
Rev. Téc . lng., Univ . Zulia 
Vol. 7, Ni 1, 1984 

J.M. Molínes 
Dpto .de Hidráu lica-Escuela Ci Vll 
Facul tad de Ingeniería-Uni vers idad del Zuli a 
~laracaibo - Venezuela 

Section Ondes et larees 
Institut de Mecanique de Grenoble 
Francia 

ABSTRAeT 

Equations of motion are developped i n the gen 
eral frame of the shallow water theory and for t he 
case of a tw - diment i onal two- layer irrotational 
fluid. The s ol ution i s expr essed a a cno i da) 
inte rnal wave and so l itary wave is fou nd as a lim
it. 

Laboratory experiments were carried out ln L 

two-dimensional oscillating tank, to cest the va 
lididy of che cheoretical soluciono 

RESUMEN 

Las ecuaciones de movimiento se han desarr o
llado de acuerdo a l a teoría de agua poco pr ofunda 
en el caso de fluidos i r rotacionales en dos capas. 
La solución se expresa com una onda cnoidal inter 
na y en el 1ímiLe se consigu ' una ond('l so l itaria. 

Se l l evaron a efecto experimentos en laborato
rio en un tanque bidimensl0nal oscilatorio para ve 
rificar la validez de la s ol ución Leórica. 

1 INTRODUCTT ON 

!he sludy oE interna l waves has bef'n can.-ied 
out s ince many years by t he "waves and Tides sec 
tion" oC the lnslitul de lécanique of Grenoble. 
Jl1e previolls works dealt with linear i nternal waves 
in o two - layer fluid, taking into ac count the ef 
[eets of rotation . The results oi Suberville (1974) 
have shown a very good agreement between the t heory 
and the experiments. This l inear theory was only 
relevant (o r he case where the depth of t he upper 
ano lower layer were equal (Hl;H2)' In he other 
ases, Hl'" Hz). t he phenotnenon is ver:y different , 

and 	 the theor etü:al development mus t i nc l ude non
linear terms. The case of a non- linear i nter nal 
wave is now studied, omiting t he effeets o[ rota 
tion . (The study with ro t a io will be performed 
later) . 

!he 	equation o[ motion are developped in t he 
general frame of t he s hallow water thcory, according 
to lh results oE GerlTliÜn (1967) and Helal (1979 ). 
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SOME ASPECTS OF ATWO-LAYER, SHALLO 

WATER NON-LINEAR INTERNAl WAV , 

IN ARECTANGULAR TANK 

Thi s expansion method leads t an analitic solution 
lor t he f i rst order tenn, expressed with a Jacobi 
el11ptic runction sn. 

Experiments t,'ere earried out to test the va
lidity of lhe solution. Sorne ob!>erved pecular rea
t ures are [hen detailled. 

IT) 	 APPLICATlON OF 1'l:IE S!iALLOW I4AT~ THEOR\ TO THE 
CASE OF A TWO-LAYER FLUID. 

J ) No t ation : 

1he notations are precised on Fig.l. 

r pI (~, 'l -
H, I Hz 

P, P, P, 

Hz 

Po P, P, 


¡ 

2 

2) Equalion of mot ion 

Using t he Eu l er representation , the general 
equa t ions ca n be WT1tten for caeh l ayer, sing che 
i rr t ational assumption 

a ) Dynamie egua t ion 

+ P1 )=0 (í-1 , 2) 
Pi 

( 1 ) 
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b) 	 Kinematic equation 

a2~ i d 2~ i 
(2) 

dx2 ay2 
-	 -+--= o 

c) 	 Boundary conditions : 

The boundary conditíons are of two t ypes. 

