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SUMMA.RY 

In a number of my previous works, 1 have empha
sized a global approach to lhe approximarion of 
func ions . Numerical values of a function are but a 
facet of the overall problem. We desire approxi
l'\ations to evaluate functions and their zeros, to 
simplify transforms aud their inverses, and to fa
cilitate the direct solution of various functional 
quarions, In this paper, we illustrate ~tlr ideas 

by using Padé approximations for the 'exponential 
function tO evaluate ~n integral involving the Bes
sel funetion IO(z). 

RESUMEN 

En mis numerosos trabajos anteriores, se ha en
fatizado sobre un enfoque global a la aproximación 
dQ las [unciones . Los valores numéricos de una fun
cion son solamente una parte del problema . Desear 
obtener aproximaciones para evaluar las funciones, 
sus ceros, simplificar las transformadas (y sus in
versas), y facilitar la solución directa de varias 
ecuaciones funcionales. En este trabajo, se ilus
tran nuestras ideas usando aproximaciones Padé para 
la función exponencial para evaluar una int2gral 
involucionando la funci6n de Sessel lO (z) . 

INTRODUCTION 

In this paper we illustrate use of Padé appro~
imations for e-Z to achieve rather simple approx~

mations for 

J(x,y) 	 . , .(1) 

where IO(z) is the modified Bessel function .of or
der zero. This integral arises in many phys~col and 
mathematícal "applications. We do not give a di!
tailed bibliography, but see Luke(IJ , Bolshev and 
Kuznetsov [2] aud Lassey (31 and ~he references giv
en in these sourees. See also L~ghlfoot [4] and 
Watson [5} . We follow the notation in [lJ • It is 
sufficient t o consider the situation O< x -.: y be-
cause 

-

AN INTEGRAL OF A BESSEL FUNCTION 

and IO(~) is easy to evaluate in view of the .lp
proximations aud expansions given in my works [6]. 
(7] and [8). 

lf G(x,p) is the Laplace transform of J (x,y), 
that is, 

... (3) 

it is easy to show that 

1 (_~) 	 ... (4)G(x,p)'" -p- exp p+l 

Our idea is to use Padé approximations for e-z 

to approximate G(x,p). We only conseder those Pade 
approximations wich lie o or below the main diago
nal so that the approximations for G(x,p) can .be 
expressed as the ratio of two polynomials in p 
where the degree of the denominator polynomial ex 
ceeds that of tbe numerator polynomial by at least 
one. By partial fration decomposition ond ordinary 
inversion of Laplace transforma, we get approxima
tions for J(x,y) in the forro of sums of products of 
exponential functions snd trigonometric functions. 

APPROXIMATIONS 	 fOR G(x,p) ANO J(x,y) 

For Padé approximB~ion5 to the exponential [unc
tion we write 

-z Am (z) 
e nn(z) + Rn,m(z) 	 .. , (5) 

where ro aud n are the respective degrees of the po
lynomial Affi(z) snd Bn(z) , n 2 m. Thus ~(z) /~n (z) 
is the Pade approximation to e-z and Rm n(z) ~s che 
remainder. lf m = n or m = n-l, ma~ details on 
these approximations are given in l fl], (7) and [8]. 
Corresponding data for the entire spectrum oE ro and 
n are presented in Luke [91. Our presentation . is 
quite general, though for the numbers we cons1der 
only the cases ro = n and m = n-l. We can write 
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Ill. ERROR ANALYSISÁm (z:) ~ 

" 1: --, el - O. ca ~ 1,


_1_ n 

z: k-O z-tlk O lo this section, we discuss che error i:D the!:~~lt) l. 2, ...• n, .•. (6 ) approximations for J(x,y) • Prom the theory of in
'1t- - k = 

verse Laplace transfoTllLS , we havea~B~ ( -(lk) • 

J(x,y) _ (2~)-lt C~-p-lePYe-PX/(P+l)dP, ..• (16)
J c-~" 

where ehea~'s,k~ 1, 2, .•.• o are the z:erOB of 
Bn(-z). lf m - o, extensive tableaof ~ arld - Ck 
have been given by Krylov and Skoblja [rO]. Wheo m -l~ cH'" -1 
_ o or m ~ o -1. the zeros are complex cooj uga tes J (x,y) = (211i) p ePY(A (2)/B (z) }dp:(l7) 

m,o c.i'" m oexcept wben n is odd in which case one zero is re
let (In be che real zero of 

Tbus if Sm,n(x,y) is the error in the approxi
mations for J(x,y), 

•.• (7 
• 2 -~ s (x,y)" J(x,y) - J (x,y), .. . (18)p+l m,n m,n 

TIten. we llave tohen 
D [xl (x+(lkU '1r. 

