATlONS FOR MOOIFIEO MOMENTS 

Accordíng to Gau tschi [41, we call 

~[i] 	 ;; J E(X) C~(l{)dx ( ~ ) -l (Z) (1.1 ) 

-1 

mo ified moments oE f with respect to the Gegenbauer 
polynomials C~ (in short : [he Gegenbauer moments). 
The case A= O is of particular importance. We have 

a 

Ca 
 CO = ~ T (k _> 1).

k k 	 k 

where Tk are the Chebyshev polyn miaIs of the first 
kind. We shall refer to the integrals 

(1. 2) 

as the Chebyshev moments of f. Obviou sly, 

(1.3 ) 

Sorne important compuLational problems in the 
f i el d oE nornerieal i ntegration can be solved by 
p r oc du res, wh i ch re~ui re [he Gegenbauer or 
Chebyshev moments ([2]. t~J.[S .[9].[13].(14J,l16],
[17] ) . Sometimes these moments can be om puted di
rectly in integer [orro Or in terms oI special func
t ions ([1] .[31.[6] .[7J ,[sJ .[lS]). Mos t frequently. 
however. they are obtained from reCOTrence relations 

[21. [9"] ,[ 10] [11]. [12] , [13J • [14 ] • [19J ) . 

I n [10l , some algorithms have been presented 
for obtaining reeurrenee r elation for Gegenbauer 
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moments oE a fun~ tion Evhi~ h g4ti~f i~~ thé l in~ar 
differential equat i on 

n

'1 f (m ) 
 q 0.4)/.. Pm 

m=O 

of order n, where Pm are polynomials and the func
tion q i5 5uch that the moments m~ [q l exist and are 

known. The first algorithm, which , however, is a15 0 

the most complex, leads to a recurrence relation of 
the lowest possíble order. 

The aim here i 5 t o pre5ent a new algorithm, 
which has sorne remarkable features. First, the 
r ecu rrence relation and its order are obtained in 
i nteger forms, being expressed in terms of the 
coefficients of equation (1.4). Second , the com
putational complexity is considerably reduced.Thir~ 
the algorithm can be easily implement in a computer 
l angu age designed to perform symbolic manipulations 
of rational expressíons. (Notíce that Robertson 
[15] wrote an ALTRAN program wh ich is an implemen
tatíon of the first method of [10].) 

Let us remark that recurrence relat ions f or 

the Jacobi moments 

f E(x)p~a, ¡3) (x) dx (a>-1,¡3 > -1 ) 

-¡ 

may be obtained using a simila r technique. 

2. DlFFERENCE OPERATORS 

The results given in the fo llowing section s 
are expressed in terms of a Gertain type of linear 
op erator. Consider the space S of a11 "doubly infi 
nite" sequences of cortl plex numbers (all functions 
s : Z 7 e, ii you will). Under the usual operations 
oE pointwise addition and scalar multiplication, 
S becomes a linear space over C. 

Let S* be the space of all linear mappings oE 
S into itself. Gíven T € S* and a sequence (Zk}€S, 
let the k-th component of the sequence T{zk} be de
noted by TZk, so that 

EmLe t the symbol s l, 0 and (m EZ) denote the id en
tit y operator . the zero opera tor and the m-th shift 
operato r on S, respectively. We then have 

-
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(ke:Z) . 

Clearly EO I.. 

Let L be the set of all operators froID S* that 
can be expressed in the forro 

r u+j 
L A. (k) E 

J 
j=o 

where AQ, Al, ••• , Ar are rational function5 in S, 
u, rEZ, r ~ O. Every non-zero operator LEL can be 
expressed.in the aboye form with Ao i O and Ar i O. 
r = r (L) lS referred to as the order of L, whi le 
Ao, ... , Ar are called the coefficients of the 
operator L. The elements of the set L are known as 
difference operator5. Let L¡, be two differenceL2 
operators with 

(m 1, 2).L 
m 

We defin e the product of L¡ and Lz to be the oper
a t or 

2 U¡+U2+i +j 
¿ T A

lí
(k)A2j( k+i+u¡) E 

i=o j =O 

Under this mul ti plica t i on and the addition defined 
in a natura l manner, L fo rms a ring with unity l . 