í) 	At J;Ígíd boundaríes, the normal velocity 

vaníshes and we have 

-	 at the bottom 

(3)y=o 

-	 at t he ends of che tank 

x =o 	 (4 ) (í=1,2)o x=L 

ii) At free boundaries (fr ee surface and in
terface) two condi t i ons are imponed : 

_ 	a pressure condition whích expr es sed 
tha t t he fr ee sur f a ce í s an isobar í c 
sur fa ~e and t h3 t t he pressur e i s the 
same on both sides of t he i nter face (no 
superficia l t ens íon). 
According t o (1) these cond i t ions l ead 
to 	the f ol l owing equa tions : 

a~ 1 1 r ,"t 2 a 1 2 ) 
-at + 2 L(-¡X) + (-a- ) J } + gf(x , r ) Ct e (5 ) 

y y= f (x ,t) 

(}.} 1 1 I H ] 2 a1 ] 2 , 
lTt + 2 L(-¡x) + (---:;-y) J+ g h(x,t) + C] } 

Q y=h (x, t) 

- a velocity condition which expres sed 
that the free sur face and the inter face 
are impervious 

y f (x , t) ( 7) 

-
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y 	 = h (x, t) (8) 

(i=1,2) 

3) 	 Parameters distorsion and solution. 

We 	 now introduce the new vari ables 

J!. EX 

y y 

T 	 = Et 

wheL-~ E is a small stret ching parameter. ,,\S E is 
small, che different unknown c an be expanded , d 

nsympt oti c expans ion : 

2n+] (2n+] ) 
(lO)<h, L €: <ti 

o 

2n f (2n) (;?,e ) -	 ( 11)f (x ,T) 	 L' E: 

O 


2n h (/ n) (; , e ) h (;, T) 	 1: €: (12) 
O 

Then, using the standard pr ocedure of this 
method, as shown with ma ny det a i ls i n (B81a l {, Mo
lines, (1981)), we arrive at t he f inal r esult : 

(13) 

where 

N t 	/-3Ai 
]+k 

All the parameters introduced in this rela
tion are calculable since the physical parameters 
of the interface are known, namely H], H2 , Pi' P2. 

(cf. Helal & Molines (1981)). More precisions are 

given in appendix l. 

This first order solution will now be compared 

with laboratory experiments . 
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111) EXPERIMENTAL INSTALLATION 


We have used the ins tallation previously lltil  wi th tolO layers of fl uid. 
sed by Subervi lle and described in CChabert d'Hie
r es & Suberville (1974)). A synoptic diagrann 0 '[ 

he i nstalla tion is shown in Fi g . 2 . ~lainly t here 
are t hree dist i nct ive parts : 

1) a mechanica l part. 

This par t i s ma inly canstituted by an a9cilla
t i ng t a nk (or canal) and i t s sys t em of matian . 
t ank óscill t es ar ound n horizont al axis \~it h 
amplitude a nd a pen .od which can be r e¡¡u l al ed 
th e s ys tem of motion. 

The 
sn 
by 

2) a hydraul ic par t. 

Two t anks cont aini ng f e sh, ungased t~aler and 
br ' n es pectively a llO'.~ the f ill ing oE the canal 

The brine, whose densit y is ad j us ted in the outside 
tank, is injected t hr ollgh the bottom of the canal. 
With this sys tem of injection, t he i nterface thick
ness is almost constant and about 6 mm. 

3) an e lec tronic and inform tic par t o 

Informations f r om t he i nt ern 1 wave are ga th 
ered us ing an int er f ace f ol lower.· li s appa ra t us , 
wh i ch i s roughl y an ens l aved conduct i vim t er, i s 
able to follo,. layer nf gi ven conduct i vi t y \~ith 
a grea t ac curacy : ± 0 .1 mm Eor the in terface l evel 
at abo ut 1/ 3 s . Recording can b done bot h di r ec t ly 
by a mi cro  computer and on a graphic record er . A 
signal i s generated i synchronism with the tank 
mov mento Data ar. 
pIe oE ¡52 po i nts 

t aken by th 
per periodo 

comput e r at a sam 

- - - - - --- ----------li EL E CT RONIC PART I 

I I 
I DOlO Treolmenl Anologous I iHYDRAU~~RT 
I In ledaee I I
I Follower I I 
I Micro-Comll'lter Digital _A-...:._........II ·Fresh Woler
,1 

1 PI 
L __ _ 

Br ine 
\MECHAN ICAL~RT 

Probes 

i I 2 1I 
_______ ~mporot~ _ _ __ -.JL_ _ ____I ~ -::--'-_--. 