+ 1: ••• (8) ••. (19) 
k.-l [p + ~] 

Fut In (16)-(18), c ~ O and witbout loss of gener

ality, we can take e - .. O. Forms for Rm n (~) when 


~- ~ + iYk' k.- 1.3 ••• • • 2r-l ID = o or ID .. n-l are given io [61 acd 17J. When 
o, this information is ~so available ~D [8J. Por 


'\:- ~ - iy
k 

, k .. 2.4 , •.•• 2r ir 0- 2r is even; .. (9) the geoeral case, see ~]. Now from tbese SOUTCe., 

cxritting terms of O(n-I ., , we have for m-n or 


and ID = n-l 

k= 1,3, •.••2r-3 R (z) ~ k zm+n+le-z~- '\ t i'l'k' !D,n m, n 

ka 2,4 ••.•• 2r-2 if n-2r-l is odd.~- i\ - iyk , ... llO) k _ (_)m+l[22n+2m+ln !ml]-1 ... (20) 
m,n 

Recall. ehat if n is odd. nn is real. 

In (19), let P .. iq. Then we can write
Furtber,let 

1 
..• (11) " 1 [ ... 1 _\ m+n+

Sm,n(x,y)-<-)m+:xm+n+ km,n )0 q(q2~~ 
... (12) e-lx/(q2+l)] X ~eiqYe-iqX/(q2+l)(q+i)n 
... (13) 

-e-iqyeiqx/ (q2+1) (q_i)n\dQ • .,. (21) 

X[(x+Bk)~-Yk°.) 
(14)

gk(x) With x fixed ,a rather straight forward argument 
Show5 thst 

Then if J (x,y) is the inverse Laplace transform lim S (x , y)= O ... (22)
of G (x~~~, J (x.y) i s ao approximation to J(x,y) [l-t"CE' m,n 

aud ~~~ve m,n 


Further , tbe convergence is quite rapid in viewr 
of the structure oi k . We omit details pr i marilyJ n(X'Y) = 1+2 ~ m,o

m, s-l because the analysis does not s eem t o l ead t o use
fuI a priori estimates o f t he error. The statemeot 

ly+V2s _1sin 928 - 1Y), n = 2r . •.. (15) (22) can be shown t o hold for all ID <: n. l'e can 
achieve an a posteriori analysi s of the error as fol 

l f n i s odd, n- 2r - l, t he lat t er also bolds witb 10ws. As previous ly noted, we can t ake O" x < y. Now 
if n is fixed, the r elat i ve err or in the Pad~ ap(ln'" ~n' yn; O (wheoce en" 0 ), En- O, sud with the 
proximat i on t or e-z incr eases mont onica11y as z inpr oviso t ha t Un is t akeo with hal f weigbt . 
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creases . In the integrand of (19), p goes from O to 
i~ whence z goes frem O to x. So the magnitud e of 
che integrand of (19) is larges t wheo z=X,n suffi 
cieotly large . Sioce the iotegrand is oscillatory, 
~ n(x,y) does not ollow this type of behavior.ln 
deed, as might be expected, che numerics onfirm 
that for y and n fixed,n sufficiently iarge,Sn(x,y) 
ia oscillatory as x increases íTom O tO y. We 'con
jecture that the maxima of ~ n(x,y) do not exceed 
the magnitude of the error in'the Pade approxima
tion for e-x. Actually, this estimate i8 much con
servative. 

From (2), 

. .. (23) 

which is readily valuated. Thus once m snd n are 
selected and Jm(x,y) is deduced, we can easily 
compute 

2x
Sm.n(x,x)= +[ 1 + e- I O(2X)] - Jm(x.x) ... (24) 

and the magnitudes of the curv Sm n(x,x) should be 
a bound or near to tbat for Sm,n(x:y) for al1 O<x~ 

NUMERICS 

lO this section we present the approximations 
J?l2(x,y),.J2 ,3(x.y). J4 4(x~) and J4,S(X.y) aloog 
~Lh numer1cs for x= y. ' 

l. m=n-'L · 

B2(Z) - Z2+6z+12 , A2(z).B (-Z) . 

J 2 . 2 (x.y) - 1 - g~~) (exp 
ft3(~!VJ) 

GCOB 9y+(x+3)J) sin BY] . 

e - ~~) , g(x)· x2 + 6x + 12. 

x J 2 , 2 (x.x) J (x.x) S2(x,x) 

0.2 . 84870 119 .84870 108 - .11(-6) 

0.4 .76207 380 . 76207 447 .67(-6) 

0.5 .73287 544 .73287 980 .44(-5) 

1.0 .65410 791 .65425 416 .15 (-3) 

2.0 .60272 205 .60350 096 .78 (-3) 

4.0 .57533 242 .571.71 589 - .36(-2) 

5 .0 .57255 979 .56391 667 -.86(-2) 

10.0 .58250 533 .54439 016 - .38(-1) 

-

2. m= 2, n= J 

B (z)- z~ + 9z 2 + 36z + 60, ~(z)= )Z2 - 24z + 60 
3

a = .68108 2874. Yl= 3 . 05043 01 99 
l 

a = a)= 3.6)78) 425) , Y)= o
3 

8 (x)- (x+al)2+y~= x2+5.36216 5748x+16.49332 978 
1 

Ul~ g1(X) (2.01488 8929x + 3.1554193171. 

v = - x [.73650 75538x + 8.12091 5826]. 
1 • 81 (x) 

a)x 
03=~' 03= 0, 

3 


5.02977 7858)1. 

