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Ab stract

Us ing a the ory de veloped by Fu lin sky and Kra mar cyk, com bined with weak cou pling limit
as ymp totic per tur ba tive ex pan sion we ob tain rate equa tions for the re duced den sity ma trix of a
two level sys tem im mersed in a heat bath. PACS: 31.70.Dk; 33.15.Kr

Key words: memo ry less mas ter equa tions; weak- coupling limit; two- level sys tems.

Sistema di po lar de dos nive les en un baño térmico

Re sumen

Usando una te oría de sar rol lada por Fu lin ski y Kra mar cyk, com binada con un de sar rollo
per turbativo en el límite de aco plamiento dé bil, ob tene mos la ec ua ción de evo lu ción para la ma -
triz den si dad re du cida de un sistema de dos nive les in merso en un baño térmico. PACS:
31.70.Dk; 33.15.Kr

Palabras clave: Ecua cio nes maes tras sin me moria; límite de aco plamiento dé bil;
siste mas de dos nive les.

In tro duc tion

The study of sto chas tic ef fects on the
in ter ac tion of light with a two- level sys tem
has at tracted con sid er able in ter est. Many
ex peri men tal as well as theo reti cal stud ies
have done in an at tempt to quan tify the
ubiq ui tous quan tum fluc tua tions (1-4).
Thus, Mol low (1) car ried out fluo res cence
ex peri ments and found that the emit ted
spec trum was very sen si tive to the sto chas -
tic fluc tua tions of the pump ing field. Vari -
ous theo reti cal mod els have been de vel oped
to ac count for this ef fect (2, 3). These in clude 
the so- called phase dif fu sion model (2), in
which only the field phase fluc tu ates, the
cha otic field model (3), where the fields am -
pli tude was mod eled as a two- dimensional

com plex Gaussian pro cess, and jump mod -
els (4), where the am pli tude phase or fre -
quency of the field is taken as a dis con tinu -
ous Mar kov pro cess. In other words, the dy -
namic study of many sys tems, have been
treated and/or char ac ter ized by an in ter me -
di ate mesoscopic de scrip tion, where the im -
por tant quan ti ties are rep re sented by ran -
dom vari ables. The rate of change of the joint 
prob abil ity dis tri bu tion of these vari ables is
given in terms of the so- called mas ter equa -
tion (ME).

The mas ter equa tion (ME) tech nique is
a time hon ored tech nique to ob tain re duced
and/or de cou pled dy namic equa tions for
com plex or large sys tems. In (5) and (6) the
reader can find con sid er able de scrip tion of
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the origi nal work and ideas. One in ter est ing
line of re search was ini ti ated in (7)-(8) and
ap plied to the sim ple Frie drichs model in
quan tum field the ory, which con sists of a
pro ce dure to ob tain memo ry less ME, that is, 
re duced equa tions in which the rate terms
do not de pend on the pre vi ous his tory of the
sys tem. In (9) this line of work was su ple -
mented with per tur ba tive ex pan sion te -
chiques and as ymp totic lim its of the weak
cou pling type, and it was shown that some
of the typi cal ME mod els can be so ob tained.
The the ory of lim its of the weak cou pling
type was well de vel oped by then, see
(10)-(11) for ex am ple.

These re duced den sity ma trix equa -
tions, are very im por tant in quan tum op tics,
when is nec es sary the op tics re sponse of a
mo lecu lar sys tem, in ter act ing with a ther mal 
bath and ra dia tion field. Cases of ME as the
Nakajima- Swanzig equa tions, have been em -
ployed in the lit era ture for the dy namic study 
of the re duce den sity ma trix. In this case, is
very im por tant the mem ory ker nel as so ci -
ated to the system- bath cor re la tion, and the
in for ma tion term. We should men tion that a
Ha mil to nian simi lar to [2] ap pear as re duced
Ha mil to nian to de scribe tun nel ing in a
double- well po ten tial, when the sys tem is
cou pled to dis si pa tive en vi ron ment, and
when tran si tions to and from higher en ergy
states can be ne glected. A com pre hen sive re -
view of this prob lem ap pears in chap ter 18 of
ref er ence (12), but the tech niques de scribed
there are quite dif fer ent from ours.

The as ymp totic limit of the
re duced equa tions

Con sider to be gin with a two- level sys -
tem with Ha mil to nian op era tor

H E E= + + ×1 21 1 2 2)( )( m H [1]

de scrib ing a sim ple sys tem in ter act ing with
a di pole. If a usual, we ori ent the z- axis along 
the po lari za tion field H and de note the com -
po nents of mz by mij  the Ha mil to nian be -
comes

{ }
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where d m m= =12 21H H rep re sents the
strength of the di pole cou pling, say. Also, 
E E H1 11 11= + m  and E E H2 12 22= + m  rep re -
sent the shifted en er gies of the two lev els of
in ter est. It is an ele men tary ex er cise in ma -
trix diagonali za tion, to see that the ei gen val -
ues of 
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Now we want to study the ef fect of a
heat bath on this sys tem. In the ba sis in
which the Ha mil to nian of the sys tem is di -
ago nal, the full Ha mil to nian of the sys tem
plus heat bath will be

