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Abs tract

In the Fock spa ce of two Bose ope ra tors all the re pre sen ta tions of the 1-D Pa ra bo se os ci lla -
tor are rea li sed. Sta tes of ( )p n+ -2 1  bo sons are shown to stand for sta tes of n pa ra bo sons of or -
der p.
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Una rea li za ción bo só ni ca del os ci la dor de pa ra bo se
en 1-D

Re su men

Se cons tru yen, en el es pa cio de Fock de dos ope ra do res de Bose, to das las re pre sen ta cio -
nes del os ci la dor 1-D de pa ra bo se. Se de mues tra que es ta dos de n bo so nes equi va len a es ta dos
de ( )p n+ -2 1  pa ra bo so nes de or den p.

Pa la bras cla ve: Bose, pa raes ta dísti ca, os ci la dor cuán ti co.

In tro duc tion

Pa ras ta tis tics is a ge ne ra li sa tion of
both Bose and Fer mi sta tis tics, in tro du ced
by Green (1) using tri li near re la tions in lieu
of the bi li near re la tions obe yed by Fer mi and 
Bose sys tems. The Fock spa ce of an or der p
(p any po si ti ve in te ger) pa ra-par tic le sys tem
is cha rac te ri sed by

[[ , ] , ]a a a ak l r kr l
+

± - = -2d [1]

[[ , ] , ]a a ak l r± - = 0 [2]

[[ , ] , ]a a a a ak l r kr l kr l±
+

- = ±2 2d d [3]

whe re the upper (lower) signs re fer to pa ra -
bo sons (pa ra fer mions). Equa tion [3] stems
from [1]-[2] with the help of Ja co bi´s iden tity

[[ , ] ] [[ , ] , ] [[ , ] , ],d e f f d e e f d± - ± - ± -+ + = 0

We are using the no ta tion 
[ , ]a a a a a ak l k l l k± = ± . The pa ra- al ge bra is
supple men ted by the Gre en berg- Mes siah
con di tion on the va cuum (2)

a a pk l kl
+ >= >0 0d . [4]

The stan dard Bo se- E ins tein and Fer -
mi- Di rac sta tis tics co rres pond to the spe cial
case p =1.
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Ori gi na lly in ten ded for ele men tary par -
ti cles [3] in con nec tion with quarks,

to day pa ras ta ti tics also finds a sound
setting in con den sed mat ter through qua si-
 par ti cles and frac tio nal sta tis tics (4). In the
li te ra tu re the term ¨pa ras ta tis tics¨ is also
used re pha se chan ges ¹ ±1 in wave func -
tions when two ob jects, eg, kinks, swap po -
si tions (5).

Using the bo so ni sa tion te chni ques of
Kál nay and others (6) the pre sent pa per re -
pro du ces the pa ra bo se al ge bra in terms of
two Bose ope ra tors. The Bose des crip tion of
fer mions and pa ra par ti cles is an im por tant
tool with appli ca tions in par tic le theory, so -
li tons and other areas of theo ri cal physics
(7, 8, 9, 10).

Bo so ni sa tion

Con si der two Bose ope ra tors b b1 2,  and 
their ad joints ac ting on a Fock spa ce with
ba sis m m m m1 2 1 2 012, , , , , ,...,> =  obeying

the well known commu ta tion re la tions

[ , ] . ,[ , ] [ , ]b b b b b bi ij i j i jj

+
- -

+ +
-= = =d 0 [5]

whe re i j, ,=12. also con si der vec tors of the
form

n p n n>= + - >1, , [6]

n p= =012 12, , ,... , ...

