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RESUMEN 

El fiu de este estudio es investigar algunos problemas 
acerca de sistemas no-lineales de -ecuaciones difercm
da/es con perturbaciones donde éstas reviste1l un carac
ter más general que se consideró previamente. 

Las herramientas principales de nuestro análisis son: 
la fórmula para la variación de onstantes desarrollada 
por l1/ekseev y una desigualdad integral recientemente 
establecidapor el autor. 

1. INTRODUCTION. Many recent papershave dealt 
witb the perturbations of Donlinear systems of diffe
rential equations. Brauer [2 J ,Brauer and Strauss
1:" J , Fennell and Proctor [5 J , Marho and Struble 
[ 6 J , Pachpatte r 7, 8 f 9 ] Strauss [1 1 J , Strauss 

and Yorke [1 2 J ,and several other autbors have con
sidered conditions under which various forms of the 
stability and asymptotic behavior of a particular so
lution of the unperturbed system wouJd be preserved 
under tbe perturbation. In this paper we wish to study 
the boundedness, asymptotic behavior, and tbe rate of 
growth of the solutioos of perturbed nonlinear systems 
a1lowing integral perturbations. We are interested in 
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SUMMARY 

Tbe aim of this paper is fo investigate sQme proh/ems 
re/ated lo perturbed nrmli1lear systems of differe1ltia/ 
equations al/owing "Jore genem/ perturbati01lS tban 
were previotlsly al/owed. Tlle maín too/s in OU1' aualy
sis are the variation ofconstat.ts formula deve/oped hy 
Alekseev and the i1ltegral ineqrla/ity recentZ), c.~ltJ
b/ished by the present author. 

the relations betweeo the solutions of the uoperturbed 
system 

x';:f(t,x) ( 1 ) 

and tbe solutions of the perturbed system 

t 
y' =- f (t, y) + 9 (t, y, (k(t,S,y) ds). ( 2)

Jt o 
Here x, y, f, g and k are the elements of R n, an n
dimensional Euclidean space. Let 1be tbe interval o ~ t 
< CX) and .n. be a regíon in RO. We shall assume that 

f € e (1 II .n., R" ] f x ( t J x) = o for t ~ o and 
f x(t,x) exists and is contiouous on 1 .n into RO 
and that k E e [ 1 x 1 x.n. I R"J and g E e 
[ 1 x .n. x .n. , R"] . Throughout tbis papee, II (t) 

= x ( t, t o' xo) y ( t ) = )' (t I t o'yo) will denote llllÍque 
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soJutioos oí (1) and (2) respective1y, satisiying 
.(lo,lo'X o )= Xo andy(to,to'Yo) = Yo' and f 
(t, t o' • o )will denote the fundamental matrix so
lution oí the variatiooal equatioo 

( 3 ) 

such that ~ ( t o ,lo' xo) is the identity matrix. We 
recall that 

and that 

_ét_[x(t"o'·o)] : ~(t,tolxolf(to'xo). 
ato 

We assume that for arbitrary t o ~ o and • o t n. 
tbe s01utionx ( t, '0,"0 )oí (1) exists for t ~ o and has 
values in n.. This, otcourse, implies that the corres
peoding matrix ~ ( 1, t o' x o ) exists io the same cir
cumstance . We assume mat mere exists a subregioo 
n 1 oí .n. suro that foc arbitrary a E1l. 1 

and t o ~ o, the olutioo. ( t, to'o }of (1) exists 00 1 
and has values io 11. . Tbe symbol ,. , will denote 
some conveoient oorm 00 Rn as we11 as a correspoo
ding con isteot matrix no. 

In most oí the earHee works [2 J. ( .. J, (11]
t ( t, t o,x o) must satisfy a muro more s~ringent hy
pothesis than is oeeded here. The most serlOUS oi mese 
is l ' (t, to'xo ) I ~ M, where M> o and 11101 
,sufficieotly small. Howevee, in getting the first 
equatioo in the proof oí Theorem 2 given in [4 J ( 
see, also [1 1] ) ooe must use I t ( t,', y ( • » 1< M 

This impHes that it is already known mat , y ( • ) I 
is uoiformlv small and thus de troy the ideal nature, i.f 
any, oí me- perturbing terroso The present paper is a 
st'ep in removing this unpleasant situatioo and to es
tablísh much deeper results undee less restrictive coo
ditions. 