H H H= + = + +
0 1 0 1

0 0 1 1e e

( )( )w w w w w w
N

N
N i n

i n
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[6]

where ( )i +1 2 de notes sum mod ulo 2, and of
course, since our sys tem is com pos ite sys -
tem, to be proper we should have writ ten

( )e e e e w w0 1 0 10 0 1 1 0 0 1 1+ = + Ä å n n n

( )= +å e w w e w w0 10 0 1 1, , , ,n n n nN
[7]
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and simi larly for the other term in H 0 . The
evo lu tion equa tion for the den sity ma trix r( )t
of this sys tem is the stan dard

[ ]i
d

dt
L

r
r r= º H, [8]

Mathe mati cally speak ing, our prob lem
con sists of find ing an evo lu tion equa tion for 
r rd t P t( ) ( )= , where PA is the pro jec tion op -
era tor on the “rele vant” or “di ago nal” part of
A .  That is if  then 
A A i ji j n mi n n m= å , ; ,,
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or per haps a bit more ex plic itly 
$

. , ; ,A Ai j i j n nN
= å . If we de note by U t e tL( ) =

the propa ga tor or time evo lu tion op era tor as -
so ci ated with [8], it was proved in (2) or (6)
that rd t( ) sat is fies the equa tion
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where Rt N t N t( ) & ( ) ( )= -1 and where 
N t Q P U t( ) ( ( ) )º + - I  which is in verti ble, and 
Q P= -I . If we write H H H I= +0 l , we can
ob tain a per tur ba tive ex pan sion for 
Gt PRt P Rt P( ) ( ) ( )º =  of the form
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where [ ]L H0 0= ×,  and [ ]L H1 1= ×,   with 
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and more elabo rate ex pres sions for the fol -
low ing terms of the ex pan sion. There 
U t e tL

0
0( ) =  is the evo lu tion op era tor in duced 

by L 0 . The the ory of weak cou pling lim its
(see (10)-(11)) as serts that small l and ap -
pro pri ately stretched out time scale, the as -
ymp totic be hav ior of rd t( ) hap pens to be de -
ter mined by the av er aged Li ou ville (or Ha -
mil to nian) op era tor

L PL P PL P= +0 1l [12]

and now we can stop re fer ring to the per tur -
ba tive con stant l. Af ter some sim ple, but
some what te di ous com pu ta tions we ob tain
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with the un der stand ing that as op era tor on
the prod uct space, the right hand side must
be mul ti plied by the iden tity op era tor 
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Af ter equat ing co ef fi cients of the same
ba sis vec tors, we ob tain the fol low ing sys tem 
of equa tions for the den sity ma trix $r
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where D º -e e1 0  and W V Vº +$ $
0 1, and of

course V Vi i nn
= å , . To in te grate this sys tem

it is eas ier to be gin by find ing its ei gen val ues
and ei gen vec tors. The ei gen val ues are
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cor re spond ing un- normalized (trans posed)
ei gen vec tors are

( )u u1 20110 1
2 2

1= = - -
æ

è
ç

ö

ø
÷+ +, , , ; , , ,

a

W

a

W
.

( )u u3 41
2 2

1 10 01= - -
æ

è
ç

ö

ø
÷- +, , , ; , , ,

a

W

a

W
.

Scien ti fic Jour nal of the Ex pe ri men tal Fa cul ty of Scien ces,
at the Universidad del Zulia Vo lu me 16 Nº 1, January-March 2008

92 Two level di po lar sys tem in a heat bath



which can eas ily seen to be or thogo nal. Af ter 
nor mali za tion, the $ ( )rij t  can be ex plic itly
com puted once ini tial data is sup plied.

With this in for ma tion rela tive to the re -
duced den sity ma trix, it is pos si ble the de -
ter mi na tion of im por tant fun da men tal
prop er ties. For this, we have con sid ered a
mac ro scopic sys tem, con sist ing of N non-
 intereacting di poles, im mersed in the heat
bath, and un der the ac tion of the same po -
lari za tion field, where the av er age mo ment is 
given by M t Ntr m tz( ) ( $( ))= r . No tice that the
trace be ing ba sis in de pend ent can be com -
puted in any ba sis. Thus in or der to com -
pute M(t), once [15] is in te grated, we can ei -

ther ex press miji j
i j)(

, =
å

0

1
 in terms of the

(nor mal ized) ba sis ui  dis played above, or
write that ba sis, and the ma trix $rd  in terms
of the i j)( , and carry out the com pu ta tion. In 
the pres ent model, the in ten sity of any non -
lin ear sig nal in the lo cal ap proxi ma tion is
re lated to the quan tity M, given by I M tµ ( )2.

Fi nal com ments

The model de vel oped in the pres ent
study rep re sents an al ter na tive of the con -
ven tional lo cal mod els pro posed to date in
the lit era ture. The ex plicit in clu sion of nonz -
ero mo lecu lar di pole mo ments in the pres -
ent model is a nec es sary and suf fi cient con -
di tion for the gen era tion of non lin ear op ti cal
sig nals. De tails con cern ing the modi fi ca tion
of the re sponse by in clud ing propa ga tion of
the field in a me dium ma te rial, and in clu -
sion of the fields with tem po ral de pend ence,
are to be pub lished else where.
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