In tro du ce the an nihi la tion and crea -
tion ope ra tors (11)

B gb b B b b g= =+ + +
1 2 2 1, , [7]

whe re

g g m m g m mº = +( , ) ( , )1 2 1 2 [8]

is a real func tion of the Bose num ber ope ra tor

m b b jj j j= =+ , , .12 [9]

If the func tion  is cho sen to have the
spec trum

( )

( )
g p n n

n neven

n p n odd
( , ) ,

/

/+ - =
+

+

ì
í
ï

îï

-

-1
1 1 2

1 2 [10]

then appli ca tion of the ope ra tors (7) onto the
kets (6) en tails

Bn
n

p n
n>

+ -

ì
í
ï

îï

ü
ý
ï

þï
+ >

1
1

[11]

and

B n
p n

n
n+ >=

+

+

ì
í
ï

îï

ü
ý
ï

þï
+ >

1
1 [12]

whe re the upper (lower) ex pres sion co rres -
ponds to  even (odd). Equa tions [11]-[12] can
be com pac tly wri tten in ma trix form:

B B
p n

nn n n n, , ,+ = =
+

+

ì
í
ï

îï
+

+1
11 [13]

which we rea dily re cog ni se as the Fock re -
pre sen ta tion of the one di men sio nal pa ra bo -
se os ci lla tor. In de ed, it is straigh tfor ward to
ve rify the pa ra bo se al ge bra [1]-[3] (upper
signs)

[[ , ] , ]B B B B+
+ - = -2

[[ , ] , ]B B + -= 0

[[ , ] , ]B B B B+
+

-= 4 [14]

as well as the occu pa tion num ber ei gen- e -
qua tion for pa ra bo sons

N n n n>= >, [15]

whe re N is the pa ra bo son num ber ope ra tor

[ ]( )N B B pº -+

+

1
2

, . [16]

For n = 0 the ex pres sions (15)-(16) give
the Gre en berg- Mes siah con di tion (4)

B B p+ >= >0 0 , [17]
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thus un vei ling p the or der of pa ras ta tis tics
or pa ra quan ti sa tion.

Re marka bly, from the kets (6) and the
pa ra bo se num ber ope ra tor (16) we see that 
( )p n+ -2 1  par tic le Bose sta tes can be re gar -
ded as n par tic le pa ra bo se sta tes of or der p.
All the irre du ci ble Fock re pre sen ta tions of
the al ge bra (14) are pa ra me tri sed by p,
which is fi xed by (17).

One of the rea sons for res tric ting our -
sel ves to vec tors of the form (6) shall be co me
appa rent next. Con si de rer the set of non- ne -
ga ti ve in te gers Z + and let the Car te sian pro -
duct Z Z+ +´  stand for vec tors 
{ }p n n+ - >1, . In the set buil der no ta tion,

the so lu tion set

( ){ }m m m m p m m1 2 1 2 2 11, / ,- = - ³

ie the points ( ) ( )p p-10 1, , , , 
( ) ( )p p n n+ + -12 1, ,..., , ,..., are the ba sis vec -
tors (6) of an or der p pa ra bo se subs pa ce. We
may vi sua li se the se subs pa ces as straigh t-
 li nes m m p2 1 1= - -( ) stro lled up and down
by the ope ra tors B B+ ,  res pec ti vely. Note
that the pa ra bo se subs pa ces are cons tra i -
ned to lie in the first qua drant of the B0 0>=
pla ne be cau se B|0=0, ie one cannot go be -
low the point (p -10, ) Howe ver, the re is no
upper li mit for B+  which mo ves upwards
along the line m m (p 1)2 1= - - .

Con clu sions

We have pre sen ted a bo so ni sa tion of
the 1-D pa ra bo se os ci lla tor whe re the sta te
of n pa ra bo sons of or der p is des cri bed by
the Bose sta te p n n+ - >1, ; the lat ter ad mits
a geo me tri cal des crip tion as a straigh t- li ne
in the pla ne. The bo son rea li za tion of the pa -
ra bo son al ge bra was achi ved by ex pres sing
the pa ra bo son ope ra tors B and B+  as the
pro duct of two Bose ope ra tors with va ria ble
coe ffi cients g gi ven by (10), which may be in -
ter pre ted as a cou pling cons tant.

Be ing the os ci lla tors of pa ra bo se and
pa ra fer mi sort of com ple men tary en ti ties,
the ques tion ari ses of whether a Bose des -
crip tion of pa ra fer mions can also be viewed
as points on a straight line. The ans wer is
po si ti ve (11). We hope to re port on this mat -
ter in not too dis tant a fu tu re.
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