Let LEL and ~ES. Equ ation 

Jl (k) (ke:Z) 

is called the recurrence relation for the sequence 
[Zk}ES. The ord er of the recurrence relat ion is t he 
order of t he difference operator L. 

3. PROPERTIES OF GEGENBAUER MOME NTS 

In the sequ e l it wil l bXrc~nvenie nt to have 
defined Gegenbauer moments rnk lf J with n e.ga t~ve in-
dices. I f 2A is not an intege r , we define 
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(k ~ 1) . It is eas y to g~neralize (3.3) so t hat we can 
evaluat e m~ [pfJ, where p i s any polynomial.Namely, 
we have 

When 2>' h, h€Z , we must define [l OJ 

(J . 6 ) 

o (k = 1, 2, ... , h -1) , 

Simílarly, we can replace (3 . 4) by 

>. r, 
-~-h l f J (k = h, h+l, ... ) . 

Let us define t he difference operators D and X by 

1 -1 Let us r ecall that [lOJ(3 .1)D = 2(k+A) (E -El 

and 
. i 2j-i 

D1 = Z- i(kt Á-i)-¡ ~ (k)) p .. +A E (J . 8) 
2itl j=o 1. J 

¡ - 1 
X = Z(k+>. ) { (kt2>.-1) E t (ktl )Ef . (3. 2) 

where 

From the fo Howí ng well-knor,m proper t ies of the 
Gegenbauer polynomials 

(-l ) j (~) (r -i) . (K-ítZj) (Ktjtl) .. 
>. >. J J 1.-J

Z(k+A)X« X) (ktl) C (x) t (kt2 ,1. -1 )Ck_ (x) , 
kt1 1 

(j = O, 1, i ) , 

and t hat 

and from (1.1 ) , it can be shown that [lO] i 
2 j iL > • • (k+A )E - (3.9 )

1.J 

(3 . 3) 

where r, .. are rational funct ions defined r ecu r
sively 1.J by 

and 

(J . 7) 

(3 . 4) 

-1 
K ((KtA-l)r,. 1 . (K- l ) where 

L- ,J 

(3 .S) 
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(i 1; j 0, L, ... , l ; ~i _l,_ l " L - ,1 O) ; for i > ~ 0 , 

in panicular, 
s (d for > O (3 .1 6 ) 

• - 1 O1 . , 

, 
1 

E2jxi 2- i k- 1( !. (J.) - i ) (KI) fo r ), O, 
J andj= O 

(3 . 10) 

f or h O, 0 .1 7) 2- i 
l 

Ó E2 i - i f or A l. 

j= J 

for h > 1. 


Fu r ther pr ope r t ies of mkLr .. i 11 be g iv en 


i n l.er¡¡¡ a s 3. 1 and 3 . 2 . \~€' [ i r s t d e fi ne t he 


difr erence ope r at or s 

LEMMA 3 .1. For any i O, 1, ... and Ed·1 . ! .~ 

(2 k+2!.+L ) 2 

I - € (3 . 11)


(2k+2H i+l) 2 

and 
(3.18) 

(2k+2>.+l ) 2 

E (3.12 )
(k+2). - I)I+ (k+i+2 ) (2k+2H ' + 1) 2 


where á (x+~ ) ~x

E 

f or i O. 1, ... and E ¡-1 , ti . It can be checked 
that Proof. Fo r i = ° equaL i on 3. 18 ho ld s t rivial

ly, and for i = 1 i t r ead ily f ollows fr om (J. J6) , 
(3.6) , (3.13) , (3 . 4) and (J .I 7) . Assuming that (3 . 

(3.13) 18) is t rue for a certain i( i> I) . we obtain fr om 
(J . 15) - (J .17) 

and thar 

(J .19 ) 

(3 .1 4) 

Let us introduce the notation 

From (J.14 ) , 

1 for i < j, 

(J .15) 
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For i 1, (3.18) reduces to We shal l need the identíty 

<> [ ( X-E ) ] 
'+1 

f (x) } 
E 

(3. 25) 

T (j +l ) (X+Elf(x )} (j~O ) . 