J(+~3 

I n (15). insert U with half weight.Note: 3 

x J 2 3(X ' x) S2.3(X'X) 

. 4 
1.0 
2.0 
5.0 

10.0 

, 
.6(-7). 76207 441 

.65424 288 .113(-4) 

.6031.6 646 .345(-4) 

.56675 615 -. 284(-2) 

.55727 910 - .124(-1) 

J . m= n= 4 


B (z)= z· + 20z 3 + 180z2 + 840z ' +1680, A4(z)=B4 (-z)

4


a = 4.20757 8794, Y1= 5.31483 6084 

l
 

6)= 5 .7 9242 1206 Y3= 1.73446 8258 


8 (X)= (x+61r~Y~= x2+8.41515 7588x+45 . 95120 191 
1

g3(x)= (x+a3)2+y~# xZ+11.58484 2414x+J6 . 56052 357 

a l!. + 45 . 95120 191
l
 

1 gl (x) 


6 1 + 36.56052 357 e YJl!. 

CO :: 

3

eS)= 81(x) , )= R3(x) 


x(-2.28774 9291x + 27.06817 651)
U1 - gl(x) 

VI • x(6.90408 1581x + 41.20847 974)
gl(X) 

U _ x(2.28774 9291x - 39.81673 224) 
3 g3(x) 
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- -

- -

x~30.59631 649x + 181.19471:1 10)

V3 83(x) 


x J (x,x) S4 4(x,x)4t4	 1
1.0 .65425 4163 O 
2.0 .60362 7357 -.401(-6) 
4.0 . 57150 0967 .149.(-4) 
5.0 .56385 1269 .654(-4) 

10.0 . 54481 9748 . 704(-4) 
H.O .53886 1742 -.229 ( - 2) 

4. m - 4 •. n - 5. 
B5(z) - zS+2Sz4+300z3+2100z1+8400z+1S120 
A4 (z) - Sz4-120z3+1260z2_6720z+15120 

- 3 . 65569 4325, Yl - 6.54373 6899Pl 

P3 	 - 5.70095 3299, Y3 - 3.21026 5600 

~5 	- ~5 - 6.28670 4752, Y'5 	 - O 

2gl(x) - (x+P1)2 + Y1 '"' 

x 
2+7.31138 8650x+S6.18459 360 

g3(x) - (X+~3)2 + Y'3 
2 



x 2+l1.40190 6598x+42.80667 374 

~1X+56.18459 360 
61 - g1 (x) 

~3x+42.80667 374 
g3(x) 

x(3 .83966 1632x + 12.24645 654i)
U1 -  gl (x) 

V x(.273S7 03963x + 26.12582 525) 
1 - gl(x) 

U x(25.07945 218x + 135.95512 54) 
3 a g3(x) 

x(2.18725 2125 + 92.98112 482) 
g3(X) 

43,47958 095x 
U5 

x + Ps 

Note: In (15), take with half weighUs 

J 4 ,5(x,x) S4!5(X'X) 

1 .65425 418 -.2(-7) 
2 .60350 102 -.6(-7) 
4 .57171 279 . 310 (-S) 

5 .56390 276 .139(-4) 
10 . 54499 895 - .109(-4) 
15 .53765 766 -.109(-2) 

REFERENCES 

1) U/KE, Y. L.: "TntegfUl1..s 06 13U.6ei. FWlcM.olU.". 
McGraw- lüll Book Co ., New York, 1962. 5) WATSON, C.N.: "Sorne btte.gJuttt, btvo.tv.iAg 8eA6ei. 

6u.ncM.olU.". J. Loudon Math. Soc. 13 (1938) • 41
2) BOLSHEV, L. N. and KUZNETSQV, P • 1 • : "On -the 44. 
ev~n 2 0 6 the integ~ p( x,q) = 

X - (u +Ij) ( l J.. • • 6) LUKE, Y.L . : ''The 6pec..úU'. Fw¡c.tioH.6 11M The-útZ¡ ue 10 'lu.1j =," . ( U1 Russl.an) , Z. 
O AppJtOx..úna.t.i.olU./I . Vols . 1 and 2, Academi c Pr ess, 

Vycisl. Mat . i Mat. Fiz. 3(1963 ) , 419-430. N'ew York, 1969. 

3) 	 LASSEY, K.R.: "On t he c.w.pu.ta,u0Y! 0 6 c.Vt-ta..út 7) LUKE, Y. L.: "MtLthemlLUc.a.l FUflCtio M and The-út 
.ú1.teglW1.6 C.O II.:t.tLÚU.ilg tlte mocU.Me.d BU.6 ei. 6WlC.  AppltoJC..ima;t¿OM 11 • Academic "ress, New York, 
-Ü.On 10 (r. 1". Math . Comp. 39(1 982), 625-638. 1975 . 

