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ABSTRACT 	 ~e call V (f) p-th variatíon of f. In particular 
v reducRs to the class oE functions of boundedp
variation for pelo It is knoyo [6] that 

In this paper we study the problem of density 
of positive and negative Fourier sine and casina 
eoefEicíents oI a funetion of Weiner's elass Vp v e v (1:;: Pl < P2 < ..o) i5 a strict inclusion. 
whieh is a strietly larger class than che class oE Pl P2 
functions of bounded variation . In this eonnection 
we also extend a elassical theorem of Fejer on the 

!lence Wiener' s class V (l < p < ...) is strictiy
determination oE the jump oi a funccion of bounded p 
variation to Wiener's class. 

larger class tban the class V1 • 

RESUMEN (a cos nx + b sin nx) be the2. Let nn
n"l 

Fourier series of f E Vp (1 , P < ~). We call a 
En este trabajo estudi~os el problema de la 

matrix h = (~ k)(n,k = 0,1,2 ... ) admissible if
densidad de los coeficientes seno y coseno de Fou n,
[ier de signos positivos y negativos. de una fun
cion de la clll.Se de Wiener Vp la cuaJ es una cla '" 
se más amplia que la clase de funciones de .ari8 sup L IA kI " M < '" • It i5 called positive ad
eion confinada. Con respecto 11. eso ampliamos un teo n~O k~! n, 
rema clásico de Fejér sobre la determinación del missible if (1) >. ~>. ~ O for.¡tU n and k(2)n,k n,k+! 
clase de Wiener. 

.1. l. Evidently every positive admis

salto de una función de variación confinada a la 

n,k, 


sible matrix is admissible . 


l. INTRODUCTION 

A sequence {sk} is called summable ifFA ... 
Le t f be a real valued 2lT - periodic f!.lueLion 	 exists uniformly in s. An.lim ). An,ksk+s 	 FfI. 

deEined on [0,211] and let P: O - t o !i tl' t2" .~tn= 
n-kO kcQ

2n be an arbitrary partition of (O,2lT] . Por 1 , p < sumable sequen ce i s almost eonvergent [4] if the ..... we define 
matrix fI. is regular. We denote 

~ P I Ip 	 1 if b > O , 1 if b > O ,
n 	 n

V (O - sup { ¿ If(t.)-f(t . )1 } (1 ) 
p i=l]. 1-1 	 r 

n~ 
Oif b ~ O if b O. n O . n ~ 

where su~remum has been caken over all partitions P And
of [O. 2nJ. Now we define Wiener ' s class by 

( f: V (O < '" } 	 ( 2) 
p p 
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ohi~h Ar~ sums of pos~t{ve s{ne coettlcients and 
negative sine coefficients respectively.The follow
ing results on the density of Fourier sine coeffi 
cients of a function of the class V¡ are known[SJ . 

T~eorem A. Let f E V¡ and let do be the jump of f 
at zero, if f is discontinuous at zero, otherwise 
dO = O. Suppose that A is a positive admissible ma
trix such that (cos kt} is summab1e F to zero for 
a11 t i O (mod 2n). A 

(1) 	 If do) O, then 1im inf 1.1 
+ 

(s) ~ d /V¡(f} unifor
n-l-to n 

rnly in s. 

(2) If dO< O, then 	lim inf 1.1- (s) >-i dd/Vl (f) unifor
n 

rt+<"
rn1y s.~n 

(3) If dO = O and there is at least one value x for 
which the sum of jumps of f at ± x i s not zerb, 
then 

lim inf P
+ (s) > O and lim inf p-(s) > O 
n 	 nn->«> 	 rt+<" 

both uni formly in s. 

The main aim of chis paper is to ex t end the 
aboye Theorem A and other t heorems on densi t y into 
che scrictly large class Vp ' We firsc prove the 
fo1lowing Cheorem which is an exCension of a clas 
sica1 Cheorem of Fej,Ir L2J on the decermination of 
the jump of f E V¡ into Che c l a ss V ' More precisep
ly, we firsC prove 	che following Cheorem. 

Theorem l. LeC A = (\nk ) be a pos it ive admissible 
ma Crix such chat [cos kc}is summable FA CO zero 
far a11 C 1 O (mod 2~ ) , then f or every f E Vp and 
for every x E [0,2'111 che sequence 

(3) Bk (x ) [k(bkcoskx - ~ sin kx)} 

is summable FA Co '11-¡d(x), where d(x) f(x+O)

f(x-O) . 