Thu s, t he last expres sion in (3. 19 ) can be wri tte n 
as 

Equa tion (3. 23) ho lds trivial ly for j=O. Assuming 
tha t it is tr ue for a certain j (j >0) and us i ng 
(3 .25 ) and (3.24) , we obtain -

R(E) A[f]
i+l\ 

· H H( E) V (. E) /L byDe f ~n e • . , "'
L J 

+ (j+ l ) (x+E)f( x) J 
(3 . 20 ) 

for i ~ O and ~ ~ ±1. (3. 21) 

4 . RECURRENCE RELATION FOR GEGENBAUER MOMENT S 

(3 . 22) 1.1 •fO T j O and (: The main r esult oE t h i s pap a r is con t ai ne d i n 
Theorem 4 . i be low. Le t U 5 o bserv e f ir st [ ha t t he 
dif ere ntíal e qua t ion (1. 4) may be writ t e n i n t he 
equ j l1a l e n t form 

[or j~l a nd E ! 1 . 

n 
(q.f ) ( i ) 1] , (4 .1 ) 

1. 

LEHNA 3. 2 . For any j > O a nd € .¿ ( -l.l } I,e 

have the id e nti ty 


where 


6 (X+€) L . 
E dx n 

q . = I (i O. 1. . .. , n) . 
J.

(3 .23 ) j =i 

(4 . 2 ) 

Proof . It can be sholJTl t ha t [10] 
~ ~ s ha ll ne ed th e fo llowing resul t o 

LEMrlA 4 .1. For ever y i~O a nd f or E =±l \He 
,1,, ( 2 l )f ' ; (3 . 24 ) mk L x - J Hm~ [rl . have. 
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i 

idi i
((x+s) f (x) } ¿ " p(i) oi-h f 8(i) 8(i-l) +i8(i-l)

h € ' h h h-1 (i ~1 h ~ O),dx h=O 

(4.6) 

Ilái) 1, 8(i) O (i > O) •
i+l 

where Ó (xtE) 

d 

¡; dx' 

THEOREM 4.1. Let f be a real function de f i ned 
on (-1,1) satisfying the differential equation~.l) 
and let the Ge7~n~auer moments m~[f(i)] (i = O, l',' 

(4 .4) ''''tn) a~d ffi¡{Lq J eXlst ('A>_1/2 ). Let ehi be non 
nega lve lntegers such that the coefficients qi of 
equation (4.1) can be written in the form 

and E(a) are the generalized Bernoulli numbers 

e_, i
defínéd implicitly by e1iq. (x)

1 
(x+l) (x-l) ., u.(x) 

1 

(4.1) 

00 s (i = 1, 2,1I., n; q. 1 O),= ) t B(¡l)(_tt l. l 1 

e 
t
-1 5=0 

í-ihere u. is a polynomial , u.(±l) # o. Let 
1 1 

r
Prccf . Comb in ing the ident ity ( ~1 2 ,v. l , Eq. 

ZI5 (16 )) 

(h ±l) (4.8) 

~ (i ) i-h 

"h Y 
 and let 

€ = for s I « s ,wi th (ib i d ., Eq. 2.9 (4» -1 

(4 .9) 

=-1 for SI > s_l' 

i d(z q(z) } (6+j)g(z) (8 z dZ)' 

s = a = s _e:' d (J-S. (4.10) 

\,e obtain Finally, define the polynomials 

n-s 

~h (x) for h=O,1, ... ,n-s, 

i=h 
(4.11) 

and
For e: (-l , ll, let z = X-K: and f (x) = g(z ) . Obv i 
ous l y, O f(x) = 6g (z) and (4.3) is simplya tran
scríption '-or (4 . 5). 

\J. (x) (X-E)-j¡J. d(x) for 1,2, .. . ) n-a_
It should be remarked that the coefficients J J+ 

(4.4) can be ca lculated recursively using 

formulae (c.f . [12]. v.l, re¡ 2.8 (7) (4.12) 
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Then we have the recurrence relation 

~ (k) , 

~[fJ T (k) , (4. 13 ) 

(4 .1 8)
where 

where 

S '" r, S . 1n-j, (h)
~(k) _ -¿ s-J+ - A r( f) 1 

S- 1 D mklq J D ) <tk L qh+j J' 
j=1 h=OL = P(€) '"1 

d . ' 
1=0 

(4 .19)(4 . 14) 

