
Re\' . Tée . Ing., Uní v . Zul i a 
\'01. 3 , W2 , 1980 

STUDY OF THE DOUBLE LAPLACE TRf-'\J~SFORM 

K.C. Gupta 
Depar tment of ~lathematics 
jll. R. Engineering College 
Jaipur India 

ABSTRAeT 

In thi s paper, we f i r st establish three new theorems cone rn ing 

two-dimensional Laplace t r ansfor m . Ne t, we obt ain an interest ing 

and general integral f r om an arrlication of t he first theorem . 

RESlJi'.1E. 

En este ar t ículo pr imero st abJ ecemos r s t eoremas nuevos e 

lac ionados con l a t r ans f ormada bi dimens ional de Lapl ace. Luego ob e 

nemos una integr al gener a l e i nte r esante de una apEcn j ón del pri 

mer teorema . 

http:RESlJi'.1E


-190

1. I\~RODUCTIO\ 

¡\ comprehcl1 s i ve account o[ two-dimensional l.ilplace transfonn 

has been gi ven i n the wellknolNTI loJorks of Voelker and Doetsch [1 n , 
Dirkln and Pruunikov f l l . The gencrali zed form of Parseval-Goldstein 

thcorcm was givcn by Kalla {51 and later on this result was extended 

to domain of tHO vJri ablcs by Bora (S.L.) and Saxena (R. K. ) . 

In the present paper, wc shall define and represent the two-di

l: \CllSlon;ll Lap1ace tr~ ¡::; fonn in the following malmer: 

p q f co f co e. - px - q Ij 6 ( x, Ij) dx dlj (1 ,1) 
o o 

g(p,q) 

\, llere Re. (p) > O, Re.(q) > O and the fLmc t ion 6( X, if ) i s so chosen 

that the abo ve integral lS ab solutel y convergent. The notation 

g(p,q) :: n(x,lj) wi ll be used to denote (1, 1) symbolically. 

The H-function of two var i ables used in t his paper is a special 

cas e of the general H- [unc t ion of t wo ar iables studied earlier by 

\1i ttal ami Gupta [7J . The parametcrs f t his function occurring ' n 

the present paper \"il 1 be displayed 10 the following contracted no 

tation which 1s a d i rcct extension to that of Srivas t ava and J oshi 

[lOJ : 

(a .;a . ,A .) te. .,E. ) ¡o , o :m ,11 ¡m ,11 
2 2 3 3 jJ J J ¡,PI J j ¡, pz lej ,EIJ l'P3H 


P¡ ,q ¡ : P2 ,q2 ; P3,q3 [: 
 (6 ·;6" B.) (d., o.) ; (ó " F .J 
J j J ¡,q¡ J J l,qz j j 1,Q 3 

( 2TT ,¿) - 2 

2 

(1 . 2) 
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where 

1-1 
Pl ql 

~(,6,t) :: TI r(a . - (j, .,6 - A.t 1 TI r (1 - b . + a.,6 +B.t1 (1 . 3) 
[ . j j f j'-l j j J

]=1 

P2. q2. - 1 

X TI r (C. . -E:'.6) TI r (1 -d .+o ..6} (1 .4)
j j ][ j=n +1 j j j=m +1 

2. 2. 

and with 82. [t) defined analogously to el (.6) in tenns of the para 

meter sets (e.., E,) and (6., F.J . Also, (a ,; a , , Aj') p
j j l,P3 j j 1,Q3 j j 1, 1 

abbreviate the parameters sequence (al; al ' Al) , (a2 ; a
2 

' A2.l , ••• , 

(ap ; a. , A ) ; {c.. , E .J abbreviate the parameters sequence 
1 PI Pl j J I,P2 

{c.l ' E 1 J , (c. 2. ' E 2. ), •• • , (c. , E J and s o on. 
P2. P2. 