RI. R2 • Red uc lorsI IRegulation I ,/',/'/ 
Cl. ... ..Moonetic ClulchL_.-./' / 
IAI .. ... ....Ax is of 'he tonk 

- FiQ. Ni 2 
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IV) EXPER]}IENTAL RESULTS 

We \dll present here, the mast typical experi
mental resuJts that 14e faund. TIle first ane eals 
with the effect of t he t ank ascillalian on che 
standing 14ave. The second one sho14s t hat a very 
good agreement between theorv and experiment s i s 
found in a large range of the characteristic para 
meters. Finally, the third one precises the experi 
men tal suitable conditions t o genera te multi - sali 
tan internal wave in our tank. 

1) 	Effect of the tank ascillat~on on the wave. 

The internal wave is generated in the tank 
wh n this ane ls rocked around its axis at a period 
TeA ,which is as near as p09sib1e of the eigen 
b li ' aroe n~c period of the cank, T ' p
Obv~ously, a we deaJ. with non - linear: lI.lVeS, T 
great1y depends on the waVe amplicude Ai of the in
terna! wave . 

In arder to determine ti. whether or not. Te>:'" 
Tp • we introduce the not i on of phase - shift betl.¡een 
the wave and the oscillat i on. l~e condition Tex=Tp
is realized when the wave and the oscillation of 
the tank are in quadrature, i. e. wllen rhe phase 
shift is 90°. We will see in 3) whar atOe tl,e ef 
fects n the wave shape when this condition is nor 
realized. 

We must note h~.~, thar th is way of determi 
ning Tex is very accurate because rhe phase - ahife 
iB a very Bcnsicive parameter. PracticslJ.y, for s 
given amplitude of the wave, we modify rhe Tex 
unri1 the condition on the phase - shi.(t is filIe<!. Tn 
the fo11014ing snd in 2) Tex i9 supposed to follow 
these conditions. 

We have experimentally shown thac the measured 
wave (Fig. J) can be interpreted as a super~osition 
of a mai cnoidal wav (Fig. 4) with a small amp1i 
tude sine shape wave (Fig . 5). This last wave i 
supposed ro be linked wich che tank movemenr 
because ir has a OOphase-shift with the tank move
mento On the other hand, the main cnoidal wave 
(Fig . 4) has a 90 o phase- shift with the t ank move 

mento But a more inter esting feature is ohar the 
sine shape wave can be estimated by meas uring the 
wave when the exitation per i od Tex is about lO~ 

less than the eigen period T ' So if we mesure che 
wave Wl when Tex=Tp a nd then

p
the wave W2 141 en Tex= 

907. lp we c<1n compuce the wave \-I=WI--W2 . We will 
serve as a basis for the comparison 14ith the t heo
rerical solution. The difIerence WI - W2 i s computed 
points by po ints f or e eh value. 

2) 	 Comparison between W and rhe theorecica l solu
cion. 

Prom (13) it can be seen that the wave- lenght 
af the theoretical solution is 

-
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2 
A = 4K(k) / -(l+k ) 	 (1 4)

3Act 

The theoretical wave amplitude ae one end oÍ t he 
tank is given by rhe relation 

6k2 Cct(Pl-)'P Z) 
At = --- OS) 

(l+k¿) g(PZ - P l) 

As we have a standing wave A-2L where L i9 the 
l enght oE che tank , The physical wave amplítude is 
known from lhe experiments a nd we impose Ai = At· 
So finally , we have the celation 

Ai,,2Ag(P Z-Pl} 
(16)

32 c (\ P2""Pl) 

Since the funetion KZk2 (k 2 ) is bijec t ive, r elation 
(16 ) lcads to a well defined value of k? and then 
we are able co compute h2 fram (13). 
Some camparison are s hawn in lig. 6 t o fig. 10 . 