No\.¡ , it readil y f ollows -from (4 . 8) - (4.10) tllat 
e€i ~ i-s ~ i - o . Thus the formulae (4.1 1) and (4. 12) 
actuall~ define polynomials . Let us denote v-ex) = 
(X+E:)S-l qi(X) for i ~ s. Using Lernrna 4 . 1 we ~rans

form the second sum on the 1.h . s. of (4.18) : 

and n 

A


1. m
ki=s 

s n-s(E:) S A[ 1 _ pe€) S-j+lT(k) D ~ qJ d 1. D - ¿Pd 
j =1 i=O 

Here Uh lS the polynomial (4 .11 ) . 

d 

[(qh+/) (h)j -j ~ 
Let E: and d be the i ntegers defined in 

and (4 . 10), respectivel y . Apply the operator 
(see (3.16» to both sides of (4 . 18), then use 
Lcmma 3 .1 and (3.6) . The result can be written inthe forro 

The order of (4.13) is expressed by 
s- l d 

(p(E) I DS-iq. (X) + ¿ 
d i=O 1 h=O 

r(L) S_!+Sl+2 rnax (deg qi-i). (4 .16) 
(4.20)O.:i.:n,qi¡lO 

Proof. Equation (4 . 1) implies the identity 

where 

n 
¿ (4 .1 7 ) 

T (k)i=o 

Let s be the integer defined in (4.10) . Let t he 
operator DS act on both sides of (4.17) and use 
(3.6) and (3 .7). We obtain, after sorne algebra, (4 . 21) 

- SS 
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UsinQ (4.11) , LommA ] .2 ~nd (J. b) ¡ we have 

(4.23 ) 

o-o 
¿ 

h=! 

and 

r (L ) 2 max (deg w +i ) . (4.24 ) 
i 

O<i<n ;w. tO 
n - - l. 
~ v ( e:) ( ) ), r 

f
,L h hXmk LJ · 

h=l 

Rer e 

This together with (4.19 ) - (4 . 21) irnplies equation 
(4 . 13) in whieh the apera t or LE L and the fune t i on 
T~S are given by (4.14 ) and (4.15 ) , respee tively . n2 

}=h 

(j) j - h 
~. h (x-l ) "'. (x ) 
J  ] 

(h = 0,1 , ...• o) . 

are 
As we have remarked, equa tio ns (4 .1) and (1 .4) 

equivelent. Now, we have seeo tha t (4.13 ) is 
(4. 25) 

obtained wíth the help of the difference operator 

Sec.ol1d .6peUal eMe; q. (x) = (xtE) \. (x) for 
• 1. 1. a polyoomial V. (L = O. l • ... } n). and ~ (-~ ) I O, 

p where E [-l ,l }: We then have 

such that 

n 
L" )" S ( E) R(E) J (X ) (4.26). n-l h b I h •h=O • 

T(k) P ( E)Dl~[_l _ ~ ( e) ( ) n-j A 
'1..1 l S .R. E D 'i' <: 

o K j =¡ n-l,J J h~O kwhich implies [10] 

(4 .2 7) 

r (L) r(P)+2 max (deg ~-i) . 

Observing that r(p) = r (p~E:»+r(Ds) ~ d+2s s+o,we Il (X) (h O, l •. . .• n ) , (4 . 28) hobtai (4.16 ) . 

Therc are lhr e sp cial cases when ( 4. 14 ) and 
(4.16) are sl.gnificantly simplified. 

F¿''r.l>t ~pe.c...i.a1. ea.óe : q. (x ) = (x2 _l) \'i (x) [or 

a polynomial w. (i=O. l •. .. , a). Then r(L) (4.29 )1. 