4) 	 LIGHTFOOT, N.M.H. : "Some. 6olUlJula.6 .ú1.vo.tv.ú1.g 8) LUKE, Y.L. : "At.golLilhm6 &Olt the Compu.ta.t.¿ol'l.6 06 
BU.6ei. 6unc.UolU. " . J . London Math. Soco 13 Ma:thema.t.i.c.a.l FwtcU.OII.6 " . Acad em.ic Pres s , New 
(1938), 37-40 . York, 1977. 

- 135 -

Rev. Tec. r ng., Uni v . Zulia Vol . 6, Edic ión Es pec ial, 1983 

http:Academ.ic
http:�1.vo.tv.�1
http:Russl.an
http:6pec..�U


10) KRY10V, V. [. and SKOBLJA, N. S. : ''HImdbook on9) LUKE» Y. L.: "On the. ViJtOIl .&1 the. Padl App.'!.ou
mMt6 a 60ltm 06 the. .&1c.omptete. gamma 6wtc.túm 	 the. NumeJúc.al IYlV~.i.a1'l 06 the. lap.fA.c.e. T./tMó

601!m 1.&1 Ru.6.6.ú1n) ". Izdat . Nauka i Tehn ..&1ci.u.CÜJ!fl the. ex.pone.nti.al 6uncti.on" . SIAM J. 
Minsk, 1968. Also in English, Israel ProgramMath. Anal. 6(1975), 829-839. 

or Scienti fic Translation, Jerusalem, 1969. 

Re.cJ..b.i.do el. 1Ode eneJW de. ¡98 3 

- 136 -

Rev . Téc. Iug ., Univ . Zulia Vol. 6, Edición Especial, 1983 

http:6uncti.on
http:ex.pone.nti.al
http:NumeJ�c.al
http:App.'!.ou


Rev. Téc. lng., Univ . ZuIia 

Bertram Ross 
University of New Haven 
'Hes t Raven 
Conn. USA 

NOTA TrCNTCA 

INTEGRATlON OVER A HYPERCUBE 

The majar difficulty ane usuaIIy enCQunters i n 
evaluating iterated integraIs is the determinatian 
of the limits of integrat i on. 

22 2 dddxEvaluate X X X X dX 4S 1 2 3 4 1 X2 x3 
O~ xlx2 + x3x4.!l, 

O~~~l, k= l , 2,3,4 

In arder to get an idea on how to d~termine 
just what portions of the hypercube O~ xk ~l , k=l, 
,2,3,4 constitute the region oE i~tegration , con
sider an analogous problem in ord1UBry three-space 
uBing Xl. x2, x3 for x, 'f, z . The.n ve will do the 
four-space probl~ by analogy. So, as a prelimi
nary problem evaluate 

where T denotes the region defined by 

~xlx2 + x l x 3 5., 1 
T:t°~ '1< ~ 1, k= 1.2,3 

p ..... -----~ 

! 
- 137 

The regioo T i s some portian (or partiaos) of 
the cube C: O~ Xk ~ 1, k= 1,2 ,3. To find out what 
partion ar portioos of e make up the regian r, let 
us first 'put Xi at ita maximum passible value of 1 
!hua the intersection oE the upper plane of the 
cube e by the surface s : xlx2 + xix)= 1 givGS the 
line L: xI = 1, x2 + x)= 1 as in Pig. r . 

The line L is obtained by taking Xl at its 
maximum passible value. We see, therefore , that 
the entire haIf af the cube 1ying on the same side 
of the plane x2 + x)= 1 as the origin 1IllIkes up 
part of the region of integration T, namely, a11 
those poines in space for which 05.,x0.1, O~_x2+X:t}. 

Ihere remains the question : What pare uf the 
other halE of cube e belangs to T? To obtain the 
answer to this question one muse observe that in 
this half of cube e we must have x2 + X) ~ l. This 
means that Xl must now be sufficiently le~ than 
unity as viII satisfy the ~equirement xlx2+XlX)~. 
w1ch in turn means that we can admit only rhose 
points of the cube e Chat lie on ar beIaw the sur
face s: xlx2 + xlx3= 1 as shown in Fig. 11. 

'!huso the region of integration T is made up 
of the orism restiog an the triangle POQ in Fig. 1 

1115. II 

-
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together wit that much of the other prísm wich 
líes below the surface S and wich rests upon tri 
angle PRQ. And we have 

'/f 2 2 fl 2 l-x 2 1J1' x1
x
2xJ dV= Ox) dX3 fO J x2 dX2 fOx1dx1 

Now using the preceding example as an analogy. 
we seek to evaluate 

where dW denotes the rectangular element in Carte
sion 4-space and where R denotes the region of the 
4-dimensional hyperspace defined by 

t~ x1x2 + X3)(4 ~ 1 

R: 

0_"k2.1. k= 1,2,3,4 


For convenience lec us denote the hypercube O~~~ 
< 1 by H. And now, guided bv the 3-dimensional ex
ample. we proceed to determine what portions 01 H 
constitut the region R. 