For cer rain experiment s the agreements is 
quite per fect (Fig. 6 - 7 - 8 ) . On the other 
Imnd. i n s orne 'xtreme eKperimental eondirions, t he 

ompar ison is not so good.!he interpretatian of 

54 	 -

Zulia Va l. 7, N~ l. Jq8A 



Lhe e difference. differs iE ¡'le are in a stt"ongl y 
non-linea r a r ea or at the opposit in a slightly 
non- ioear or quasi linear case . It has been shown 
bv many Autbors (e.g. Lee & Beardsley ( 1974 » bat 

he solicary wave evolves from a lJalanCe [,('tween 
non - lineal: effeccs and dispersive eHects . The ra 
. io of the non- linear effects to the dispers~ve eE 
-ects (Ursell number U) give _IS an Vf!lUél t~on oi 
'his balance. For very h~gh Ursell number tFig. 9). 
r he non-linear tenns oE higher: order are nOl negli 
~eable and this explains the shape of [le dlffer 
'nce . lA calculus, made by jjnt ne (1960) <Jt the 
1tgner terros for . surtace wave had shown such a 
uehavlour.) 

H. ~ lO cm -EfP*filtltt 

4,·10 ':;1"1'1 
¡

f~,.~,

-lO cm I 1 

:U'37 j 

H, ·'Z5 en'! 
Hr • ~ cm 
A, - 4Qar\. ! u .a~ 

--'----'-----'--

H , ~ 2ecm. 
--[1,...'''. 

F~. Nt 9 A ¡' • 0.. c:m. - I",to" 

I H. JI 2 cm. U:>lOO¡ 

lit lhe opposit, [or smal! Ursell number , (Fig . 
10) , che influence of disper s lOn i5 Lo l'ipread OUt 

the wave and the c:alculations g~ve \l5 a chinner 
1.ave. 'fhis latcer effec:t l. l10t so clear aod .:Jddi 
tional experirnents are ca be done ca conc1ude fur 
ther on . 

IH, • IBan. 

:H•• 12 cm 
4¡'.84cm. 

111 •06 : 
'"--____ -'-_---'--_-L_~__'___' 

J) MulLi- soliton incerTlal ",ave. 

I t is ",ell known now (e.g. ll;ullIll.H:k .. Segur 
(J974 ), cha t 901itary waves tends lO break in pack
,,-t of 901itons under certain c:onditions. Tlns ~s 

true for surfdc~ Wllve bu e also for internal "'av" 15 

many observatíons in che nacure nave shownte.g.Al'el 
5- Al. ,.197)), Osborne & Hue.:h ( l980») . In the case 
of a progressive wave, since r:he works ,f Gan.lne..r 
& Al. (J967), it i5 possible to calrulate t~e fis 
sion Llf a solitrtry "'ave using the inverse ,>cat
ering mechad. 

In our case, ·.here -", have .] slandin' wave. 111 
1n oscilloting eanK, r:he bounoary conciitians alse 
sorne mathematical diCficu1ties eCause a11 che 
l,ound.lries ll.n~ movinp,. So, lhe rn.lthem lic,,! ',o/Ork 
i3 no longer devolopped 3nd, oere, we a re only 
~~vinA experimenLal results . 

In fig. [l. we present dlfferent recording of 
the ~ntel"nal wave in runcll.on of tim . rhe rmly 
parameter ",hit:h changes froO! one draw to anocher LS 
che exitation periodo Ihe following feutures ~re 

brought t o attention : 

- For Tex=Ip , only one solitary wavc cnvo l ves and 
it can be described by Lhe theory (cf ~2 ) . 