( 4 .22)L = 
The n 
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n n- i It can be shown by induct ion on d t hat L = ¿ D q. (X) , (4.30) 
i =O 1 

(4.3 1) 
in uhi~h 

and 

'il . (k) 
1 

d 
-E ~ . (-k-2A -d)

d-l 
(i 0,1 , . .. , d) . 

dL) 2n+2 max (deg q. -i) . 
O~i~n , qii O 1 

(4.3 2) 

Fur t her , let U stand for any of the fol l o\ving 
operator s : 

discovered which seems to be useful for check 
purposes. We prove the following 

THEOREN 4.2. Operator (4.14) has the fonn 

~h(X) (h = 0, 1, . ..• d). 

r 
j u 

L = (2k+ZHd+l ) d~ ;. A. (k) E 
1 j=O J 

from p.8;, (3.91 and (3.22" 

in which r ~ r(L). 

u = s+ max (deg q. -i), 
O<i<n ,q ,JO L 
-- l where 

and 1. 0 , l.,·.' "r are such t ha t 
t s+ max (d eg qi-i) 

iu ,qi 10 

A. (k) = _c d¡, , ( -k-2\ -d ) (k = O, L, ..• ,r ) . and ojIj are such that 
J r -J 

op ,(k) I~~ , (-k-V, ) Proof . We gi ve a short sket ch. Lec P r epre sent (j =0, 1, ... . 2t ).
J ¿ t - J 

any of the oper tors 

Her e J i s l O, l , . ... s- lJ. [o+1.a+2 .... ,n} or (s+h , 
5+h+l, . .. , n ) (h = O. l •. . . , d) , respec t ively. 

Now, it can be checked that 

- 5 7 -
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-1 d+~t \-t 

PU ~ (2k+2Hd+1 ) d- l ¿ Xl (k)E 


\=0 

and that 

(1 O, 1, ... , d+2t). 

Using this In (4.14), the result follows. 

5. ~AMPtJ:: 

Let us eonsíder the evaluatíon of the integral 

(5.1)1 

where J is the Be ssel f unetion of the f irs t kind 
and of Porder p , and where a>-l, ~> -p-l, a>O ~e 
r eal numbers . We as sume that g í s a smooth funct:on 
whieh can be approximated aceurately by a pol ynomul 
of degree N, expres sed i n the forro 

(5.2)p( t) 

Replaeing g by p i n (5.1), we obtain 

1 ~ 7 a f (l-t ) at~Jp(2at)C~(2t-l)dt
kk=O 

2 -Ci-¡3- 1 (5.3 ) 

w( x) (l -x) Ci ( ¡ +x ) t'J ( a (l +x) ) . (5. 4 ) 
P 

-

R~~ . 1~e . ln~ . , ~niv . 

The success of this method of numerieal in
tegration, which is a natural generalization of the 
so-called modified CIenshaw-Curtis method due to 
Piessens aud Branders J14L:', depends on the lbility 
t h d ' f . A ~ , Ar ,

O compute temo 1 le m ents . fio [wj, .• . , mNlwJ 

accurately . These rnOID9ntg can b~ obtai ned f r oID a 

reCUrrHnCg rQlAt i~n , j ud i c iously em pl oyed, whi eh is 
eonstrueted using Theorem 4.1. 

Function (5.4) satisfies 

(5 .5) 


where 

e l 2a+2~+7, c2= 2a-2~+1 , 

Now, it i s easy t o observe that we have the fi r s t 
special cas e discus sed at the end of Sec tion 4. We 
obtain , therefor e, the e i ghth ord er recu r re nce re 
la t ion 

o, (5 . 6) 

wher e (cf. (4. 22) , (4.25 )) 

(5 .7) 

( l ) r ( l )J' 
+H¡ L(3 -Cl )X- (C 2+3 ) I+H2 . 

Fr om (3 . 9) and (3. 21 ) , (5 .6) is a sev en- terro re 
l a t i on of t he f orro 
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(5.S) 

o, 

in which 

K. (k) K . (-k-2A) (j 0,1, ••• , 6).
J 6-J 

In particu lar, the integrals 

obey 

(S. lO ) 

+S [2 (a+!) Z-2 (13+1 ) 2_ (2a-2¡3+!) k+2p 2] T I\ 'J' 
k -¡ . 

o. 

Putting a = O and ~ = O, equatian (5.12) reduc.e s te 
a rec.urrence relation obtained in [14] for the ln
tegrals 

1 

JJ (i(ltñllT¡(ñlux , O,ll) 
-1 	 ~ 

In the c. i ted r ef erenc.e, t he as ymptori c. f orms fo r a 
fund amental s t far t he diff erence equat i on (S.lO) 
~er e faund and compared wi th the asymptotic behav
10Ur of (5 .1 1). The conclusion was that (5. 11) can 
be computed using (5.10) in the forward direction . 
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