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Abstract

By making use of the fractional integral operators involving the Gauss hypergeometric function, we 
establish certain new fractional integral inequalities for synchronous functions which are related to the 
Chebyshev functional. Some consequent results and special cases of the main results are also pointed out.
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Ciertas desigualdades integrales fraccionales 
que involucran la función hipergeométrica de Gauss

Resumen

Usando operadores integrales fraccionales que involucran la función hipergeométrica de Gauss, se 
establecen ciertas nuevas desigualdades integrales fraccionales para funciones sincrónicas, relacionadas 
con la funcional Chebyshev. Algunos resultados particulares y casos especiales de los resultados principa-
les son también presentados.

Palabras clave: desigualdades integrales, función hipergeométrica de Gauss, operadores integrales 
fraccionales.

1. Introduction

Fractional integral inequalities are useful in 
establishing the uniqueness of solutions for cer-
tain fractional partial differential equations. They 
also provide upper and lower bounds for the so-
lutions of fractional boundary value problems. 
These considerations have led various research-
ers in the field of integral inequalities to explore 
certain extensions and generalizations by involv-
ing fractional calculus operators. One may, for in-
stance, refer to such type of works in the book [1], 
and the papers [2-11].

In the sequel, we use the following defini-
tions and related details.

Definition 1

Two functions f  and g  are said to be syn-
chronous on ],[ ba , if

( )( ){ }( ) ( ) ( ) ( ) 0f x f y g x g y− − ≥ ,  (1)

for any ],[, bayx ∈ .

Definition 2

A real-valued function  0)>( )( ttf  is said to 
be in the space ( )µ µ ∈C if there exists a real num-
ber µ>p  such that .)(=)( tttf pφ
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Throughout this paper, we denote by )(0,∞C
, the space of all continuous functions from )(0,∞  
into   and  ))0,[( ∞rL  the space of all rth power 
Lebesgue integrable functions defined on the in-
terval  )0,[ ∞ .

Definition 3

Let 0>α , , β η ∈  then the Saigo fractio-

nal integral  ηβα ,,
0,tI  (in terms of the Gauss hyper-

geometric function) of order α  for a real-valued 
continuous function )(tf  is defined by ([12], see 
also [13, p. 19, eqn. (1.1.l)], [14]):

{ }, , 1
0, 0

( ) = ( )  
( )

t

t

t
I f t t

α β
α β η ατ

α

− −
−−

Γ ∫ ×

2 1 , ; ;1 ( ) ,F f d
t
τα β η α τ τ + − − 

 
  (2)

where, the function )(12 −F  appearing as a kernel 
for the operator (2) is the Gaussian hypergeome-
tric function defined by

( ) ,
!
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)()(
=;;,

0=
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tcbaF
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n
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n
∑
∞

  (3)

and na)(  is the Pochhammer symbol:

 ( ) = ( 1) ( 1)na a a a n+ + − , 0( ) =1a .

The operator (2) includes both the Riemann-
Liouville and the Erdélyi-Kober fractional integral 
operators given by

{ } { }, ,
0,( ) = ( ) =tR f t I f tα α α η−

1

0

1
( ) ( )     ( > 0)

( )

t
t f dατ τ τ α

α
−−

Γ ∫   (4)

and

{ } { }, ,0,
0,( ) = ( ) =tI f t I f tα η α η

( )1

0
( )  0,( )    .

( )

tt
t f d

α η
α ητ τ τ τ η

α
α

− −
− >−

Γ
∈∫ 

For µttf =)(  in (2), we get the image for-
mula (see [12]):

 { } βµµηβα
ηαµβµ

ηβµµ −
+++Γ−+Γ

+−+Γ+Γ ttI t )1()1(
)1(1)(=,,

0,  

 0)>1,>),(min0,>( t−+− ηβµµα . (6)

Our aim in this paper is to obtain certain 
fractional integral inequalities for synchronous 
functions which are related to the Chebyshev func-
tional ([15]) by using the Saigo fractional integral 
operator which involves in the kernel, the Gauss 
hypergeometric function (defined above). The con-
cluding section gives some consequent results and 
some special cases of the main results.