3. Now i C is necessary Co s ta Ce a few ocher Cheorems 
which we sha1l use Co prove our cheorem. Young [a] 
proved the fol1owing Cwo Theorems in conneccion 
with the class V ' p 

Theorem B. If an f E VP and g €: Vq where -
1 

+ q 1 
> 1, 

have no common poinCs of disconc~nuicy,P clieir 
Scielcjes integral 

211 
J f dg

O 

exists in Riemann sense. 

-
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Theorem C. If (f n} E Vp (1 ~ p < ~) such that 

for all n where M is a fixed constant independent
r , 

of n and (f n} converges to f in LO,2nJ, then 

2'11 2n 

1im f dg f dg. 


O 
f n fo 

n-;.oo 

for all g E Vp(l ~ p < 00). 

First we prove the following lemma to prove 
theorern l. 

Lernma l. There exiscs a consCanC M independenc of 
n such Chat 

V(D)~nM
P n 

n 

for all n and a11 1 ~ p < ~ where Dn ¿ 
k=O 

cos kt denoC es Dirchlet's kernel. 

Proof of Lernma 1. 	 lt is sufficient to show Chat 

for all n. Since 

dwhere dDn(t) dc (l+cos t +cos 2t+ ... + cos nt} 

- [sin t +2 sin 2t + ... +n sin nt} 

Hence 
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· t () t 3t It can easily be verifíed that2 sln'2 d Dn t (cos '2 + cos '2 +...+ 

(2n+l) t 
neos 

2 G(n ,t) 

TI 
t > n'

and 

Hence 

4 sin2 !
2 

d D 
n 

(t) - ( l-n) sin nt + n s in (n+l)t } 

I¡ 

Therefore, we can write 2 IT , ,¡nfz IG(n,t)ldt ~ log 4 . 

r + sin nt l 
n L-G(n,t) - -2- j and 

f" /2 sin ntwhere 12 IG(n,t)idt ~ f" /2 ¡d t 
Tr/ n Tr/ s ín2n 4n !

2 
sin nt + CO & nt - G(n,t) 

4n sin2 ~ 2 tan t 


+ (/2 leos nt 
t Id t J¡ + J 2 ' 

Tr/n 2 tan 
2 

Henc e 

Since 

2 ~ , 

n Jo i-C (n,t)+ s~n 2nt l dt 


~ n f
2Tr 

iG(n, t )i dt + nll 
o 

and 

But 
.. /2 dt Tr 

J 2 ~ J 2' ~ 4' 
Tr/n 

Collecting all the t erros of 11' 12 and 13 ,we obtain 

+ f
Tr/2 , ,

IG(n,t)1 dt 
Tr/n 

nM, 

Thís completes the proof of Lernma 1 , 
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4. Proof of Theorem l. Consider the sum /i

Ifo K (t)dop (t)i (7)n,s x 

Using Abel's transformation, we can write 

Nf
Ji 

~ (t)sin(k+s) t dt 
O X 

')¡,s (t) I A kcos(k+s)t 
k-o n, 

where • (t) - f(x+t ) - f(x- t). Sinee. (t lE Vp (l , 
p < m) a~d sin kt, co ' kt are continuou~ functions 

N-l 
belon~ing o Vl, hence the integra] s 

í t.'A kDk ( t )+), D (t )
k-O n , ,s n,N"N,s 

TI 


sin kt d. ( L) and f n cos kt d ~ (t)
fO x O x and DN ( t ) 
't k+1 , s 

N 
exist fr om Theorem B. l n tegrating by par ts , we can 
writ ¿ cos(k+ ) t. Henee 

k~O 

11 N-¡ 
1l - 1d(x)+1T- 1f K ( t ) d~ (t) (4 )

O n,s x . V (I)¡ (t» , ¿ 1M kl V (D (t» 
p , s k-O n, p k , s 

where +IA ul v (D (t)n," p N,5 

K 
n,s 

( t) j A kco s (k+s)t (5 ) 

k- O n, 
 N 

~ L IAA k1v (Ok (t»
k-O n, p ,8 

It is sufficient to show now that 

But fr om lennna 1, we conclude that ther e exi s ts a 
constant 1-1 independent of N and S Such th a t 

n 


l im Jo K (t)d ~ (t) (6)

fl""t'"VO n,s x ° N 

V (I)¡ (t» :¡ M ¿ kiA An ,k i 
p , s k-O 

uniforrnly in s. Sinc e op (t) is continuous at t 0,x . given an e > 0, ther e ex~ sts a 6 > ° such that 

f or p > l. Us ing the defini t ion o E a positive ad 6 
f: mi s sible ma trix and t aking limit a s N .... ... .we obtainid <J¡ ( t ) I 1iJo x 2M' 

'l (K (t) ~ M 

and hence 
 P n,s 
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Now using Theorem e for a given € > O, we can find 
a 6 ) O such that 

(8) 

From (7) and (8), we obtain (6) which is sufficient 
to prove Theorem l. 

