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In this paper, fue problem of finding the temperature at any 

point of a tnmcated wedge of semi -infinite height , with circular 

botmdaries , when there are sources of heat within it, for boundary 

conditions of the radiation type is considered. Different types oí 

integral transforms are emp10yed to solve the problema 

RESUMEN 

En este artículo se considera el problema de evaluar la tempe­

ratura en cualquier punto de lUla cuña tnmcada de altura semi-infi­

nita y bordes circulares. Existen fuentes de energía dentro del sis­

tema y las condiciones de contorno san de tipo radiación. Varios ti ­

pos de transformadas de Laplace son usadas para resolver el problema. 
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1. INTRODUCfION 

Marchi and Zgrablich [SJ have solved the problem of finding 

the temperature at any point of a hollow cylinder of any height with 

heat radiation on its surfaces using extended finite Hankel trans­

form and sine transform. The obj ect of this paper is to generalize 

this problem by considering an angular wedge section of a serni-infi­

nite hollow cylinder with internal heat generation and radiation 

type time dependent b01m.dary conditions. 

2. FORMJLATION OF THE PROBLEM 

For the truncatedwedge shown in Fig.1 , the governing differen­

tial equatian [1,2J far conduction of heat is 

a/l = (l { a2/l + d/l + + d 
2 

/l} t cf>{1t.,6,z,tl (1) 
dZ2()t dlt. 2 It. dlt. 

z > O, d < It. < b , o < e < o 

Fig.1 Physical Model and Coordinates 
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The initial and boundary conditions considered are 


u. = E(Jt,8,z) I 
. t = O O< e < o a. < It < b z > o (2) 

k dlL 
- + u. = F(e,z,t) ,. t > o o< e < o Jt = a. z > o (3)
dlt 

aU.k - + u = Hr e,z,t) , t > O 0<8 < o It = b z > O (4)
2 dJt 

u. :: G(Ii.,6,tl j t > o o < e < él a < It < b z :: O (5) 

u. :: M-nUe ; t > O O < e < <5 a < Jt < b z -> 00 (6) 

u. :: W(Jt,z,t) i t > O e = o a < Jt < b z > O (7) 

u. :: Z(Jt,z,.tl ; t > O e ::; él a < Jt < b z > O (8) 

3. TIIE SOWTION OF TI-IE PROBLFM 

m TI e 
Multiplying both sides of equation (1) by~.út 

l 
<5 d 8 in­

tegrating from o to <5 and using the property (A.3) of finite sine 

transfonn and the bOl.mda:ry conditions (7), and (8) we obtain the fi ­

nite sine transform w. r. t. 8 of equation (1). 

(9) 

f
<5 mI TI e 

where = u. (Jt, 8, z,t) ~i.n d 8 
o o 

• 

http:Z(Jt,z,.tl
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o m n S 

= ~(IL,S,z,.t) 4,(n 1 de.
Jo o 

m +1 1 1 
Let p = = [ (-1) 1 Z(Ir.,z,tl + W(Ir.,z,tU­

11.2 

Thus equation (9) may be written as 

(10) 

Now rnultiply:ing both sides of equation (10) by the Kernel 

!t fl rh. , h. ,11 !tI, integrating fram a to b, and using the generalizedp 1 2 n 

Hankel transform property CA.11) we get the following equation. 

= CL 

dUfl 1 2 - ­x [u. +h. - lA u. + p1jJ + Cll ) 
.6 1 n .6 


dJt !t=a 


where: 

The funetion flp (Il , 1l , lln!tl is defined as in equation CA. S)
l 2 
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1P = \ji (n,m
1 

, z,tl 

bOW1dary conditions 


The finite sine transfonn of the (3) and (4) gives the following 


(12) 


and (13) 

Substituting (12) and (13) in equatian (11) we get 

2­
=a X-ll u + p"f + (14)n .6

{ 
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where X =X(n,m ,z,tl
1 

(15) 

Now multiplying both s ides of equation (14) by .f; 6.ú1 m z, integra­
2 

ting from O to OG, and using the property (A.14) we obtain the fol­

lowing Fourier sine transfonn of equation (14) 

(16) 

where 

(17) 
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from boundary condition (5) 

(21) 

so equation (16) can be written as 

du.. .6 

~, 1 


2 _ _2 ­
= a. {X - - m u. +mG + p lj! } + <P.6 .6 ( 23) ~n u..6 .6 ,~dt .6 , 1 2 .6,.61 2.6 

I 1
1 
 1 


Now taking Laplace transfonn W. r.t. time of eqn. (23) we get 

2 

o. jl LaL [ x. ,J ­ n 
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where etc. 