2. MAIN RESULTS. lo this sectioo we tate and 
prove our main results 00 me behavior oí solutioos. of 
(2) uodee suitable assumptioos 00 the peeturbattoo 
term in (2). To establish oue main cesults in this papee 
we require the íollowiog integral inequality recently 
established by this authoc in r1 O J . 

LEMMA 1. Let u(t) , p(t) and q(t) be real-valued non
negative continuous functions defined on 1, for wh;ch 
the inequality t 

- ~(t)< u + ~ : (S)u<s> [ u(s)o 

S 

+\~\IU\\ld\ 1 d, ,1 El, 

ho/ds, where u o is a /Jos;tive consta"t. 1 

I tl :(,1".( ): ("ld"ld'<Ü~fO'QlltEI Iheo 

t 
u(t)~ u o ex P ( LP ( s ) 

U up ( ('q ( r ) d, ) ]
0)0 ). 1 

dS .l.' € 
[
 

.1 - U O ( S P(r) ex p (f q ( n) dn ) d T 


)0 Q 

In our subsequent discussion our interest ües in the 

following definitions in terms oí the behavior of so
lucions oí (1). For similar definitions the reader i re
ferred to [ 4 J 

DEFINlTION 1. The soIution x = o of (1) is said (O 


be globaUy uniformly stable if thece exisls a constan [ M 

>0 suro that 


1.(t,to,xo)l< Mlxol , 

t~tto ondl.ol<CID 

DEFINITION 2. The solution x = o of (1) is said to 
be exponentially asymptotical/y stab/e if tbere exist 
constants M> o , ex > o such that 

-ex(t-t ) 
Ix(t,t ,x }I~ Mlx le o I 

o o o 

ior all t ~ t '1 o , l. 01 is sufficiently mallo 


DEFfNITION 3. The solutioo x ... o of (1) is said to 
be uniform/y s/ow/y growing if, and only if, foc every 
«. > o [here exists a constant M, possibly depeoding 00 

ex , suro mat 

-«.(t-t ) , 
x(tt x)l~M'xle o , o I o o

' 

We now sta te and prove tbe following theorem 00 


the boundedness oí the solutioos of (2). 


THEOREM l. Let the solut;on x = o of (1) be g/o
ba/ly uniformly stable. Suppose that tbe fundamental 
mat,.u, t ofthe variat';01U1I system (3) satisfies 

I! (t,s,y)l< Nlyl, ...... o , (" ) 

where N is a f1osí.tive constant, y €.n. and that the 
functions g and k in (2) satisfy 

19(t,y,z)l~ p(t) [1 Y I + 1zl J I t~o, ( 5 ) 

\ ~\\,s,'1)1~~(,)lyl, O~U¡;t CD . (6) 
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where V I Z € 11 j ami p(t), q(t) are real-valued non
negative continuousfunctio-ns defined on 1such that 

t t 1 
( N p(t)up( (Q(n)dn)df< [Milo' l 

)fo >'0 

'fU (Jllt El (Jnd 


s 
MllIo'exp( (Q(f)dr) 

)t o 

1 -M lit 1 ( ,N p(T)II,( q(,,)dn)dl\' 
) to t o 

(7)ttl < • I 

where M> • I 1 o -; o are constants ami lO t 1t1 . 
Then all solutions of (2) are bounded on 1. 

Proof. It is known [1 • 2] that for JI o In 11 1 the 
solutions of (2) passing through( t I X )satisfy the in. o o 
tegral equatlOD 

t 
y(t): It(t) + \ O(t,s,y(t)h(I,Y(IL 

fo 

(Sk(I,T,Y{I»)4ddl, (e)

ho 
lor a11 t for which y(t) ís in Jl . Using (8), (4), (5) and 
(6), together with the global uniform stability of the 
null solution oi (1), we obtain 

ly(tll~MIII i + (~P(S)lY(S)1 [ ly(s)l+ 

) 'o s 

(q(r)ly(r)ldl] ds, 
) t o 

This, and the applicatioo oí Lemma 1 yields 

The above estimatioo in view of the assumption (7) im
plies the bouodedness oí y(t) 00 1, aod the meorem is 
proved. 