- 11 Tex increase, the r e i8 a fission of the s01i 
tary wave lnto numel:ous lnt e rnal 501itons al1d the 
phenomenon get stronger a nd aeronger (" r increasing 
T px ' On the order hand che "'ave amplitucle decreases 
a li tt Ie . 

Now,' Tex decreases (in compa r ison wieh Tpl,the 
apposit phenomenoo occurs : lhe wave amplitude de 
crea s es and che inLe rnal w ve slight ly takcs the 
shape of a s'ine Wi'!Ve , as menr ioned above ( fo r Tex = 
90% Tp) . 

Also oE noCe is t.he phase - shift of the u;we . 
In the rip,ht lower comer of fig. J.l , we give a di 
agr am of the pos i tion oE the tank during a per iad 
oE os cilla Lion, and che Ver t i c a l l ines il r e related 
wi th the extreme positions oE t he tank movement . 
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\fuen T increases, lhe phase shif t increases. When 
Tex 
ea

ex 
decrea ses, the phase shi ft 

rly o far T,!x=90% Tp . 
decreases and is 

These res ult s demons trate the great i mpor t ance 
of T f r ex pe rimen t as desc r i bed in § 2. ex 
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V) CONCLUDING lU~IARKS 

Vle hav e seen that t he theoret i ca l wor ks of 
Germa i n (1%7) and Hel;'ll (1 979 ) have f ound a good 

onfirmation for numer ous xperiment s . 

To compl ' e lhis werk, i t will be i nte r es t i ne 
t o oJve the pr oblem o f the moving boundar i es 'me! 
t o extend this study t o the r e ta l i ng ( lu i ds . The 
stu l ly of chis l atter probl em wi ll be performed in a 
larger t aok . A int ilit:ude with Ocean mot~on .n ll be 
possible chen, inc l udi ng the ef fects of Ear t h ' rota
t ion on Lhe flow . 
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VI APP END IX 

Eq. 	 13 g ives us the expr e ssion of hL ; 

(13) 

I n this e'1 ua tion, we deal with the el l iptie 
Jac obi fun e ion s n, which depends on t wo para 
me(ers : so (u , k2) . The f ir s t one is 1 t ime-e ype 
puramet e r . The s econd one is a shape parame t er . For 

k2k2.=O, sn(u, O) =sin (u),( sine s ha pe wave ) a nJ for = 
1, sn(u.l)=I+th 2(u) (soli t a r y- wave shape) . 

k2For a p~ rlicular case , parameter is impl ' c 
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itLy d te t1ll i n ed h om che <lave length ti and from t he 

i.nte rna l <lave ampl itude Ain. (A-8) ~J 

In rae t we llav e : 

(,\-1) A. 
l.n 

= 4K ¡ 0 +k2 )
(A- 2) 1\ - JAn 

wher e K i s che c omplete elliptic integral of the 

fir s t k ind. 
(A-9 ) 

Parameters A, A , c clepend onLy of phys ica l 

parame t ürs, as foll ow 
c 2r¿ 

(H¿- g ( P2 - 1) 1» 

(A-4) 

EJ im i na ti.on o f u between eq. (A-1) and (A-2) 
~ives che f ollowing equa tj on 

!l 2A A . g ( p 2 - 1J¡ ) 
(A-lO) K2 k 2= ].TI 

(A-5) y l6 e ( Pl - ).112 ) 

K2 k2The [ unc liOl1 is biject i ve fUl1Clio n so- gH¡ 
that q . (A- JO ) defines implic ic l y cmly 'a]ue of

(A-6) ). 
gH~ k2.. Then . us i ng l h i s val ue i o eq. (A- 1) we get a 

Compu t alion of elliptic func tions can be done 
}!2 foUowins algorism given i n flBRAl-l0VITZ's h nd- book 

(A-7) A of mat h mat ica l fu nc t ions.where 
- 3M¡ 

Rec ( b¿do e.e. 1~ de. 6e.blt O de 19t4 

- 57 

R v. Tec. In~ .• Univ. Zulla Vol. 7 , N~ 1,1984 