From b c. (2) 

u~,-61In,m"m"OI = f! Jm t J" 4E(4,e,zl hbt m, Ka 
o II o o 

E. • (n,m ,m 1 (25) 
.0,<.1 1 2

1 

Thus equation (24) can be written as 

(26) 


2 2
where A = a(~ + m ) n 2 

equation (26) may be written as 

ex 

q+A 
~ 
q+A 

(27)+ _1 LE!> +
q+A L.6 ,.6 1 

1 
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Now taking the inverse Laplace transfonn of the above equation and 

using the convolution property we get 

u = a Ji. e-A(t-T) X dT + am Ji. e-A1t-T) G dT 
.6,.6	 .6 2 .61 	 1o 	 o 

f
t -A (.t-T) - dT + f x:. e-A (t-T) $ dT 

+ 	ex. p e t/J.6 .6 ,.6 
1 o 1 o 

(28) 


Now applying the :inverse s:ine transfonn as def:ined by eqn. (A.13) we 

get 
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2 	
00 

-A;t ­
+ 	 - f e E~ ~ dm2 • (29) 

1T o ' 1
ft; 

Now applying the inverse generalized Hankel transfonn as defined by 

eqn. CA.9) we get 

Now fiDally applying the inverse finite sine transform as defined by 


CA.2) we get the required temperature distríbution function 


u(1l,8,z,t) • 
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m rra l f 00 ftx h.in _1_ a e-A (t-T) X h.inm z dT dm 
o h 2 21o o 

f
OO ft -A t-T ­+ () m e ( ) G hi.n m z dT • dm 

2 h 2 2 
o o 

Jt -Alt-TI­
+ () P e 1Jih hi.n m z dT dm

2 2Jo 

OO 

o 1 

(31) 


4 • ESPECIAL CASE 

Taking u and rp as independent of e in (1) and adjusting the 

botmdary conditions accordingly J we have the following conduction 

equation 
au = a (a 2u + !.- + au + a2u) + rp(lL,z~t) (32) 
at 31t2 It aJt 3z2 

z > O ,4< Ir. < b 
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with inítial and bOlmdary conditions 

u = E(~,z) ; t = O , a < ~ < b , z > O (33) 

OU - + u = F(z,t) I 
. ~ = a. , z > O , t > O (34)k1 al[ 

aU + .k,2 u = H(z,t) , It. =- b , z > o , t > o (35)
aJr.. 

u =- G(Jr..,tl ; z = o a. < It. < b t > o (36) 

u =- 6ht.Ue. ; z -) CIO , a<Jr.. < b , t > o (37) 

On applying the general ized Hankel transfonn (A. 4) with P = O and 

Fourier sine transfonn (A.12) in succession to equation (32) and the 

bmIDdary conditions (33) to (37), the temperature at any point of a 

semi-inf:inite hollow cylinder defined by z > O , a < It. < b hav.ing 

synunetry about the axis of the cylinder and sources of heat within 

it and with heat radiation on its surfaces is given by 

u (Jr.., z,tl (38) 

where 

+ ff m2. Cl Jt G(n,T) e.-Á(t-T) dT 
TI o 

(39) 
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= fi f ro Ylz,t) hi.nm Z dzJ~ o 2 

and 

Ylz,t) :: : 06 
0 

(llnbl H(z,t) - : 06 
0 
(llna) F(z,t) 

2 1 

FirstExample 

1 
0-1 - "2 

Let E(JL,e,ZI : JL.... z (a Metíon independent of a) (40) 

where Q is a real number 

where h and B are real numbers , d is a complex number with 

Re(d) > -1 , P~ Í5 an associated Legendre ftrnctíon [3, p.120J with 

1l < 1. 

Hle,z,.tl = O (42) 

Q-l (43)G(JL,tl = JL (a ftmction independent of .t) 

W{/[,z,tl = O (44) 

Z(JL, z,.tl =O (45) 

Q-l -1 N-l<p(JL,a,z,t) = JL a(\S2 _ e21M z <\ (tI (46) 

http:Hle,z,.tl
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Where M is a real number, O< N< 1 , and 0l(t) is Dirac delta 
function. 