The hypersut'face x + x 1, obtained by3x4 = 

putting xle 1, is snalogous to the plane x? + x =1 
~,ich div~ded the cube e in the 3-space ~probtem 
i nto two prisms. Similarlv. the hvPersurfaee x + 

2 

2 
+ x x¿= 1 divides che hypercube H into twc parta.

3Let us see how much of each Dart belonRs to R. In
cidentallv. we can actually pieture Xz + x3x4=1 in 
a 3-soaee diagram as in Fig, 111. 

F1g. III 
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working with arguments similar to those to ob
tain the prism in Fig. 1 as part of region r, we 
conclude that ~ portian of R is made up o[ those 
¡Joints of H for wich O~xz + x3x4::1, 02Xl::1. 

Next for the points of H where we have x,+x3x4
greater than unity, we must take xl suftícléntlv 
less than unity as will satisfy xlxZ + x3x4 ~l.The 
question is: How much less than 'mity? TIte imme
diate answer is xl can have any value for which O~ 
~xl f (1 - x3x4)fxZ' 

In the preceding 3-space problem the last in
tegral to be evaluated (farthest to the left) in 
each oE the two iterated integrals in Eq. 1 had 
zero to unity as its limits of integration. Simi
larly, the last two integrals in the problem be
fare us and also the next to ust will have botll 
zero to unity as limits of iotegration. And so we 
have 

J(1-~x4)/x~ldxl 
O 

... Eq. 2 

When evaluating I I Ix X2X~X~ dx dx dx dX the 
inner integral is evaluateA ~irst. Tius2after4 

in
tegratiag with respect to x in the first f the 
two iterated integrals on tAe right hand side of 
Eq . 2 we get 

The second 
yields 

1J -2

After removing 
wi:h reBp~ct t 
UU1ty oC ~ntegrat~on ~n each case, we obtain (1/2) 
(1 / 3) (1 / 9 - 3/16 + 3 / 25 - 1/ 36)= 19/7200. 

The seeond set of iterated integrals in Eq. 2 
yields 37/7200. i nally , (19 + 37) / 7200= 7/900 = 
=.0077 77. . . . It seems as if t here is no Hay of 
verifyi ng the aboye resul~ by classical. analysis . 
An excellent proj ect forr I numerical snsiyst t o 
work on is the vefificat ~Jn of the result by a 
computer programo 

~ec.i.b.ldo el. 8 de. cü.cl.emblte. de. 198 Z 

-

intep;ration with respect to X2 

_1_ (1 X2)(2- x x ) 1 dx) 3 4 3 4 dx3 4 

the parenthesis and integrating 
x) an~ x4 with limits zaro and 
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ABSTRATC 

Certain basic integrals and in~eiral represen
tatioos for a basic analogue of Fox's a-function 
a re investigated in this papero 

RESIDIEN 

En este trabajo estudiamos un análogo basico de 
la función H- de Fox. Obtenemos algunas integrales 
y representaciones integrsles de la función. 

INTRODUCTION 

~le object of this paper is Co define a basic 
anaIogue of Fox's H-function and to estsblish some 
oí its fundamental properties. !he results proved 
are o f general cbaracter and include, as special 
cases , the results given earlier by Agarwal. 

DDTNITION OF A BASIC FOX'S ~-FUNCTION 

We define basic a.nalogue of Fox' s H-fum tion 
as 

z;q I(a,u)]
( 

(b, ti) 

mI sn 1
TI G(b.-~.s) TI G(I-a.+a.s),rz ds 

j ~í=~I___J___J __~J~'-~I~______J________________ 
- 2,,-i e B A 

¡¡ G(l-b.+a.s) 1 G(a.-a.s)G(l-s)sin "T s 
i"1ll +1 J J J'=n +l J ] . 1 1 

where o ~ ml ~ B, o ~ nI < A; 0i's and ~j'S are all 
positive, che contour e i9 s line parallel to Rl 
(ws). with indentations if necessary. in such a 

A BASIC ANAlOGUE OF FOX'S H-FUNCTION 

manner that all poles ~f G(bi-~js), 1 ~ j ~!IIt are 
to the right, snd those of G(l-sj+ajs), 1 ~ j < 1111_ 
to the lefc of C. The integral converges if Rl[ slog 
(z) - log sinns]<O ior large values of Isl on che 
contour i. ., if l{arg(z)-ul2ulflloglzl~ 1<11. 