2. Main results

We obtain in this section certain integral in-
equalities for the synchronous functions involving 
the Saigo fractional integral operator (2).

Theorem 1

Let p  be a positive function, and f  and 
g  be two synchronous functions on )[0,∞ . If 

([0, ))rf L′ ∈ ∞ , 
 ([0, ))sg L′ ∈ ∞ , >1r , 1 1 =1r s− −+ , 

then (for all > 0t , { }> max 0,α β− , < 0η ):

 { } { }, , , ,
0, 0,2 ( ) ( ) ( ) ( )t tI p t I p t f t g tα β η α β η −

{ } { }, , , ,
0, 0,( ) ( ) ( ) ( )t tI p t f t I p t g tα β η α β η

 

2 2

2

  

( )
r s

t f gα β

α

− − ′ ′
≤

Γ

1 1
2 10 0

( )  ( ) , ; ;1
t t

t t F
t

α α ττ ρ α β η α− −  − − + − − × 
 ∫ ∫

2 1 , ; ;1 ( ) ( )F p p d d
t
ρα β η α τ ρ τ ρ τ ρ + − − − 

 

{ }( )2, ,
0, ( ) .tr s

f g t I p tα β η′ ′≤   (7)

Proof: Let f and g be two synchronous 
functions, then using Definition 1, for all 
, (0, ), 0t tτ ρ ∈ ≥ , we define

( )( )( , ) = ( ) ( ) ( ) ( ) .f f g gτ ρ τ ρ τ ρ− −H   (8)

Consider
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( )

1
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ηηβαβα

t
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We observe that each term of the above se-
ries is positive in view of the conditions stated 
with Theorem 1, and hence, the function ),( τtF  
remains positive, for all  ( ) 0)>(  0, tt∈τ .

Multiplying both sides of (8) by )( ),( ττ ptF  
(where ),( τtF  is given by (9)) and integrating with 
respect to τ  from 0  to t , and using (2), we get

1
2 10

( )  , ; ;1 ( )    
( )

tt
t F p

t

α β
α ττ α β η α τ

α

− −
−  − + − − Γ  ∫ ×

{ }, ,
0,( , ) = ( ) ( ) ( )td I p t f t g tα β ητ ρ τ −H

{ } { }, , , ,
0, 0,( ) ( ) ( ) ( ) ( ) ( )t tf I p t g t g I p t f tα β η α β ηρ ρ− +

{ }, ,
0,( ) ( ) ( ) .tf g I p tα β ηρ ρ    (10)

Next, on multiplying both sides of (10) by 
)( ),( ρρ ptF , where ),( ρtF  is given by (9), and 

integrating with respect to ρ  from 0  to t , we 
can write

2 2
1 1

2 0 0
( )  ( )

( )

t tt
t t

α β
α ατ ρ
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− −
− −− − ×
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2 1 2 1, ; ;1 , ; ;1F F
t t
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0, 0,( ) ( ) ( ) ( )t tI p t f t I p t g tα β η α β η− .  (11)

In view of (8), we have

.)()(=),( dydzzgyf ′′∫∫
ρ
τ

ρ
τ

ρτH   (12)

Using the following Holder’s inequality for 
the double integral:
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ρ
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ρ
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then, (14) reduces to
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It follows from (11) that

2 2
1 1

2 12 0 0
( )  ( ) , ; ;1
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t t F
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α β
α α ττ ρ α β η α

α

− −
− −  − − + − − × Γ  ∫ ∫

2 1 , ; ;1 ( ) ( )F p p
t
ρα β η α τ ρ + − − 

 

