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Abs tract

We study immis ci ble fluid- fluid dis pla ce ment in a po rous me dia in a re gi me whe re the dis -
pla ced fluid has ne gli gi ble vis co sity. In our mo del we con si der the in ter play bet ween vis co sity
for ces and ca pi llary for ces; the ra tio is de no ted by the pa ra me ter r, the in ver se of the ca pi llary
num ber. We use a DLA type al go rithm and con si der a boun dary con di tion at the in ter fa ce of the
two li quids, which ta kes into account the vis cous, and the ca pi llary pressu re drop at the in ter fa -
ce. This boun dary con di tion ma kes the pro blem non li near. We make com pu ter si mu la tions and 
ge ne ra te pat terns of dis pla ce ment. The roughness ex po nent a and the dyna mic ex po nent b are
cal cu la ted for each in ter fa ce of the pat tern ob tai ned. We find that the roughness ex po nent de -
pends on r and ran ges from a va lue around 0.5 for small r to a sa tu ra tion va lue 0.8 for lar ge r.
We also find strong fluc tua tions of the se va lues du ring the si mu la tions be cau se of cas ca de si mi -
lar pro cesses at the in ter fa ce. Our re sults com pa re well with the ex pe ri ments of Pon- zeng Wong
et. al. We fur ther ex tend our mo del and in tro du ce a pa ra me ter, which con si ders the re la ti ve pre -
fe ren ce of the wetting pro per ties of the two li quids to the po rous me dia. We find that this pa ra -
me ter con trols the amount of trapped li quid behind the front.

Key words: fluid displacement; porous media.

Simulaciones Monte Carlo tipo DLA del desplazamiento 
de un fluido por otro en medios porosos para el caso

estable y cuando  el fluido desplazado moja
preferentemente al medio poroso (Drainage) 

Resumen

 Estudiamos el desplazamiento inmiscible fluido-fluido en medios porosos, en el régimen
donde el fluido desplazado tiene viscosidad insignificante. En nuestro modelo consideramos la
interacción entre las fuerzas de la viscosidad y las fuerzas capilares, cuyo cociente es denotado
en las simulaciones por el parámetro r y representa el inverso del número capilar.  Utilizamos
un algoritmo tipo DLA y consideramos una condición de borde en la interface de los dos fluidos
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(donde se toma en cuenta la viscosidad) y la caída de presión capilar en la interface. Esta
condición de borde hace que el problema sea no lineal. Los patrones de desplazamiento se
generan vía simulaciones en computador. Se usa la técnica de caminar por la interface cuyas
fluctuaciones son medidas por medio del coeficiente de rugosidad (alpha) y el  exponente
dinámico (beta). Ambos se calculan en cada interface de los patrones de desplazamiento
obtenidos. Encontramos que el exponente de rugosidad depende de r, variando desde 0.5 para
valores pequeños de r hasta un valor de saturacion de 0.8 para grandes valores de r. También
encontramos fuertes fluctuaciones de esos valores por efecto de procesos tipo cascada en la
interface. Los resultados se comparan con resultados experimentales reportados por Pon-zeng
Wong y co la bo ra do res. Extendemos nuestro modelo e introducimos un parámetro que
considera la preferencia relativa de adherencia o mojabilidad de los dos fluidos respecto al
medio poroso. Encontramos que este parámetro controla la cantidad de fluido atrapado detrás
del frente.

Palabras clave: Desplazamiento de fluidos; medios porosos.

In tro duc tion

Ba sic re search in dis place ment pro -
cesses in po rous me dia has at tracted a
number of rele vant work re cently in part be -
cause of the im por tance in the de vel op ment
of simu la tors for oil wells. In this work we in -
ves ti gate ideas con cern ing sta ble dis place -
ment. Sta ble im mis ci ble fluid –fluid dis -
place ment oc curs when a fluid of fi nite vis -
cos ity in side a po rous me dia dis places an -
other fluid of neg li gi ble vis cos ity. From an
ex peri men tal point of view there are mainly
two pa rame ters, which gov ern the dy nam ics 
of the dis place ment: the cap il lary forces at
the through level, and the vis cous pres sure
drop on the dis plac ing fluid. One im por tant
ex peri ment, done by the group of Wong and
co work ers (1) con sisted in wa ter dis plac ing
air in a po rous me dia made of glass beads
in side a Hele- Shaw cell. In that case the po -
rous me dia was ho moge nously dis or dered.
In a pre vi ous work we have con sid ered the
case of un sta ble dis place ment in po rous
me dia (2,4,5), i.e., where the dis plac ing fluid 
has neg li gi ble vis cos ity. We con structed a
model us ing a DLA (Dif fu sion lim ited ag gre -
ga tion) type model, which con sid ers ran dom 
cap il lary forces. Co op era tive ef fects due to
inter- porous sur face ten sion were ne glected 
as well as the ef fects due to pref er ence wet -
ting prop er ties of the liq uids. They were con -

sid ered later in an at tempt to ex plains the re -
sults of Stokes et.al. (4). We ex tend here our
model de vel oped in [4] for the case of sta ble
dis place ment. First we de velop the model in
all its gen er al ity, how ever we show re sults
only for the case where inter- porous sur face
ten sion or co op era tive ef fects is neg li gi ble.