If we se t nj = Si = L, ~j~A> l~~B in (2.1), 
than it reduces to che basic analogue of Meijer's 
r,-ruoc ~ion, namely 

GmI,n l [z;q I(a)J = aml.níf z;q I(a,l) ] 

A, B 

1 ! 
= 21ti e 

If 

(b) A, B l (b,l) 

mI nr¡l 
n G(b.-s)
j"l J j=l
B 

TI G(l-b.+S)
j~I+1 J 

G(l-a.+s) nzs ds 
J 

A 	 (2.2) 

I G(a .-s)G(I-s)sin "s 
j=n¡+l J 

e puc mI = B, 01 - O; tlj = aj = 1, 1< i <A, 
~j4B; in (2.J) then it reduces to an Eq-function 
due to Agarwal(l),which itself is a generali?ation 
of basic analogue of MacRobert's Eq-function given 
earlier by Agarwal [ 2]. 

From che definition (2.1). it readi1y fo11olols 
thac 

zaRm1 ,nI rz¡q I(S ,a)]= 
A, B L (b,~) 

CI III1+l,n1[
(-1) H 

A+l,B+1 

snd 

Aml,nI ~-l;ql(a,(1)]_ 
A, B r (b,~) 

OI+l,1II1l-H z;q J J (2.4) 
B, A+2 (1,1) ,(1-a. ,a . ), (0,1)

J J 
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CERTAIN BASIC INTEGRALS lNVOLVING Hq-FUNCTlON 

The fallawiog basie integraIs are ta be estsb
lish here. 

G(l) 1 a-l m1,n1[ -~ I(s,n)} 
-- S K E (qx)H zx;q (q ,x) 
l-q O q A, B (b,~) 

m1+l,Ol[ I (a.n) ]
= H z'q 	 (3.1) 

A. B+1 ' (a, p) , (b,~) • 

for RI(a) >0 amI Rl(p) >0, !rarg Z-ul2ul~110glzl) 1<11 

G(l) 1 a-1 mI,Gil -u /<a'íl)]
---- S x (l-qx)p-a-l H zx;q d(q,x) 
l-q O A, B (b,~) 

ml+l ,n l [ I(a.a). (o ,U)} 
2 G(p-a)H z¡q , (3.2) 

A+1,B+1 (p ,u), (b, d) 

for Rl (a) >0, IU (p) >0, Rl (u) >0. la (p- d >0. 

I{at:g z - ul2uJ 1-
1

Iog!z!¡1 < 11 . 

1 mi •ni [ o I ( )]- ,-fe (x)x-oH Z'x:;q a,ll dx 
2rri C q A, B (b, 6) 

ml ,nl ! /<a,(1), (a,p>]* 	G(I)H z;q , (3.3) 
A+l,B (b,p) 

where the pat oE integration e encLrcles the null 
paint and alao in the usual manner, can be deformed 
into a 

G(l) 1 
-- S 
l-q O 

loop pat:allel ta the imaginary axis. 

a-l ID1 ,n1[ p \ <a,(1)]
x E (qx)H zx ¡q d(q,x) 

q A, B (b.~) 

tIl1.n1+l( \ (1-o,p) ,(a'll)]
I:R 	 z;q ) (3.4) 

A+l, B (b,a) 

for RICa) >0, RI(p) >0 und 
1 < 11. 

G(l) 1 1 mi 
S x o -  - (l-qx)p-c-l H 

l-q O A, 

tIl¡.n1+l
G(p-o)E z;q • (3.5) 

A+l,B+l (b, S) , (1-0 tU)r 

for Rl (a) > O, RJ (u) > O, Rl (p-o) ,. O, 

1 arg z - ul2ul
-
l 
1 10g)zl 

nI( u \ (a,n) ] 
zx ¡q d(q ,x)~ 

B (b.~) 

1(l-p,u.(1,a) 1 

1 m1.n1[ -p (a ,a)] 
- f e (x)x-oH . zx;q dx 
2:ri e q A., II <b,S) 

m 
"" G(1)H ¡.n1 [z;q I(a,o.) ] 

A,B+l (b,a), (l-cr,p) (3.6) 

Proof: In view of the definition (2.1), the expres
sion on the left of (3.1), can be writteo as 

G{l) 1 0-1 1 f 
-- S x E (qx) 
(l-q) O q 2:ri C 

mI °1
TI 	 G(b.-p.s) TI G(l-a.+n.s) 

j~l 	 J J j~l J J 

B 	 A 
r G(l-b.+ó.s) TI G(a.-o.s) 

j=m +1 J J j=n +1 J J 
1 

V 11 zS 	 :x-fs ds 
d (q ,x)

" G(1-s) sin 'fa 

If we interchange the order of integracioo, 
which ia valid for Rl(o) >0, and !{srg z - ill2illl1¡og
Iz¡ll < ~, then the above expression reduces to 

mi 	 s0 1
" 	 G(b.-B.s) TI G(1-a.+n.s)n3 

t 	 r j=l J j j=1 J J 
. n 	 A 

2:ri C 1 G(l-b.+B.s) TI G(a.-o.s)C(l-s}sin ~s 
J= +l .J J j=n +1 J J 

1 	 1 

G(l) 1 	 ]X -- S xp-cs-l E (qx)d(q •.x) da. 
{ l-q O q 

On evaluating the inner integral with help of 
an integral Jue to Hahn (3) and interpreting the 
result chus obtained with che help of 
arrive at che desired result (J.l) 

The remaining integrals (3.2) to (J.6) 
evaluated in the same way by making use of 
sults (3.16) and r, 9(b) g¿ven earlier by 
([3J) . 