2 2

2( , )
( )

t
d d

α β

τ ρ τ ρ
α

− −

× ≤ ×
Γ

H

1 1
2 10 0

( )  ( ) , ; ;1
t t

t t F
t

α α ττ ρ α β η α− −  − − + − − 
 ∫ ∫

2 1 , ; ;1 ( ) ( )  F p p
t
ρα β η α τ ρ τ ρ × + − − − × 

 

1 1

( ) ( ) .
r s

r s
f y dy g z dz d d

ρ ρ

τ τ
τ ρ

− −

′ ′∫ ∫   (18)

Applying again the Holder’s inequality (13) 
on the right-hand side of (18), we get
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From (21), we obtain
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Making use of (23) and (24), the left-hand 
side of the inequality (7) follows.

To prove the right-hand side of the inequality 
(7), we observe that tt ≤≤≤≤ ρτ 0  ,0 , and there-

fore, .0 t≤−≤ ρτ
Evidently from (23), we get
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t tt
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which completes the proof of Theorem 1.

The following gives a generalization of Theo-
rem 1.

Theorem 2

Let p be a positive function and f and  g be two 
synchronous functions on )[0,∞ . If ([0, ))rf L′ ∈ ∞ , 
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Applying the Holder’s inequality (13) on the 
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In view of (27) and (30), and the proper-
ties of modulus, one can easily arrive at the left-
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α γτ ρ

α γ

− − − −
− −− − ×

Γ Γ ∫ ∫

2 1 2 1, ; ;1 , ; ;1 ( ) ( )F F p p
t t
τ ρα β η α γ δ ζ γ τ ρ   + − − + − −   

   

   
( , )         

( ) ( )
r s

t f g t
d d

α β γ δ

τ ρ τ ρ
α γ

− − − − ′ ′
× ≤

Γ Γ
H

1 1
2 10 0

( )  ( ) , ; ;1
t t

t t F
t

α γ ττ ρ α β η α− −  − − + − − 
 ∫ ∫

2 1 , ; ;1 ( ) ( ) F p p d d
t
ργ δ ζ γ τ ρ τ ρ × + − − ≤ 

 

{ } { }, , , ,
0, 0,  ( ) ( ) ,t tr s

f g t I p t I p tα β η γ δ ζ′ ′   (31)

which completes the proof of Theorem 2.

Remark 1. For ηζβδαγ =,=,= , Theorem 
2 immediately reduces to Theorem 1.

3. Consequent results 
and special cases

As implications of our main results, we con-
sider some consequent results of Theorems 1 and 
2 by suitably choosing the function )(tp . To this 
end, let us set ))(0,),[0,(=)( ∞∈∞∈ tttp λλ , then 
on using (6), Theorems 2 yield the following re-
sult.

Corollary 1

Let f and g be two synchronous functions on 

)[0,∞ . If ([0, )),rf L′ ∈ ∞  ([0, )),sg L′ ∈ ∞  >1,r  
1 1 =1r s− −+ , then

{ }, ,
0,

( 1) ( 1 )
( ) ( )

( 1 ) ( 1 ) tt I t f t g tλ β γ δ ζ λλ λ β η
λ β λ α η

−Γ + Γ + − +
+

Γ + − Γ + + +

( 1) ( 1 )
( 1 ) ( 1 )

tλ δλ λ δ ζ
λ δ λ γ ζ

−Γ + Γ + − +
Γ + − Γ + + +

{ }, ,
0, ( ) ( )tI t f t g tα β η λ× − { } { }, , , ,

0, 0,( ) ( )t tI t f t I t g tα β η λ γ δ ζ λ −

{ } { }, , , ,
0, 0,( ) ( )t tI t f t I t g tγ δ ζ λ α β η λ

 
  