Our next meorem shows that under sorne suitable 
conditions 00 the perturbaríon terrn g aod 00 the fune
tion k, a11 the solutioos of (2) approach zero as t 

THEOREM 2. Let tbe solut'on x .. o of (1) be ex
ponentially asymptotically stable. Suppose tbat tbe 
fundamental matrix 4> of tbe variational system (3) 
satisfies 

'" -«(t-I)'1'(t,s,y)I< NlyI. t>,>o I (9 )t 

wbere N anJ cr are positive constants, y E.o. and 
tbat the functions g and k in (2) satisfy 

1,(f,y,z)1 p(t)[ Iyl +lzl]. t 0 , (10) 

where y I 1 t.n. ~ ;andop(t), q(t) are real -valued non. 
negative cont;nuous functions defined on 1such that 

wbere M" o, x o =f- o are constQ.1Jts and x o en 1 
tben a.// solutions of (2) 'approach zero as t __ CIO . 

Proof. lt is knOWD, that the solutions oí (2) passing 
chrough ( 10 I Ito ), It o E .n l atisfy the integral 
equatioo (8) for a1l t for which y(t) is in Jl . Using (8) 
(9), (10) , (11) together with the cxpooential asymptotic' 
stability oí the ouU solution of (1), we obtain 

-«(t-t»)' -«(t-s)ly(t)I __ MIli le o + Nly(.)11 

fo 

S -a,(s-,)
p(s)[ fy(s)1 +, q(r)ly(r)ldrJds . 

t\ o 

Tbe above inequality can be rewritten as 

t • 
- lXt a,t -1X8

ly(t)I. ~ MIli l e 0+ Np (5)e Iy(s)
) 'o 

s 
1'-«'[ ly(s)le- 1X1 + ) q(r)Iy(r)I,a,r dr J di. 

• t 
o 

Now applying Lemrna 1 with u(t) - h(t) I e::::. t 


then rnultiplying by e -t$. t • we obtain 


I 
Iy(tll MI'olup( (N p ( l)

)'o 

The above estimation in view oí the assumption (12). 
yields the desired result if we choose M and I II o 1 

sma11 enough, and the proof of the theorem is oroplete. 

Theorem 3 below deroonstrates that the solu tion of 
(2) grows more 10wIy tban aoy positive exponeo tial. 

THEOREM 3. Let tbe solution X~ o of (1) be unífor
m{Y s/owJy growing. Suppose tbe fundamental matrix 

\ l { ,~, ,~ \ \ ~ • - ex ( t - ,l ~ (, \ IVI, O" S ~ t < (J), U II cp of tbe variational system (3) satisfies 
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l' «(t.l)

(t,l,y)l< Nlyl. , t:>I~O I (13) by using tbe representalion formula recently esta


blished by Brauer [3] . These theorems will not be 

where N ami o: are positive canstants, y~.a and 
tbat the functions gand k in (2) satisfy 

1.(t,y,zH~ p(t) [1,1 + Itl J , t ~o , (14) 

(l(t.l)
Ik(t,l,y)~, q(.)lyl , O<.~t~CD, (15) 

where y, z € 11 ; and p(t), q(t) are rea/-va/ued non

negative continuous functions defined on 1such that 

t t«, -Ott .1 
Np(r). up(( q(n)dn)dT<[Mllloll o) 

\ fo )to 

] 


where M> o I X0:F o are constants and loE nI ' 
then aI/ solutions 01(2) are slowly growing. 

The proof of this theorem follows by the similar ar
gument as in tbe proof of Theorem 2 with suitable 
Ó1odifications. and hence we omit the details. 

As mentioned in the introduction several authors 
have studied the behavioral relationships between the 
solutions of (1) and (2) wben the integral term in (2) is 
absent. Tbe type oí the hypomeses imposed on the per
turbation term in (2) are general enough as compared 
to those given in ( 2] , (4 J, [1 1 J . Coocerning the 
fundamental matrix of the variational system (3), 
the present hypotheses are much 1ess restrictive. 