These ef fects are dis cussed for the case
of un sta ble dis place ment in de tail in other
work.

Mo del

In ex peri ments, one con sid ers the in -
jec tion of a fluid of vis cos ity m1 through a po -
rous me dia filled with an other fluid of neg li -
gi ble vis cos ity m2. Un der suit able con di tions
the pres sure drop is given by Dar cy’s equa -
tion:

ni i pk= - Ñ [1]

where:

n1= Flu ids ve loci ties. ki = rela tive per -
me abil ity. k k ki i= m =/ ,  per me abil ity of po -
rous me dia.

mi =  vis cosi ties. Ñ p = pres sure gra di ent.

The flu ids are in com pressi ble, such
that:
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Ñ =2 0p [2]

The last re la tion is Laplace’s Equa tion
which cru cial for the de vel op ment of the
Mon te carlo scheme. Now, in the dif fu sion
lim ited ag gre ga tion pro cess the ran dom
walk is given by the dif fu sion equa tion, the
den sity of ran dom walk ers is given by:

¶

¶

C r t

t
D C r t

( , )
( , )= Ñ [3]

D = (Dif fu sion con stant)

The steady state situa tion is given by:

¶

¶

C

t
= 0 [4]

Ñ =2 0C , i.e., the Laplace equa tion.

The model con sists of Lapla cian growth 
com bined with a bound ary con di tion at the
in ter face. Lapla cian growth is re al ized
through a DLA type al go rithm which in cor -
po rates through the in ter face bound ary
con di tion the pres sure drop at the front line.
This drop is pro duced by the ran dom cap il -
lary pres sure drop in the throats which is
rep re sented by ran dom num bers ~( )p r , where
r de fines a site at the in ter face and by t( ) ( )r k r . 
Here t( )r  is the ran dom inter- porous sur face
ten sion and k r( ) is the cur va ture (3). There
are two types of ran dom walk ers. Those
which are re leased from the bound ary far
from the in ter face at the in jec tion place and
those which are re leased from the two kind
of in ter faces which de velop due to the im -
mis ci bil ity of the flu ids dur ing the pro cess of 
in va sion. The front in ter face which sepa -
rates the in vad ing fluid from the dis placed
one and the in ter face be hind the front which 
sepa rates the in vad ing fluid from the
trapped fluid.

We de fi ne:

¢ = + +p p k pt max
~ /D 2 [5]

where p is the pres sure with Ñ =2 0p , and 
p p= 0  is the in jec tion pres sure at the the

bot tom of the cell, there fore Ñ ¢=2 0p  and by
defi ni tion posi tive every where, Ñ 2 2~/p  is the
half width of the dis per sion of the ~( )p r  num -
bers which are dis trib uted be tween -D~/p 2
and D~/ , maxp k2 t  is the maxi mum value of
the prod uct of the sur face ten sion and the
maxi mum value of the lo cal cur va ture at r.
The cur va ture is k m L a= -( ) /D D 0 . Here 
Dm = ±1 if a site is added or re moved and 
DL = ±1 is the in cre ment in the length of the
in ter face bound ary when a site is added or
re moved re spec tively (3). On the vis cous side 
of the in ter face, i.e., on the in vad ing fluid,
one has:

¢ = + + +p k r k r p p rt tmax ( ) ( ) ~ / ~( )D 2 [6]

be cause p k r p r= +t( )r ( ) ~( ), we take p = 0 on
the non vis cous side. In this way there is a
jump in the pres sure given by (7) as we go
from the de fennding fluid to the dis plac ing
one. The ra tio of the prob abili ties for re leas -
ing walk ers from the in ter face bound ary to
the bot tom bound ary is given by:

¢

¢
= =

+ +p r

p

P r

P

p p r k r

bottom

ib

bottom

c( ) ( ) ~ / ~ ( ) ( )maxD 2 t t k r

p p k

( )
~ / max0 2+ +D t

[7]

In or der to avoid un nec es sary ran dom
walk ing one re leases the walk ers from a line
in prin ci ple but not nec es sar ily just be hind
the front at a dis tance l far from the in jec tion
bot tom. This prob abil ity is given by 