( ) ( )
r s

t f gα β γ δ

α γ

− − − − ′ ′
≤

Γ Γ
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1 1
2 10 0

( )  ( ) , ; ;1
t t

t t F
t

α γ ττ ρ α β η α− −  − − + − − 
 ∫ ∫

2 1 , ; ;1  
r s

F d d f g
t

λ λργ δ ζ γ τ ρ τ ρ τ ρ  ′ ′× + − − − ≤ 
 

,
)1()1()1()1(

)1()1(1)( 21
2

δβλ
ζγλδληαλβλ

ζδληβλλ −−+
+++Γ−+Γ+++Γ−+Γ

+−+Γ+−+Γ+Γ
× t

  

   (32)

for all ,0>t  ,0≥λ  { }> max 0,α β− , < 0η , { }> max 0,γ δ− , 
< 0ζ  and  1.>),,(min −+−+− ζδληβλλ

Next, setting

 ))(0, ),[0,,( )(1=)( ∞∈∞∈− − tmaattp m , 

then upon using the relation (which can be easily 
computed) that

{ }, ,
0,

(1 )
(1 ) =  

(1 ) (1 )
m

t

t
I at

β
α β η β η

β α η

−
− Γ − +

− ×
Γ − Γ + +

( )3 2 ,1,1 ;1 ,1 ; ,F m atβ η β α η− + − + +   (33)

where the function

3 2
=0

( ) ( ) ( )
( , , ; , ; ) =  

( ) ( ) !
nn n n

n n n

a b c
F a b c d e x x

d e n

∞

∑

( , 0, 1, 2, ; <1),d e x≠ − − 

  (34)

then Theorem 2 give the following result.

Corollary 2

Let f and g be two synchronous functions 
on )[0,∞ . If ([0, )),rf L′ ∈ ∞  ([0, )), >1,sg L r′ ∈ ∞  

1 1 =1r s− −+ , then

(1 )
 

(1 ) (1 )tβ
β η

β α η
Γ − +

×
Γ − Γ + +

( )3 2 ,1,1 ;1 ,1 ;F m atβ η β α η− + − + + ×

{ }, ,
0, (1 ) ( ) ( )m

tI at f t g tγ δ ζ −− +
 

(1 )
 

(1 ) (1 )tδ
δ ζ

δ γ ζ
Γ − +

×
Γ − Γ + +

( )3 2 ,1,1 ;1 ,1 ;  F m atδ ζ δ γ ζ− + − + + ×

{ }, ,
0, (1 ) ( ) ( )m

tI at f t g tα β η −− −

{ } { }, , , ,
0, 0,(1 ) ( ) (1 ) ( )m m

t tI at f t I at g tα β η γ δ ζ− −− − −

{ } { }, , , ,
0, 0,(1 ) ( ) (1 ) ( )m m

t tI at f t I at g tγ δ ζ α β η− −− −

  

( ) ( )
r s

t f gα β γ δ

α γ

− − − − ′ ′
≤

Γ Γ

1 1
2 10 0

( )  ( ) , ; ;1
t t

t t F
t

α γ ττ ρ α β η α− −  − − + − − 
 ∫ ∫

2 1 , ; ;1 (1 )  (1 )m mF a a
t
ργ δ ζ γ τ ρ− − × + − − − − × 

 

 
r s

d d f gτ ρ τ ρ ′ ′− ≤

1(1 ) (1 )
 

(1 ) (1 ) (1 ) (1 )
t β δβ η δ ζ

β α η δ γ ζ

− −Γ − + Γ − +
× ×
Γ − Γ + + Γ − Γ + +

( )3 2 ,1,1 ;1 ,1 ;F m atβ η β α η− + − + +

( )3 2 ,1,1 ;1 ,1 ; ,F m atδ ζ δ γ ζ× − + − + +   (35)

for all > 0t , { }> max 0,α β− , [0, )m∈ ∞ , 
1< < 0β η− , { }> max 0,γ δ− , 1< < 0δ ζ− .