The condi t ions on paTameters of the H- function of two variables 

for the convergence of the integral given by (1.2) , the nature of 

contours L1 and L2. ' some of t he properties, special cases and 

asymptotic expansions of H¡ [:] can be refened to in the paper by 

Goyal [2J. It will be asst.nned that the conditions (i) to (vi), modi

fied appropriately , given on p. 119 in the paper by Mittal and Gupta 

[7J , are always satisfied by the various H-functions of two vari

ables occurring in t his papero 

To save space, three dots " ... II appearing at a particular place 

in any H-function of two variables indicate that the parameters in 

that position are exactIy same as those of the H-function of two 
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AXUj
vari ables def i ned by (1. 2). Again H, will stand far the 

L 81/l
H-fW1ction of two variables def ined by (1.2) but having argurnent s 

Axu. , 8yv instead of x, Ij • 

2 . MAIN THEOREMS 

THEOREM 1. 16, 

6( p, Q) - g (x,y) (2.1) 

and 

h (p,q ) (2.2) 


h{p, q) = j'Xl foo (x+ p ) -p (y + q) - crp q g(x,y) 
o o 

..... ... " .. 'J dx dy 

... : (p,U) , ••• ; (a, v), . •• 

(2.3) 
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whVle ti. and v Me pO.6mve nwnbVl.6, mÚl Re (p , q , P , a J > O and tite 

VaJÚOM .úLtegtr.a.l.6 .ú1.volved .ú1. (2 . 1 J, (2.2 J and (2 .3 J Me ab.6oltt,tely 

c.onvVtge.nt . 

TIfEOREM 2. 16 

..
6!p ,Q ) - glx,y) (2 .4) 

and 

(2. S) 

titen 

h (p, q J == p q (x + PJ - P (!f + q J -a 9 ( x, !f)f'") J00 

o o 

U
0 ,0 : m2 ,1\+1;m 3,1\+ 1[A(X+PJ- ... : (l-P ,U J, ... ;{ l - a ,V J, .. . ] 

x H dx d!f 
PI ' q1 : P2 + 1 , q2 ; p3 +1 , q3 B(!f+ q ) - v .. .: • ..; . . . . 

(2.6) 

whvr.e u and v M e pO-6:+:vn numbn"., IYlí V! Rn{p q r. a) > O a."'d +I-n-<.AA.. "- '<./v.) ,""",. "- t , 1-' , ,. -u'~,,-

vCI.Jt,[ou.J:J -i.;U:e.g~ -involve.d -in (2.4 ) to (2.6) M e. a.b/.} olutU!f c.on

veJlgent. 

http:c.onvVtge.nt


-194

THEOREM 3 . r6 

6(p,ql g(x.,y) (2.7) 

aYl.d 

2 .8 ) 


1h(p,q ) = p q J'~) J'XI (x. + p) -1 (y + q) -1 x.P- ya- l 6(x+p,y+ql 
o o 

u . ... (p,ul " ... , (O,VI]o , o : m 2 ' 112 ; m3 ' 11 3 [ Ax
x H dx. dy- v 

; .. .PI,q 1 : P2+1,q 2 ; P3+1,q 3 By 

(2.9) 

wheJte. u > O , v > O, mht Re. (p , q , P , a ) > O, a.l1d t.he. VCVÚOu..6 ,¿vz;te

gJULt6 htvo.tved..&z. (2.1) :to (2.9) Me. ab.6o.ttLtei.y c.ol1veJtgen:t . 

To preve Theorem 1 , we firs t obtain the double Laplace trans-
U

fonn of t he flUlctíon P-l a- 1 -ax-by H [AX.- ] which easily
x. y e. l-V

By 
follows from the definitions (1.1) , (1.2) and a well known property 

of two-dimensional Laplace transfoln. The theorern now follows easily 

with the help of Parseval-Goldstein theorern for the double Laplace 

transfonn. The proofs of Theorem 2 and Theorem 3 can be developed on 

lines similar to those indicated aboye. 
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3. SPECIAL CASES 

Since the H-function of two variables involved in al1 the above 
theorems is most general in nature, on making free use of its spe

cial cases as pointed out by Goyal [2, pp.121 -125J , one can easily 

obtain a large number of interesting and new theorems as special 

cases of these theorems. 

Again proper specializations of Theorerns 1, 2 and 3 readily 

yield analogous theorems for the wel1known one dimensional Laplace 

transformo It may be 	pointed out these theorems involving one dimen
sional LapIace transfonn are also new and sufficient1y general in 

nature. Thus they generalize arnong others the theorems obtained ear

lier by Saxena [8, p.233] and Maloo [6, p.846]. We however do not 
record them here explicitly on account of the triviality of the anal

ysis involved. 

4. APPLICATIONS 

Now we shall obtain a very general and interesting integral 
wi th the application of Theorem 1. 