CERTAIN INTEGRALS INVOLVING 

BAsre MEIJER'S G-FUNCTION 

(2.1), 	we 

can be 
che re

Hahn 

If we Bpecialize che parameters in (3.1 ) Lo 
(3,6) and make use of che resule (2.2), the follow
ing results are obta¿oeu . 
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Um1 	 G(l} 1 0-1 mI ,nI [G(1) ~ xo-1 E (qx)G ,u l [ZX- ; q I(a) Jd(q,x) 	 I<a)]
-- S x (l-qx)p-o-l G zx ¡q d(q,x) 

1-q O q A, B (h) l-q O A, B (b) 

-p+iG(a) 
GI ml+U'~ [ I(a) ]z'q (4 . 1) G(p-o)G(l-o) U G(ql u )

a+i-l A,B + u ' (e) ,(b) , 
u u G(1-p) .1I -o+i 

n G(ql 1...1 G(q I - u- ) 


i;l 

where ql = qU, u is a positive integer, Rl(a) > O, 
GI m1+u.n1 [ I(a),(d)]

z;q , 	 (4.5)
a+i-l 

A+u,B+u (c),(b)Ci 	= q' u for i = 1, ... ,u, 
<1T . 

where q' = qU , u is a positive iuteger, RI(p) > Rl 
i-o i-p 

(o) > O, di = q u , ci = q u , for i = 1, . •• ,u.G(l) 1 a-l IDI ,nI [ - u (a) 1 
- - S x (l-qx)p-cr-l G zx ¡q d(q,x) 
l-q O A, B (h) 

1 -o ml'~ ( -p I(a)1
- j e (x)X G zx ; q dx 


p+i-l 211i e q A. B (b ) 

G(p-a)G(a) u G(ql u 


n cr+i-lG(p) 	 = G(l)G(l-O~ G,ml,nlr Z¡q I(a) 1. (4.6)i=l G(ql u 

P G(q ' 1.~0) A,B+p l (b).(c)J 

i=1
G,ml+u,n1 [z;q I(a) , (d)] , (4.2) 

A+u, B+u (e) ,(b) 
where q' = qP. P is a positive integer. RI(o) >0, 

b
where ql = qU , u is a positive integer, Rl(p) > ei = q p ,for i = l •...• p. 

a+i-l p+i-l 
Ri(a) >0, di .. q'l- u- r ci = q'- u- for i = 1, .• It is interesting to observe tbat if we take mI 
••U, i{arg z -""2';;1 10g1 z ti <11. = B, nI = O in (4.1) , (4.2) and (4.3); and use the 

relation 

m1
1 I e (x)x-o G , n1 [zxU;ql (a)]dX 	 B.O [ I(a) ]G Z¡q = E [B;b :A;at:z] (4 .7)

2 .. i e A, s (b) 
A.S (b) q P 

G (l_)--,1. l..,..G..,.(_q_'_ _ ml,UI [ 	
then (4.1), (4 .2) and (4.3) respectively give rise __ "---=- u _ 

G
I 

I(a) . (e)]'~
G(6? Z¡q . (4.3) to the results (6 ". 1) _ (6.3) due to Agarwal (1]. 

A+utB (b) 

where the path of integration is the same as in the INTEGRAL REPRESENTATION FOR
o+i-l 

BASIC FOX'S H~-FUNCTION case of tbe integral (3.3). Rl(o)~ O, ci = ql- u
i = l, . . . , u ¡ q' = qU. 

G(l) ~ xo-1 E (qX)G~ .n1 [¡>:x ¡q I(a) ] d(q,x) 

(l-q) O q A, B (h) 

u 

i~lG(q u ) m1 .n1+u [ I(e) ,(a)]I 

I (4 .4)
G(l-o) G Z¡q , 

A-hI.S (b) 


where ql = qU, u is a positive integer, R1(0) >0 . 
i-o mlPI'{G(l) 1 a.-l 

n -- S L J X E (qL)d(q,A . ) nei = q~ for í = 1 •••••u. j=l (l-q) O J q J J j =3 
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G(l) 1 b.-l } 1 1 b2-l where Rl(a.) > O, Rl(ak) > Rl(bk) > O, 3 ~ k ~ ID\, 
- - S E (qu.)U.J d(q,u.) - s u X E ml+l ~ j <;]A, Rl(b t ) > O. m¡+l ~ t ~ '8; a's and ~ s{	 2 ql-q O q J J J l-q O 	 are a11 positive quantities. 