We observe that if we put 0=λ  in Corollary 
1 (or 0=m  in Corollary 2), we obtain the following 
integral inequality:

Corollary 3

Let f and g be two synchronous functions 
on )[0,∞ . If ([0, ))rf L′ ∈ ∞ , ([0, ))sg L′ ∈ ∞ , >1r , 

1 1 =1r s− −+ , then

{ }, ,
0,

(1 )
( ) ( )

(1 ) (1 ) tI f t g t
t

γ δ ζ
β

β η
β α η
Γ − +

+
Γ − Γ + +

{ }, ,
0,

(1 )
( ) ( )

(1 ) (1 ) tI f t g t
t

α β η
δ

δ ζ
δ γ ζ
Γ − +

Γ − Γ + +

{ } { } { } { }, , , , , , , ,
0, 0, 0, 0,( ) ( ) ( ) ( )t t t tI f t I g t I f t I g tα β η γ δ ζ γ δ ζ α β η− −

  

( ) ( )
r s

t f gα β γ δ

α γ

− − − − ′ ′
≤

Γ Γ

1 1
2 10 0

( )  ( ) , ; ;1
t t

t t F
t

α γ ττ ρ α β η α− −  − − + − − 
 ∫ ∫

2 1 , ; ;1  
r s

F d d f g
t
ργ δ ζ γ τ ρ τ ρ  ′ ′× + − − − ≤ × 

 

1(1 ) (1 ) 
,

(1 ) (1 ) (1 ) (1 )
t β δβ η δ ζ

β δ α η γ ζ

− −Γ − + Γ − +
Γ − Γ − Γ + + Γ + +

  (36)
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for all > 0t , { }> max 0,α β− , { }> max 0,γ δ− ,

, <1β δ , 1< < 0β η− , 1< < 0δ ζ− .

We now consider some special cases of the 
results derived in the previous section. If we set 

0= =δβ , and make use of the relation (5), Theo-
rem 2 yield the following integral inequalities in-
volving the Erdélyi-Kober type fractional integral 
operator defined by (5):

Corollary 4

Let p be a positive function and f and g be two 
synchronous functions on )[0,∞ . If ([0, ))rf L′ ∈ ∞ , 

([0, ))sg L′ ∈ ∞ , >1r , 1 1 =1r s− −+ , then

 { } { }, ,( ) ( ) ( ) ( )I p t I p t f t g tα η γ ζ +

{ } { }, ,( ) ( ) ( ) ( )I p t I p t f t g tγ ζ α η −  

{ } { }, ,( ) ( ) ( ) ( )I p t f t I p t g tα η γ ζ

{ } { }, ,
  

( ) ( ) ( ) ( )
( ) ( )

r s
t f g

I p t f t I p t g t
α γ η ζ

γ ζ α η

α γ

− − − − ′ ′
− ≤

Γ Γ

1 1

0 0
( )  ( ) ( ) ( )

t t
t t p pα γ η ζτ ρ τ ρ τ ρ− −× − − ×∫ ∫

{ } { }, ,  ( ) ( ) ,
r s

d d f g t I p t I p tα η γ ζτ ρ τ ρ ′ ′− ≤  (37)

for all > 0t , 0α > , < 0η , > 0γ  and < 0.ζ

Further, it may be noted that for 
ηζβδαγ =,=,= , the Corollaries 1 to 3 would re-

duce to similar types of results which alternatively 
would also follow from Theorem 1 directly.

Again, if we replace β  by α−  (and δ  by γ−  
additionally for Theorem 2), and make use of the 
relation (4), then Theorems 1 to 2 correspond to 
the known integral inequalities due to Dahmani, 
Mechouar and Brahami [3, pp. 39-42, Theorems 
3.1 to 3.2] involving the Riemann-Liouville type 
fractional integral operator defined by (4).

Finally, by suitably choosing the function 
)(tp , one can further easily obtain additional in-

tegral inequalities involving the Riemann-Liouville 
and Erdélyi-Kober type fractional integral opera-
tors from the main results.
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