Remark l. If A = (A k) is a posítíve admíssible 
matrix, then similar~t we can further prove that 

UnQCr 'n~ hJPo~heGia of Iheorem lr not only the 
sequence [Bk(x)} but even [IB~(X) } is summable FA 
ta TT-1d(x ) for every x E[O,211J and far every 
fE Vp (1 ~ P <<.O). 

Theorem 1 contains as a special case the fol
lowing sharpened version of Fejer's Theorem (ef.
Zygmund [9J p. 107, Th. 9.3.). 

Corollary l. Tf f E Vl, then 

n+s 
-1 -1 )l im(n+l) k(b cos kx + .!k sin kx) 11 d(x

k 
k=-n-s 

uniformly i n s f or every x te [0,211] 

5. Applying Theorem 1, we extend Tbeorem A into 
Wiener's cl ass Vp in the following formo 

Theor em 2. Let f E Vp(l < P <m) and le t da be ~he 
jump of f , i f f is discon t inuous at zero , o theT.W~se 

dO = O. Suppose t ha t A = (A k) i s a positive ad
missible matrix such t hat (gós kt } is surnmable FA 
to zero for all t i O (mod 211) . 

+ 
(1) If dO > O, then lim ini )J n (s) > , d O// /q V (f) 
uniformly i n S. n--

p 

(2) If dO < O, then lím inf iJ - (s) ~ I dol//q V p (f) 
un ifo rrnl y i n S . n-><» 

n 

(1) If dO =0, t hen ljm inf iJ+( S) >, O and ~ inf 
n n 1 1 


iJ-(s) >, O uniforrnly in s, wherc - + - = l . 

n p q 

We need the followin g theorem [ef . Siddiq i [6] 

-
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p. 56~ in which we calculate the arder of Fourier 
coefficients of a function 

t E V (1 ~ p <~).
p 

Fourier coefficients of a function f t V (1 í p <~) 
p 

Theorem D. lf f E V 
p

(1 ~ P < w), then 

1
2 (q V (fl 

lanl, Ibnl ~ - -=-l-:-¡P-P- 
11 n 

1 1for a11 n ~ 1, where - + - = l . 
P q 

USÍDg Theorem 1 and Theorem D, we give the 
proof of Theorem 2 below. 

1/
Proof of Theorem 2. Since (k+s) P~ (k+s) for 
every p and 

.. 
L An,k(k+S)(bk+scOS(k+S)X - a k+ssin(k+s)x) 


k=o 


ll-ld(x)+ o(I)(n 7 m) lor every f t V and for every
p 

X E [0,211] [ rom Theorem 1, hence we obtaÍD 

l i m I. ).. k(k+s) l/p(b,. cos(k+s )x- o'I. + sin( k+s)x) = 
Tl, ",, + s k S 

n-- k=O 

_1 
= II d (x) 

unif onnly in s fo r very x E [0 ,211] . Hence f or x O, 
we obtain 

l/p -11 Ank (k+s ) = 11 d o + 0 (1) (n --) (9)b kts 

'k=O 


uniformly in s. We can wri te 
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00 Case 3. From Remark 1, [i ~k (x) I} ís surnmable F ~ to1/ r+ 
I i. k(k+s) Pbk+ ¿ + I 11- 1 d(x) for a11 x e: [0,21TJ. Hence for x = O,· we 

n, s obtain 
k=O 

where L+ ar.d ¿ denote positive sum and negative -1 
11 dO + 00) (n + 00) (11)

k s 
sum respectively. Sínce b + are Fouríer sine coef

ficients of f € V , hence from Theorem D 
p 

uniformly in s. Adding (9) and (11) and uBing the 
: I l/q definition of absolute value, we obtain 

:: _2_ V (f) (lO) 

n p 


- 2 'l V (f) ~ 
~ p 

-1 
2n do+O(1) (n+ oo). (12) 

where Vp(f) is the t-th variation of f. Now using 
the definition of ~ (s) and (10), we obtain 

n 

Now fr om (la) and (12) and by the defínitíon of 
~~ (~) we obta ín 

+ 
lim inf ~ (s) >- o 

nn-><o 

un iforrnly l.n S 'vhich is fir s t relation of ca se 3. 
Símilarly "le can prove t he second relation . Hence 
Thcorem 2 i s complet ely proved. 