P
a

l
Pl

o
bottom= . One ob tains from Equa tion

[8] in the limit when in prin ci ple the bot tom
of in jec tion is far away from the front, let ting 

l pÞ ¥ Þ ¥, 0  but keep ing the ra tio p l
0  fi nite

to en sure the dis plac ing pro cess at all:
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where: r
k

p
=

Ñ

t

a

max

0

 and where q
p

k
=

D~/

max

2

t

In the limit when q  >1 equa tion [9] re -
duces to :
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Here r meas ures the rela tive strength of 
the cap il lary forces to the vis cous forces. Us -
ing Dar ci’s law (equa tion [1]), the cap il lary
number which is de fined in ex peri ments as 

r
p

a p
=

Ñ

D %

Ca U
=

m
t0

, where U is the ve loc ity of in -

jec tion, µ is the vis cos ity of the dis plac ing
fluid and t0  is the bare sur face ten sion. One
ob tains:

r Ca» -1

We first make simu la tions with the re -
la tion (10) when co op era tive ef fects due to
inter- porous sur face ten sion are ne glected.
We use lat tices LxL with L= 1024 sites to
gen er ate ag gre gates. Im mis ci bil ity re quires
that ran dom walk ers who would break the
in ter face bounda ries are not al lowed. Fig ure 
1 shows an ag gre gate for r=1000. One sees
two im por tant dis tinct fea tures. The front
in ter face bound ary shows rough ness at cer -
tain scales and there is trapped fluid be hind
the front. Once the clus ter has reached
around 70% we trace the front in ter face with 
an al go rithm that walks along it and cal cu -
late its mean value and the fluc tua tions over 
this mean also called rough ness

We carry out this pro ce dure for a given
length scale l 0 .

s( ) ( ( ) ) /l
l

Y Yi
i

L

0
0

2 1 2

1

1
= -

=

å [10]

Al though there are over hangs, they
make neg li gi ble con tri bu tion, such that 

s( )l 0  rep re sents in deed the front in ter face

width W. We make the stan dard log- log pro -
ce dure to find pos si ble scal ing re la tions. In
Fig ure 2 we plot log ( )s l 0  ver sus log ( )l 0  for
some val ues of r. One ob serves that there is a 
range of val ues l 0  be low which there is scal -

ing. i.e., a lin ear de pend ence whose slope in -
creases with r. This slope is named the Hurst
ex po nent H or rough ness ex po nent a. The
de pend ence of H with r de scribes well the ex -
peri ment of Wong and col labo ra tors, see Fig -
ure 3(d) of (1). Fig ure 3 shows H(r) for some
val ues of r. This func tion is well fit ted by 
H r a b r( ) * ln( )= +  for r >1. For small r H » 05.
and ap pears to satu rate to H » 0.8 for lar ger
va lues of r.
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Fi gu re 1. Typi cal clus ter for immis ci ble sta ble

dis pla ce ment for L =1000 and r =1000.

Fi gu re 2. log ( )s l0  ver sus log ( )l0  for diffe rent

va lues of in ver se ca pi llary num ber r.



We also study the dy namic ex po nent b.
For this pur pose we study the tem po ral evo -
lu tion of the width W l L t( , ( ))0  from ini tial flat
bound ary con di tions. Here t is a pseudo
time which is meas ured as the mean height
value of the ag gre gate L(t). Fig ure 4 shows
how this width grows for dis tinct val ues of r
for a given lengths cale l 0 . Once no tice the
ex is tence of two re gimes of growth. One re -

gime of rapid growth with b = ±282 006. .  and
an other one fol low ing the first of rather slow
growth with b = ±033 002. . .

Af ter this sec ond re gime of growth,
satu ra tion sets in and the sta tion ary value of 
the width W for this par ticu lar r is reached.
How ever, one sees from Fig.4, that the width
fluc tu ates. The na ture of these fluc tua tions
ap pears to be re lated with cas cade simi lar
pro cesses or in trin sic meta sta bili ties of the
front in ter face. Fluc tua tions in the width
and there fore in the rough ness ex po nent is
also ob served in (1), Fig ure 3b.

Con clu sions

Our re sults show that the de pend ence of 
the rough ness co ef fi cient a on the cap il lary
number r -1  for neg li gi ble inter- porous sur -
face ten sion ex plains well the ex peri ments of
Wong et.al.. There are also strong fluc tua -
tions in this number be cause the ex is tence of
cas cade simi lar pro cesses at the front in ter -
face. We also found two re gimes of growth
with marked dis tinct val ues of b. This is a pre -
dic tion for the ex peri ments as Wong did not
meas ure dy namic growth prop er ties of clus -
ters [6]. Fur ther more our model con tains
more phys ics to be ana lyzed when inter-
 porous sur face ten sion (co op era tive ef fects in 
wet ting dis place ment) can be rele vant or rela -
tive wet ting prop er ties of the flu ids can play
an im por tant role. Also the fluc tua tions in the 
width due to cas cade simi lar pro cesses are
cur rently un der in ves ti ga tion (7).
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