Take 

g(x,Y) = x;\-1 y8- 1 H	M2 , o [ ax -It te.'"J E j',) 
1, 

P
2 
J 


P2'~ (d'.,o'.) Q

j j I , 2 

x H	M3' o [ bx. - 11"" (e'j " E'.)
jI, 

P
3 
J 

P ,Q ({., F'.) Q 
3 3 j j 	 1, 3 

(4 .1) 
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m,Yt 
(where H [x] is the well known Fox' s H-function [3J ) in (2.1), 

p,q 
,ve get with t he help of a known result [4, p.190] , 

re. ', , E'.) P 
j jI, 

2 
I I

(A , Jt ) , (d ., 8 .) Q
j j 	 1, 

2 

where 

(4.2) 

M3 ~ P3 
V' 	 .L Fj'. - I F'. - L Ej'. > O, IM g bl < -21 V' TI, 

j=l j =M +1 j j=l
3 

Re (p) > O, Re (q) > O, Re(A ) > O, Re (8) > O, ~, ~ > O. 

Again , with t he help of (2 .2 ) , (4.2) and (1.1), we easily get 

00 00 A- 1 	 - qy H [Al(.-U] h( p,q ) = p q J r XP- ya- 8-1 e-px -v
1 o ) o 	 By 
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(4.3) 

To evaluate the double integral on the right-hand side of 
(4.3), expand e-PX-QY in double series , interchange the order of in

tegration and sLUllIllation (which is justified t.mder the conditions 

stated below) , and eval uate the (x, y)-integral thus obtained with 

the help of a recent resul t of Singhal and Bhati [9, p. 74, Eq. (1.1) ] , 

we obtain 

eS-a _t)m ( _~\YL 
00 

b ]l 
(pa qb Jh(p , q ) L 

m,n= o m! n! 

0 ,0 :m + M +l,n ;m +M +l ,n
x H 2 2 2 3 3 3 (4. 4) 

Yl q : Yl +P q +n +1 . Y1 +P q +n +
/- l' 1 /- 2 2 ' 2 ~2 " /~ 3 3' 3 ~3 1 
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u 
lL

Ao.rn/M/t , n. 3 ~ 
V (4 . S)
-

P3 +p3 +1 , q3 +Q3 +1 nBb~ 

p- A+m ,
where ~ = (~j + E . ~ (1) p' (p,U); ... ,Jt j 1, 2

a - 0+11 v(ej + E'. - E' ) , (a , v) ; 
~ f l-l jI, P3 

, p-A+m , u. ,) (d 1 
n = (p+m , u. J (d j , <5 j 11, m2' (dj + !t <5 j ' !L <5 j 1, ~' j , ($ j m2 +1 , q2 ; 

'o+n,v) , (1., F .) , (1'. + 0 - 0+11 F'., ~ F'.) Q' (l.,F.) , 
¡ Uj j 1,m uJ ~ j fl j 1'3 Uj j m3+1,Q3

3 
lL 

A(X+Pl ]
where Re!A) > O, Re(o} > O, the parameters of H vare same

I [ B(y+q) 

as given by (1.2) and the set of conditions mentioned with (4.4) are 

satisfied. 

The integral (4.5) is believed to be one of the most general 

double integral evaluated so far. It is capable of yielding a large 

number of known as well as new integrals as its particular cases. 

Thus on rnaking free use of the various fonnulae given by Goyal [2, 

pp.1 21-125] , Gupta and Jain [3, pp.598-601] , one can easily obtain 

from this integral, a munber of other interesting integrals con

cerning a large spectnnn of special fLmctions . On proceeding in a 

manner sirnrrlar to that of obtaining the integral (4.5) , we can also 

obtain two more integrals from theorems 2 and 3. We however do not 

record them here on account of lack of space. 
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provided that Re(p) > O, Re(q! > O, ~, v,~, ~ > O, U' > O, V' > O, 

IMgal < tutTI , IMgbl < t V'TI, R+-umax{¡c.j-Il/Ej}»0, 
Re (a - v max {( ei -1) / E i}) > O ( j = 1 , •. . , n ; 1... = 1, ••• ,m 3 J 1

2 

Re (p -A+ Ir.. min (d '. / 0'.) - u max {k . -1 ) lE .\) > O (i = 1, •• • , M ; 
~ ~ 	 jrj 	 2 

j = 1, ••• ,nI , Re. (o - o+11 mbt (6./F .l - v max(¡ e . - 1 ) lE .\) > O (.i = 
2 ,(. ,(. t 1 1) 