We no t e tha t if if we choose fI as a matr ix of 
Taking limit as n + and using (9) , we obtaín arithrne tic mean and p = 1, s = O, ou r The or e m 200 

giv es a sharpened ver sion of a Theorem of M and S. 
lzumi [3] (e L Siddiqi [5] p. 94, Th. A') . Now we 
define 

V (f)
x IIp

(- < n b ~; 
'11 n 11 

<] (x)whích can be ínterpreted as n 
O otherwise 

r (x) 
n 

O otherwiseuníforrnly ín s whích is case I of Theorem 2. 

We also defineCase 2. If we apply the same arguments of Case 

on -f ínstead of f, we obtain 


~+ (s)(x) 
n 


lim l.nf )J (s) >- id oil 2 Iq Vp(f) 

1 

nn+oo 

~ (s) (x)
n 

uniforrnly ín s. 
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Then we can similarly (eL [5 J. p. 100) prove the 
followíng : 

Theorem 3. Let f E Vp(l ~ < '.o) and let do be the 
jump oE E at zero, iE f is discontinuous at zero, 
otherwise dQ = O. Suppose that A ís a positíve ad

missíble ::ldtríx such that [COS kt} ís sunnnab18 FA 
to 2~ro for all t 1O (mod 2 ). 

(l) rE do > x then 

+ 	 i (do -x) i 
1im inf IJ (s) (x) ~ 

n 

unfonn1y in s. 

2) If do < x then 

As a special case for x = O, Theorem 3 reduces to 
Theorem 2. 

6. Now we consider t he pr oblem of de nsi ty of 
Fourier 	cosine coef fici ents 4n of a func rion of the 
lass p' We denote 

1 if a > 1 if a < O,n 	 n ° * q* = r = 
n if a n ~ 

n 

° if a n ~ ° . ,° ° 

and also deno t e 

+ 
v (s)v (s) 

nn 

¿ An,kr*k+s (s 0 ,1 , ... ) 


k=O 


-
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then we prove the fol l owing 

Theorem 4. Let f E Vp(l < P < ~) and has points of 
discontínuíty dífferent than orígín, Suppose t ilaL 
A = (A ) i s a positive admissible matrix sueh 
that n,k [ sín kt} ís summable FA to zero for all t 

1O(mod ZIT) then 

+ 
lim inf v (s) >- O 

n 

uniformly in S and also 

lim inf V (5) ~ O 
n 

uniform1y in $. 

For the proof of the aboye theorern, we need t he 
fo110wing l emma. 

Lenma 2. Let ti = ( " k) be an admiss ible matríx 

¡y,b tb4t I¡in kt/ i~ ' ¡wnmoble 1
1

to ¡ero for dll 

ti ~ (rnod ~ J, tnen for every fE Vp (1 < p( 10) 
and for every x E f Q,2 the sequence 

is SllnDllab l C' FA to zero. 

The proof of Lennna 2 is similar to tite proof 
of Theorem l. Hence we shal1 not give the proof of 
lemrna 2 here . 

Proof of Theorem 4. Under the hypo thesis of 7heo
~em 4~ (Ak(x)} is surnmable FA to zero for every x E 
LO,2nJ. Hence for x = O, we obtain 

¿ An,k(k+s)ak+s O(t) (n +00) 

k=o 

uniforrnly in s. Since A is a positive matrix, hence 

l/p 
¿ \,k(k+s) ~+s 0(1) (n + 00) (3) 

k=O 
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uniformly in s. Since a kt are Fourier cosine co l ¡ q + 
efficients of a function sf E V I hence from ~ _2 _ V (f)v (s). 

11 p nTheorem E we obtain p 

Takíng limit as¿n ~ and using (13) , we obtain 

l/q 	 Zl/q 
(14 )~v (f) ~ (k+s)11. ~ - - v Cf). 

11 P I<+S 1T P 	 + 
lim inf v (s) ~ O 

n 
n-

t 
Now using the definitíon af \1 (5) and (14) we 
obtain n unifermly in s . Simllarly we can preve the second 

relarion of chis Theorem.Hence Theorem 4 is comple
tely proved. 

IIp .¡. l¡p If ~~ thOOSé Ato be the matrix oE arithmetic 
1 A k(kt9) 11. < ¿ \ k (k+s) 'l<ts mean, p ,,1 and s '" O, then OUT rheoTem 4 

n, 1.<+8 n, gives a ShaT?aned version oE another Theorem of M 
and S lzumi l3]. 
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