We observe from the proofs of these three theo:ems 
thal there is no essential difficu1ty in obtaining ana
logous results for the perturbed Volterra iotegrodif
ferential system of tbe form 

y': f(t,y) +( t h(t,.,y)d. I.... g(t.y (tll(t",y)dl). 
)t. Jt o 

as a perturbation oí the nonlinear Volterra integrodif
ferential system' 

.':: t(t,.) +( t l'I(t,I •• )dG. 

) to 


given here since tbere are no new essential ideas to ex
plain. 

3. AN EXAMPlE. In this section, we give a simple 
example to illustrate Out Theorem 2. Consider the dif. 
ieren tiaJ equatioos 

1 1 

."2' 2


x': - 11 - I .-, t ~ t ~o 
o 

and lt!'
·2 2y':.y-. y t Q(t,y, 

t 

k(t,.,y)ds) , t ~t~o, y( t ) = 1 

) r o o 


o (18) 

Suppose mar me funcrions g and k in (lB) satisiy me 
hypotheses (10), (ll) and (12) ofTheorem 2 witb lit 1. 
The solution 11.( t) : 11.( t, 10' x o Jof (17) is given by 

t { 10 ~ 1 } 2 
l(t}.= (x 1] - 2(t-l o ) 

, t ~ 1 .;¡. o • (19) 

We observe trOID (19) tbat 

I1 ( t) I ~ Ixl 1- ex (t - t o ,) ( 20) 

Fcom (20) it is clear that me null solutíon of (17) is ex
ponentially asymptotically stable. 

Here 

1i (l- t a) (t-~ to>] -y 
xo > =[ ti - 1 ( t - t ) IXo 2 o ·0 

(21) 

We observe trom (21) that 

i.e. 

(t - s ) 
It(t,.,y)l~ Iylti , t~. ~o 

Clearly the fundamental matrix t corresponding 
tbe sol u tion a Ct •t O' .o) oí (17) satisñes tbe hypotbesis 
(8) oí Theorem 2. Thus all the hypotheses of Tbeorem 2 
are satisfied and therefore the condusion of tbe 
tbeorem is true. 

-66



REFERENCES 


Alekseev, V.M., An estimate for the perturbations of the solutioos 
of ordinary differential equationS , Vestn . Mosk Ser. 1. Malh. 
Meb., Vol. 2, 1961, pp. 28 -36. 

Brauer, F., Perturbations of nonlinear systems ol differential 
equations Il,j. Math. Ano/. Appl. Vol., 17, 1967, pp 418
434 . 

Brauer. F., A nonlinear variation of constÍlnts formula for Volterra 
equations. Malh Systems Theory. Vol. 6, 1972, pp. 226 
234. 

Brauer, F. Jand\ Strauss, A., Perturbations oí nonlinear systerns oí 
diHerential equationsill,j. Math. Ana/. App/., Vol. 31,1970, 
pp.37-48 

Fennell, R.E. and Proctor, G., 00 asymptotic behavior on pertur

be<! nonlinear systems. Proc. Amer, Math, Soc" Vol. 31, 
1972, pp. 495 -504. 

Martín, lA. and Struble, R.A., Asymptotlcequivalenceofnon
linear, systems, J DilferenliaJ Equalions, Vol. 6,1969, pp. 
578 - 596. 

Pachpatte, B. G., Stability and asymptotic behavior of perturbed 
nonlinear systerns, j. Differential Equations , Vol. 16, 1974. 
pp. 14 - 25, 

• Pachpatte, B. G., Integral perturbations of nonlinear systems ol dtf
ferential equations. Bull. Soco Math. Crece, Vol. 14, 1973 I pp. 
92 -97 . 

Pachpahe, B. G" Perturbations oí nonlinear systerns oC dilicrential 
equations, ]. Math. Anal. Appl., Vol. 51, 1975, pp. 550 
556. 

Pachpatte, B. G., On sorne new integral inequalíties fo[ differential 
and inlegral equations, j. Math. Physical, Sci., Vol . 10, 1976, 
pp 101 - 116. 

Strauss , A., On che stability of a perturbed noolinear system, Proc. 

Amer. Math, SOC., Vol. 17 1 1%6. pp. 803 -807. 
Strauss , A. and York]. A' j Perturbation theorems for ordinary 

differential equations, ]. Di.b:'erentia/ Et¡uations, Vol. 3. 1967 , 
pp. 15 - 30. 

-67