Taking the aboye ñmctions in the problem represented by equatioIlS 

(1) to (8) , we get the following value of u
h 

h with the help o f 
, 1 

equations (1 S), (18), (22), (25), and (28), and the know results 

[9, p.S18; 3, p.90, (7); p.46, (Sl)J 

ll-d - .!. -hm 
<la. h (11 a.l m "/l od-ll 2 2 r (1.,.dJ e Z 

p n 1 -Át -S.t)= e -e( 

l+d 2+d -- 2 22 2 mI 1T .x F I 
42 3 

3 2+d-).l-v 3+d-ll-V- ,
2 2 2 

+ R.. 
-A;t 

e 

where 2f 3 is the generalized hypergeometric fimction [3] 
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[[mo [ m]
B=..¡ -:;; ~:, 1-1-1)' 

R,. = R (u",I-Q [b {(p+ Q-1l J (U b) ~* h.l b)
3~,. p n Q-l,P-l n 

(48) 


(49) 

(50) 


(51) 


(52) 
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= 1.- Co~eC!. p TI rJ (~xl - e-.i.p 1T J h.l Xl] (53)
2 l -p n p n 

.6;,Q!l.lnX) is Lonnnel function given by [3, vol. II, p.40 (71)J 

Therefore the temperature /.dA, e , z ,.t 1 is given by equation (31) after 

applying :inversion fomulas (A.13) , (A.9) , and (A.2) in succession 

to equation (47). The procedure of applying inversion fonnulas is 

shown by equations (29), (30), and (31). 

Second Example 

Let E(~,e,z) = ~Q-l e-kz (a function independent of e) (54) 

F(e,z,~) = o (55) 

v 

Hle,z,.I:) = a-h'z' ,\1.1:) e~-:: rJ,,~jl - G:)) , (R'I") > -1) 

(56) 

G(~,e,~) = W(~,z,~J = Z(~,z,tJ = <p(~,e,z,.t) = o (57) 

Taking the aboye functions in tbe problem represented by equations 

(1) to (8), and evaluating the integrals involved in equation (25) 

with the help of known results [3, p. 4 6 (4); 9, p. 518J , we get the 

following solution subject to the corresponding boundary conditions. 
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00 

u(Jt,8,z,tl:: ¿ 
m ::0 

1 

(58) 

Lastly , on evaluating the m integrals involved in (58) with the 
2 

help oí lmown results [4, p.73 (19) ; p.74 (26)J , we get the solu ­

tion oí the boundary value problem in the following formo 

U(IL,8,z,.t1 

tu - e. 
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3 1 1 \ -1( .t 11 ) - - - -el +1Ji2 ' 
X.6 (ll b1 z - + ct.;t 2 e It 4 2 I Z2 

(P n 4h2 

(59) 

where the value of R4 is given by (48). 

APPENDIX 

The finite sine transfonn [8,9J of a ftmction 6(xl is defined 

as 

h 
= 6(x-) f,bt m ;rx dx (A.1)

fo h 

(A.2)where n(x-) 

It has a following property 

J 

I 
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Following generalized Hankel transfonn has been defined by Marchi 

and Zgrablich [5] 

(A.4) 


G (k·,ll xl = G (ll xl + fLll G'(llnxl (A. 7) p-<.n pn -<.np 

]p(llnxl and Gph.lnxl = ~ c.o~ec. (P-rrl ~_p(llnX) - e-.i.p-rr ]p(llnxI] are 

Bessel functions of first and second kind [3] respectively of order' 

p : 

l1 are the positive roots of the equationn 
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The inverse transfonn is given by 

6(xl CA.9) 


where 


- ~ (12 [¿'~(k.l,k.2,lJna.J - ¿'P-l (k.1 ,k2,lJn(1) ¿'P+ 1 Ik1 ,k2 ,lln(1)] 

CA.10) 

One of the basic properties of the above transform is 

CA. 11) 

'J'he sine transfonn [8,9] of a function 6(xl is defined as 

(~1 (m 1 = [i; J	CI) 6(x1 ¿,in m x dx (A.12) 
o 
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CA.13)where 

It has a following property 

ff- (00 CA.14) 
~ 1T J 

O 



1 
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