Proof: To prove (5.1) we etart with the known re
sult 2; (2.1» 

C(a) ~ b-1 
where (a,a)* and (b,~)* denote the sequence of A E (a,b::z) = ----) E (qA)A I~O(a i -A/z)d (q,A 
and B-2 pairs (1-a1,01), .•. ,(1-a ,o ), (a +}' q l-q O q 

nI nI nI 
0n +1)" .. ,(aA,aA);(b].B3),··· .(b ,d ).(1-b +1,

1 	 mI G(a-s)G(b-s)ttz 6dsml ml ! 

~ml+1)" . .• (1-bB,8B); Rl(b j ) >0. 2 ~ j ~ B; R1 
 2.i e G(l-s)sin vs 

(a.) >0, 1 ~ j ( A. 	 . 
J 	 where the contour e is a line parallel to Rl(ws)=O. 

The integral converges if Rl(s log(z) - lag sin rrsJ m,n [ (1-al,al), .. . ,(1-an,on),(cl,81)'"
H z,q < O for large1values oflel on the contour, i.e . , if 

m+n-2.m+n (b¡.D¡) , . ..• (bm,dm),(l-d .,,¡) ••• Ilarg(z)-w2w; 10glzl}1 < n. 

1 	
l 

The expression of the right of (5.1) can be 
written as 

. ,(<=. .d n {Gel) 1 8.-1 
m-2 .n-2 : Geb ) 11 --S ~J (l-q ~.) _ 

m
.,(l-d ,ti ) j=l l-q o J j

n n 

a.-1 d(q.A.)/G(d.-a.)} 
-a. 

I e (L)L J 
J J J J 

C. q J J 
b -1 Jm-lU _
m 1 

z n a. m-2 -d. 	 mI {G(l) J,. b . -l ) 1 
-r¡ --J E (qu.)u. J d:(q,u.) - fn A. J n u. J)d(q, u

m
_

1
), (5.2) j-3 l-q O q ] J J 2.i e um_1 j=l J j=t J 

where RI(d j ) > Rl(sj) > o, Rl(ck) > Rl(bk) > O. 
Rl(a~) > O, ~=~~l=l, Rl(~k) > O, 1 ~ j ~ n; 1 ~ k 
, m-_; a's and d s are Qll positive quantities. 

nl{G(l) 1 a.-1 } mI Gn) 1 
~ -- ( ,I,.J E (qL)d(q,A.) 'T E 

qj -1 1- 6 J q J J j =4 l-q O 

b.-l 1 G(1) ! b3-l
(qu.)u. J d(q,u.) -- E (qu )u d(q,u ) 

J J J l-q q 3 3 3
-b . A 

f e (u.)u. Jduj J G(Dl-S)G(b2- S)1TZS . rr ~jS ds 
C. q J J 1 	 J=1 

J 2rri e B ~.s 

G(1 - s)sin "8 n u. J 

• j=3 J 

On changing the order of integration which ia 
valid by absolute convergence of boch the inte
grals, for Rl(b3) > O and I{arg Z -w2wi1 loglzill < 
,,; the R.H.S. for the above expr¡,ssion becomes 

sin ~s j=3 

-~.S 
u . ] 

1 
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http:aA,aA);(b].B3


-a . ] ni \G(l) ~ a.-1 
! e (J..) A J dA. rr - - ) A / E (qL)d

q Je, q J J J j=1 l-q o 
J 

B 
G(J-s)sio liS JI 

j=4 

1 
! 

2'11i e 

00 evaluating the innermost integral, it gives 

-b, } A f 1e (u.)u, J duo rr f 
q J J J j=n +l G(1)2rri C

1 j 

B S,s
Jsin liS r u.


j=4 J 


Similar ly on using the known integral due to 
Hahn (3), (ml-3)-times and nl -times, the above ex
pression reduces to 

r 
G. 

J 

-a. 
e (A.)A. ] 

q J J 

~ A 
(;J's) IT G(a ,+O. a) 11 

J'=1 J J .J=n1+1 

¡La
Ju.

J 

Now again, changing the order of integration, 
which is justified as before, and using the known 
resule due to Hahn ( 3 , §9(b», (A-n¡ )-times and 
(B-ml)-times to evaluare the inner integraIs, we 
finally obtain 

m 1(1-al 'Ol)" •. ,(l-an , ,nn ) ,(sn +1,nn +1)1':fH z;q 1 1 1 1 
A, B (bl,l)(b2,l) (b3 ,a3) .. · (b ' ~ml) (1-b + 

ml m1
mI 

I C(b 1-s)G(b2-s) IT G(b .-e ,s)( ), .•• , aA,nA _ _ J j=3 J J 

1) •.. (1-bB '~C) 211i e B AJ n G(b .+~,s) JI G{a , 
j"llll+l J J j=n1+l J 

n 
nI 

G(a.+a.s)1Izs ds 
j=l J J 

(5 .4) 
n,s)G(1-s)sin li S 

J 

which converges for r(arg z -w2w~1 loglzlll < 11. 

The results (5.2) aud (5.3) can be stablished 
in t he same way if we emp l oy the results (3.16)and 
§ 9(b) given by Rahn C3l, t o evaluate che :Lnner in
t grals. 
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