1, ... ,M ; j = 1, ... YL31 and the double series on the right-hand
3 

side 	is absolutely convergent. 
Substituting these values of 9 (x, lj J and h (p, q) f rom (4. 1) and 

(4.4) respectively in (2.3), altering t he pararneters of the H-func 

tion of two variables occurring on the right-hand s ide of (2.3) 

slightly , we arrive at the following interesting integral after a 

little simplification: 

fCO flO X'\ -1 yO - l (x+p)-p (y+q)-a 

o o 

I , 

(c..,s.) P 
j J 1, 2 

(d'. , 0 '.) O 
j j 1,""'"2 

M , o [ (e'. 1 E '. ) p]
x H 3 by-~ ~ ~ 1, 3 dx dy 

P,O (ñ.,F.) Q
3 ~ j j 1, 

3 

A-P 	 o-a - ( -kT ( _~n00 	 o , o : m +M +1 I n ;a IL b l.I pa. qb U 	 2 ~ z= I 	 H 
IL~ 	 m! n!m,n=o 	 : P +P +1 , q +~ +1 ;Pl ' Cl 1 Z 2 2 



-200

referee for very useful suggestions , which led to the present form 

of the paper . The author is also thankful to the University Grants 

Commission, India, for providing him t he necessary financial assis

tance for carrying out the present work. 



-201

REFERENCES 

[lJ DITKIN, V.K. and PRUDNIKOV, A.P. : "OpeJtCLtional CalC.uiM in Two 

VaJriablu and i:t6 App.Uc.ati.olt6". Pergamon Press , Oxford (1962). 

[2J GOYAL, S.P.: "The. H-úunc.Uon 06 Two VaJ/.,Úlb f..e..ó ". Kytmgpook Math. 

J. , 	 15 (1975) , 117 - 131 . 

[3J 	 GUPTA, K.C. and JAIN, U.C.: "The. H-nuYl.c:Ucm 11" . Proe. at .Aead. 

Sci.lndia, 36 A (1966) , 594-609. 

[4J 	 GUPTA, K.C. and JAIN, U.C.: "On t he VeJúva.Uve. 06 the H-6unc.

wn" . Proc.Nat.Acad.Sci.lndia, 38 A (1968),189 -192. 

(5J KALLA, S.L.: "A GeneJtili.zed TheoJte.m Oó IYLtegJtai TJtaMóoJtrn". 

Rev.Cie.Mat., 3 A (1972), 1-4. 

[6J MA.LOO, H.B.: "Sorne The.OI1.em~,in OpeJr.O..-t.Wnai Caic.ulu.6 TI". Proc. 

Nat.Acad.Sci.lndia, 36 A (1966), 843-848. 

[7J 	 MITIAL, P . K. and GUPTA, K.C . : "An IYLte..gMi Invo.tv-ú1.g Ge.n.eJLa1.-¿ze.d 

Funw.on o tí Two VaJÚltb.te.6". Proc. Indian Acad. Sci. , 75 A, (1972 ), 

117 - 123. 

f8] 	 SA.-'\EN.'\, R.K. : "Sorne. Theoltent.6 on La.pf.a.c.e. TJtaMóoltm". Proc.Nat. 

Inst. Sci.India, 30 (1964) , 230-234 . 

[9 	 SINGHI\L, J.P. and BHATI, S.S.: "Inte.gJt.at6 lnvo.tv-Útg Ge.neJtaLi.zed 

H- 6u,l1c.:U.on 06 Two VaJÚabtu". Vijnana Parishad Anusandhan 

Patrjka, 20 (1977), 73-80. 

f10J 	 SRIVASTAVA, H.M. and JOSHI, C.M.: "IYLte.gltation 06 CeJt.ta.út Pltod

u,W M/.}ocl...a;te.d w.Uh a. GeneJta.li..ze..d MujeJt Func;túm". Proc. Camb. 

Philos.Soc . , 65 (1969),471-477. 

[11J 	 VOELKER, D. and OOETSCH, G.: "V'¿e. Zwu V,{.m~'¿ona..e. La.p.f.ac.e. 

TJta.YL6 60 Jtma.;t,ú}n " . Verlag Birkhauser, Basel (1950). 

http:GeneJta.li..ze
http:CeJt.ta.�t
http:H-6u,l1c.:U.on

